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A note on embedding problems
by

A. Robinson (Jerusalem, Israel and Princeton, N.J.)

1. Introduction. It is well known (vef. [2]) that not every semi-
group with cancellation can be embedded in a group and not every ring
without zero divisors can be embedded in a (skew) field. Satisfactory
tests for the problem of embedding a semi-group in a group have been
given by A. L. Malcev ([4]), J. Lambek ([1]), and D. Tamari ([9]) while
the corresponding problem for rings in relation to skew fields has been
settled only in particular cases. In the present paper we use an argument
of the lower predicate calculus in order to prove the existence of a test
of well-defined form for the latter problem (section 2). While our method
does not yield explicit expressions for the test it does enable us to establish
certain concrete algebraic results (section 3). We observe that our approach
is distinet from that of Malcev ([5]), J. L:08 ([2]), and B. H. Neumann ([6],
compare ref. [8]) who used the lower predicate calculus, or a fragment
of it, essentially in order to establish that an algebraic structure will
possesses certain properties if the properties in question are shared by all
finitely generated subsystems of the given structure.

I am indebted to Michael Rabin and Dov Tamari for some stimulating
discussions on the subject of the present paper.

2. The embedding test. A structure M is given by its set of
individual constants, A = {a, b, ¢, ..} and by the set of relations which
are defined in M, Q= {R, S, T, ..}, such that for every element of @,
R(xy, ..., xs) say, and for every nm-ple of elements of P, (a4, ..., an),
R(ay, ..., ay) either holds or does not hold in M. The set of atomic sen-
tences, R{dy, ..., ax) ete., which hold in M is called the positive diagram
of M and will be denoted by N+ (see [7]). The set of negations of atomic
sentences, ~R(a, ..., an) etc. for ReQ and a;e P, ¢=1,..,%, such
that R(ay, ..., @) does not hold in M is called the negative diagram of M, N .
The union of N+ and N, N = N+u N~ is the diagram of M. Equality
is regarded as an ordinary two-place relation E(w, y) such that the charac-
teristic properties of equality (reflexity, transitivity, symmetry, sub-
stitutivity) are satisfied or (in the appropriate context) are laid down
by axioms. There is no need to introduce symbols (functors) for algebraic
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operations. Thus we may formulate a set of axioms K, for the concept
of a general ring without zero divisors in terms of the relations of equality
Bz, y) (ie. ® =y}, addition 8(z,y, #) (l.e. z+y = 2) and multiplication
P(w,y,2) 1 (i.e. oy =2), together with a single individual constant, 0,
which stands for the neutral element with respect to addition. For instance
the axiom for the absence of zero-divisors may. be formulated as

@) (Y)LP (2, y,0)D Bz, 0)vE(y, 0)]

Let K be a consistent set of sentences which contain the relations
and the individual constant that oceur in I, such that K entails K,, K —K,.
K may contain additional relations but it is a convenient and inessential
limilation to suppose that K does not contain any additional individual
constants. Given any model M of K, (i.e. any ring without zero divisors)
we may ask whether M is embeddable in a model M’ of K. If K is a set
of axjoms for the concept of a skew field this is the problem discussed in
the introduction.

A necessary and sufficient conditions for a model M’ of K to be
an extension of M is that the sentences of the diagram N of M hold in N'.
Hence M is embeddable in a model M’ of K if and only if K v N is con-
sistent. It K v IV is is contradictory then there exist finite subsets Ny , Ny
of N* and N respectively such that K w Ny w Ny is contradictory. We
are going to show by means of a process of reduction that we may suppose
that N3 consists of a single sentence of the form ~F(a,0), where a is
in M, by the definition of N™.

At any rate, N~ cannot be empty for K u N+ is consistent, being
satisfied by any model M’ of K if we interpret all the individual constants
which oceur in N+ as the zero of M'. If N, contains any element of the
form ~P(a,d, ¢) then we add P(a,b,d) to N7, where d=ab in M,
and replace ~P(a, b, ¢) in Ny by ~E(c, d). We adopt a similar procedure
to eliminate sentences of the form ~8(a, b, c). Next we replace any
element of (the modified) Ny which is of the form ~¥(a, b), where b == 0
in M by ~E(c,0) where ¢ =a—>b in M, and we add S(c, b, a) to Ny .
We are now left with a set N, which consists of a number of sentences
~E(a,0), .., ~B(04,0), k1. Tf ¥ =1 then we have finished. If
k>1, then we replace the sentence just mentioned by ~E (b, 0) where
b = a,8,...a; (30 that ~F(a, 0) belongs to N 7). At the same time we add
the sentences P(ay,fy,b,), P(by, a5, by); ooy P(bn_y, @n, ba) to Ny, where
010y = by, Doty = by, ..., by_yan = b, in M.

It is not difficult to check that at each step the set K u Ny w Ny
obtained is entailed by the corresponding set before modification. We
conclude that if M is not embeddable in a model of K then there exists
a finite subset N7 of Nt and an element @ = 0 in M such that K u Ny v
v {~E(a,0)} is contradictory. Clearly, N7 must be non-empty. Let ¥
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be the conjunction of the elements of the set Ny then K entails ¥ B{a, 0).
Replace the individual constants other then 0 which appear in this sen-
tence by variables, replacing in particular ¢ by x,. Let Z be obtained
from Y in this way, and quantify the variables in Z D E(x,, 0) universally.
Since K does not contain any individual constants other than 0, we see
that the resulting sentence

2.1. (%) (®)[Z D B (w, 0)]
is deducible from K. At the same time, the negation of 2.1 holds in M.
Now let S(K) be the set of all sentences of the form 2.1 which are

deducible from K where Z is a non-empty conjunction of atomic sentences
which involve the atomic relations of A only. Then

2.2. TBEOREM. In order that a ring without zero-divisors, M, be em-
beddable in a model of K it is necessary and sufficient that M satisfies the
sentences of S(K).

Proof. Suppose that M is not embeddable in K. As shown above,
there exists a sentence of the form 2.1, i.e. an element of S(X) whose
negation holds in M. This shows that the condition of the theorem is
sufficient. Again, suppose that M is embeddable in a model M’ of K.
Then the sentences of S(K) hold in M’. But these sentences are universal
and M is a subset of M. It follows that the sentences are satisfied also
by M. This proves 2.2.

In order to throw some light upon the special nature of this result
we shall now consider a situation which is of a somewhat more general
character. Let @ be a set of relations and 4 set of individual constants
and let K’ be a set of sentences which contain the relation of @ and possibly
some other relations, as well as the individual constants of 4 but (for
simplicity, as before) no other individual constant. We consider structures
whose set of relations is @ and whose set of individual constants includes 4.
Let 8'(K') be the set of all universal sentences.

2.3, (ny)..(@)[¥YDZ], n=0
which contain constants from A and @ only, such that Y is a conjunction
of atomic sentences (which may be empty) and Z is a disjunction of atomic
sentences (which may be empty and) which are deducible from K'. If ¥
is empty then the sentence is to be interpreted as (%) ... (x)Z while if Z
is empty then the sentence is read as (y)..(xs)[~¥Y]. Adopting (part
of) the method used in the procf of 2.2, the reader will have no difficalty
in establishing the following result which is essentially due to J. Xio§ ([2]).

2.4, THEOREM. In order that a structure M as above be embeddable
in a model of K' it is necessary and sufficient that M be a model of S'(K').

2.4 is weaker than 2.2 for the particular case considered there since
the single atomic sentences H(a, 0) arve now replaced by disjunctions.
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There is another important class of sety K’ for which the introduction
of disjunctions is unnecessary. This includes the case that K’ is the set
of axioms for a group, or for any other type of algebra in Birkhoff’s sense.

2.5. THEOREM. Let K’ be a set of sentences (as before) which is closed
under the formation of finite direct sums. In order that a model M (as above)
be embeddable in a model of K' it is necessary and sufficient that M satisfy

oll sentences of S'(K') such that the implicate contains at most one atomic
formula.

Proof. Let 87(XK’) be the set of sentences of §'(K’) whose implicate
containg at most one atomic formula. In oxder to prove 2.5, it is sufficient
o show that 8'(K’) is deducible from S”(K’). In 2.3, let

Y =YAANYr and Z=ZANDn

where the Yy, Z; are atomic formulae, 1> 0,m > 2. Any one of the sentences

2.6. (@) ..(@)YDZ] i=1,...,n
entails 2.3. Accordingly, we only have to show that one of these sentences
must be deducible from K'.

Suppose on the contrary that none of the sentences 2.6 are deducible
from K'. Then there exist models M; of K’, j =1, ..., m such that 2.6
does not hold in Mj for ¢ = j. If follows that we can find individual constants
af, .., a} in M, such that the sentence ¥’ ~ 24 holds in M; where Y7, Z!
are the results of substituting af, ..., a, for @yy ey @n in ¥ and the Z;,
respectively.

Now consider the divect sum M = M, @M, D... D My,. By the assump-
tion of the theorem, M is a model of K’. The elements of M are given
by the vectors (b, ..., ™) where b* e M;. More precisely, to every such
vector (b, ..., b™) there corresponds an individual constant b of M such
that if B(a,..., o) is a relation in M (or a conjunction of relations)
and by, ..., b, are individual constants of M, corresponding to vectors
(B oery DY, cory (BB, ..., ), then R(by,..., bs) holds in M if and only
if the sentences R(bf, ..., b1) hold in My i =1, .., n.

Let a; be the individual constants of 3 which correspond to the
Vectors (ai, .., ), i =1,...,n and let ¥’, Z', Z] be the results of sub-
stituting ay, ..., an for @, .., o, in ¥, Z, 2, respectively, j =1, ..., m.
Then ¥’ holds in M, but none of the Z; do. It follows that Z’ does not
bold in M,, and the same then applies to ¥’ Z’ and to 2.6. This is con-
trary to assumption and proves the theorem.

We observe that if K’ is a set of axioms for the concept of a group
then 8'(K’) cannot contain any sentence with empty implicate. For such
a sentel‘lce is equivalent to a sentence of the form (@) ... (xn)[ ~ X] where ¥
sa c().n]}lnction of atomic formulae and any conjunction of atemic formulae
is satisfied in a group if we substitute the unit element for all variables.
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3. Ultraprime ideals. We return to the case considered at the
beginning of section 2, so that K is a set of axioms which entails K, where K,
defines the concept of a ring without zero divisors. Thus, K may be a set
of axioms for the concept of a skew field.

Let R be an arbitrary ring, and let J be a (left-and-right) ideal in R.
If J is prime then the quotient ring R/J has no zero divisors, and conversely.
We shall say that J is nltraprime (with respect to the given K) if R/J is
embeddable in a model of K. An ultraprime ideal is prime.

The elements of a quotient ring R/J, J an ideal in R, are usually
regarded as equivalence classes of elements of R. However, it is equally
possible, and is actually advantageous for our present purposes, to suppose
that R’ = R/J contains the same individual constants as R but that the
relations E, 8, P hold in R’ according to the following definitions.

Bla,b)  iff a=0b(J),
S(a,b,¢) iff a+d=o(),
P(a, b, c) iff ab=c(J).

Thus, the atomic sentences which occur in the diagrams N = N tOUNT
and N’ =N U XN of R and R’ respectively coincide, while M'* DN,
NTCN.

Let R be any ring without zero divisors, then the K-radical, J,, of B
is defined as follows. An element a of R belongs to J, if there exists a sen-
tence of §(K), as given by 2.1., such that if we replace z, by a, and the
remaining variables of 2.1 by certain individual constants of R, then
the sentence which results from the implicans Z after substitution,
holds in R.

It is not difficult to verify that J, is an ideal. For instance, if the
fact that the elements a, b belong to J, follows by specialization from
the sentences

X = () ... (2a) [Z D B (0, 0)]
and
X' = (a0) .. (23) [Z" D H (a5, 0)]

as described, where X and X’ belong to S(XK) then the fact that ¢ = a--b
belongs to J, follows by specialization from the sentence

(o) .. (@n) (0) ... (wm)(6") [Z A Z' A 8 (mo, w9, 25') D B (a5, 0)]

which also belongs to S(XK).

3.1. THEOREM. The K -radical of a ring R without zero divisors is
the imiersection of all ultraprime ideals of B with respect to K.

() “iff’ means ‘if and only if’.
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Proof. Let J be any ultraprime ideal in R (with respect to the
given K) and let a eJ,. We have to show that & belongs to J. Now if
a ed, then there exists a conjunction of atomic sentences which hold
in R, Y say, such that ¥ D B(a, 0) is deducible from K. Let R" be a model
of K in which R’ = R/J is embedded. Then ¥ holds in B’ and hence in R,
and so E(a,0) holds in R” and hence in R'. It follows that a = 0(J),
aed.

Conversely, suppose that a e R—dJ,. Then we have to show that E
includes an ultraprime ideal which does not contain a. Let K' = K u
u N+ U {~E(a,0)}. If this set is consistent then there exists a model
of it, R'. Let R" be the subring of R’ whose individual constants coincide
with the individual constants of B. Then R’' has the same positive diagram
ag R and is therefore a homomorphic image of R, E—R", where the
homomorphism is onte. Let J be its kernel, then J is ultraprime since
R'"CR'. Also a¢J since a0 in B’ and hence in R". This completes
the argument for consistent K'. If K’ iy contradictory then there exists
a conjunction of elements of N*, ¥ say, such that ¥ D E(a, 0) is deducible
from K. But this implies a eJ,, contrary to assamption.

3.1 yields a ‘‘purely mathematical” definition of the K -radical as
the intersection of the ultraprime ideals of R (with respect to the given K).
‘We observe that according to our definition J = R iy ultraprime but J
may then be said to be an improper ultraprime ideal. If J, = E then this
is obviously the only ultraprime ideal, for the given K.

3.2. THEOREM. If J, is prime then it is wliraprime.

Proof. Since R = R}J, is a ring without zero divisors we only
have to show that the sentences of S(K) hold in R’. If not then there
exists a conjunction of atomic formulae which hold in R’, ¥ say, and
an element a of R such that ¢ # 0 in R', i.e. a¢J . By 3.1, there exists
an ultraprime ideal J in B such that a¢J. But J DJ, by the definition
of J, and so the positive diagram of R/J includes the positive diagram
of R'. Hence Y holds in R/J but H(a, 0) does not. This contradicts the
fact that R/J is embeddable in a model of K and proves the theorem.

3.3. COROLLARY. If the intersection of all ultraprime ideals with respect
to K in the ring R, supposed without zero divisors, is the zevo-ideal, (0), then B
18 embeddable in a model of K.

For in that case, Jo, = (0) and (0) is a prime ideal.

D. Tamari has shown that a Birkhoff-Witt ring with a finite number’

of indeterminates over a commutative field can be embedded in a skew
field ([10]). Moreover, he proved (in the same paper) that if the ring is
locally fimite (that is to say that the number of indeterminates which
appear successively in the commutation relations, beginning with a finite
number of indeterminates, is finite), then the same conclusion still holds.
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Tt can be shown that the gap between thege two results can be bridged
by means of 3.3. Using the notation of [10], let J% be the ideal (zx, Zr+1y...)
for k=0,1,2,.. Then Tamari’s condition of local finiteness implies
that for any element a cf the ring F[X], a ¢ Jf for sufficiently large k.
Algo, the rings F[X]/J} are embeddable in skew fields, by Tamari’s first
result. If follows that the radieal J, with respect to K—a set of axioms
for a skew field—coincides with (0). The second result now follows from 3.3.

The same argument still applies if F' is replaced, in both cases, by
a ring R which is regular on the right.

The following theorem has been suggested to me by Michael Rabin.

3.4. THEOREM. Let {11} be a set of models of K where v ranges over
the non-empty index set I = {v} and let M be the strong direct sum of {I}.

 Let M’ be o subring of M which does not contain any zero divisors. Then M’

can be embedded in a model of K.

Proof. The elements ¢f S(K) are universal Horn sentences which
hold in the M,. It is well known (and can be verified without difficulty)
that the validity of such sentences persists under direct sum formation.
Hence M and M’ satisfy 8(K). It now follows from 2.2 that 3’ is embed-
dable in a model of K.

References

[11 J. Lambek, The immersibility of a semi-group into a group, Canadian Journal
of Mathematics 3 (1951), pp. 34-43.

21 J. Lo&, On the extending of models (I), Fund. Math. 42 (1955), pp. 38-54.

3] A. 1. Malcev, On the immersion of an algebraic ring into a field, Mathematische
Annalen 113 (1937), pp. 686-691.

[4] — On the embedding of iative systems in groups (in Russian) pt. I, Mat.
Shornik 6 (1939), pp. 331-336, pt. II, 8 (1940), pp. 251-26L.

[5] — On a general method for obtaining local theorems in group theory (in Russian)
Reports of the Institute of Education of Ivanovo. Phys-Math. Faculty 1 (1941), pp- 3-9.

[6] B. H. Neumann, dn embedding theorem for algebraic systems, Proceedings
of the London Mathematical Society, ser. 3, 4 (1954), pp. 138-153.

[7] A. Robinson, On the metamathematics of algebra, Studies in Logic and the
Foundations of Mathematics, Amsterdam 1951.

[8] — Note on an embedding theorem for algebraic systems, Journal of the London
Mathematical Society, 30 (1955), pp. 249-252.

[9] D. Tamari, Monoides préowimmés et chafnes de Malcev, Bulletin de la société
mathématique de France 82 (1954), pp. 52-96.

[10] — On the embedding of Birkoff-Witt rings in quotient fields, Proceedings of
the American Mathematical Society 4 (1953), pp. 187-202.

FINE HALL
PRINCETON UNIVERSITY

Regu par la Rédaction le 30. 12. 1960


Artur




