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Linear differential equations in Banach algebras
by

E. HILLE (New Haven, Conn.)

1. We denote by B a complex B-algebra with unit element e. Let {
be a complex variable, and f(f) a function whose values are in B. Then

1) w'(§) = f(¢)w(?)

may be regarded as a generalization of the classical system of first order
linear differential equations. It reduces to such a system if B is the al-
gebra of » by » matrices.

It f(Z) is holomorphic in a simply-connected domain 4, and if w,
is a given element of B, then there exists a unique solution w(Z; Zq, W)
of (1) which is holomorphie in 4 and which reduces to w, when [ — £,.
This solution is a regular element of algebra if and only if w, has this

property. We have
(2)

w(E; Loy W) = w(L; Loy €)%Wo-

2. Suppose next that 4 is a sector with £ = 0 as vertex and that

- f(¢) is not holomorphic at ¢ = 0. The behavior of the solution as {— 0

depends upon the integrability properties of | f(O)]l. If this function is
integrable down to 0, the solutions have finite limits as {0 and the
initial value problem may be set also at the singular point { = 0.

Tf the integral diverges, several cages arise. Thus, if { = 0 i 2 simple
pole of f(¢), then a priori estimates of the form

®) oML < (@) < 0l

hold and we may speak of a regular singular point in analogy with the
clagsioal case. If the pole is of order %, & >1, we have the analogue of
an irregular singular point of rank k—1 and [lw(l)]| now lies between
two exponential functions of |¢|7"

3. In the regular singular cage, suppose that

FO) = Y™ eB, [0 <o

=0

(4)
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As in the classical case, we try to find a solution of the form

(5) w(t) = D' a, o0t

N==0
whtare the powers are defined by the operational calculus. This subgti-
tution leads to a system of equations

Oplhg— Gy Cy = 0,

(6)

k3
Nl — (Gg thy, ~— Gy, Cp) == Zokanak, we=1,2,...
k=1
The properties of this system depend upon the spectral properties
of ¢, as an element of B and these in their turn determine the spectral
properties of the commutator

(7) : T(z) = com— we,.

If the spectrum of 7'(x) does not contain any integer =40, then
We can ta,ke. @, = ¢ and determine the a,’s successively from (6). The
result}ng series converges for 0 < [{| < ¢ and satisfies the differential
equation. This case arises if the spectrum of o, does not contain any two
numbers which differ by an integer.

, va the spectrum of T'(x) does contain integers, but these are poles
of the 'resolvent of T(z), then a modification of the classical method of
Frobenius leads to the desired result. If ¥ is the sum of the orders of the
poleg oi‘the resolvent at the positive integers, then the solution is 2 poly-
:0;111&1 in lo_gz off degree N where each power of log¢ is multiplied by

ower geries of type (5). The analysis breaks down if si iti g
more: general nature are allowed. ™ I singularities of
For the case of an irregular singular poi i

i ® point, the reduction of G. D.

Birkhoff using Laplace transforms offers a possible mode of approach.

icm°
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Characterizations of reflexive Banach spaces
, - :

R. C. JAMES (Claremont, Calif.)

A Banach space B is isometric with a subspace of its second conju-
gate space under the “natural mapping” for which the element of B**
which corresponds to the element @, of B is the linear functional 7y,
defined by Fa, (f) = f(w,) for each f of B*. If every ! of B** is of this form,
then B is said to be reflewive and B is isomorphic with B** under this
natural mapping. It is known that for a Banach space B each of the
following conditions is equivalent to reflexivity:

(i) the wnit sphere of B is weakly compact (Eberlein and Smulian);

(ii) each decreasing sequence of bounded closed convex sets has a mon-
empty intersection (Smulian).

Tt the unit sphere iy weakly compact, then each continuous linear
functional attains its sup on the unit sphere. Klee used (i) to show that
it each continuous linear funetional attains its sup on the unit sphere
of any isomorph of the space, then the unit sphere is weakly compact.
Tt was shown by the author that if each continuous linear functional
attains its sup on the unit sphere of a separable Banach space, then the
space is reflexive. The proof used a characterization of reflexivity which
states essentially that a Banach space is reflexive if and only if its unit
sphere does not contain a “large flat region”, that is, '

(iil) there does mot exist a sequence of elements {&;} and positive numbers,
A, 8,.and o, for which the following are true:

A (Z@) > | Bzl > 6(Zay) if each a; is positive;

1202, — 0 1 fitll > ol ETasei| if each By is positive.

This characterization of reflexivity and an extension of the author’s
original proof of the theorem about sups of continuous linear functionals
for separable Banach spaces has been used to prove that g Banach space
is reflexive if and only if:

(iv) each comtinuous linear funotional attains its sup on the unit
sphere.
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