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be replaced in Theorem 1 by a somewhat larger class of convex sets which
ineludes, in particular, all those which are either closed, or finite dimensional,
or possess an interior point [1].

Our second method of strengthening Theorem 1 is to weaken the
requirement of convexity. Let us call a subset A of a Banach space
a-comven (0 < a < ) if, whenever SC A and # is in the convex hull
of 8, then o(z, 8) < o (diam §). (Note that if 4 is closed, 0-convex = con-
vex.) The sets which are a-convex for some a < % are a strange lot; they
include, for instance, all finite unions of intervals radiating from a point,
but do not include a semi-circle in the plane (where the subset S con-
sisting of the two end poir ts causes trouble). Anyhow, Theorem 1 remains
true it €(Y) is replaced by the family of all closed, a-convex subsets
of Y, for some fized o < }. (See [3].)

Finally, Theorem 1 may be strengthened by no longer requiring ¥
to be a Banach space, but only a complete metric space with an axio-
matically defined conven structure, which permits one to take “convex
combinations” of some (but not necessarily all) n-tuples in a suitably
continuous fashion. (This includes the locally convex F-gpaces mentioned
earlier.)

‘With convex sets then defined in the obvious way, Theorem 1 re-
mains true in this considerably more general context. Among the con-
sequences of this new result, let us mention that Corollary 1 remaing true
if F is merely assumed to be a metrizable group, and F a cloged subgroup
which is isomorphic to a Banach space. (See [2]).

In conclusion, let us mention that, for finite dimensional X, it is
possible to place purely topological conditions on the sets @(z) which
are not only sufficient but, in a sense, also necessary. Without dimension-
al restrictions on X, however, the search for such a set of conditions
has so far remained unsuccessful.
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Operators and distributions
by

J MIKUSINSKI (Warszawa)

I recall first the definition of operator which I have introduced in
my book Operational Caloulus.

We start from the ring of continuous funections of a real variable ¢
(0 <t < oo), the product being defined by the convolution

1
fo = [fl—7)g(v)dr.
0

By a Titchmarsh theorem, that ring has no divisors of zero. The
clements of the quotient field, obtained from that ring are by definition
operators.

"This algebraic method seems to be the most adequate for the notion
of operators. However an equivalent definition can be given by the
sequential method, as for distributions. Then instead of distributional
convergence we should introduce the following one:

We say that a sequence of continuous functions g, (x) is convergent
or fundamental if, given any non-vanishing identically function w, the
sequence wg, (convolution) converges almost uniformly.

Since this convergence is more general than the distributional one,
the notion of operator is more general than that of distribution. But
this i only so when the interval where the functions are defined is bounded
from below. It if is not, distributions can be obtained from operators
by an additional limiting process.

It in important to answer the question whether the algebraic (or
sequential) method of introducing operators is essentially more general
than that of the Laplace transform. In order to give a positive answer
we should show that there exist operators or functions which can not
be represented in the form

!

4

(the division being meant here as the inversion of the convolution),
where f and g arve Laplace transformable. In other words, we should

L=
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find an L-transformable funetion g, non-vanishing identically, such that

the convolution
t

’ F) = [e@i—7)g(z)dv
. . A
cannot be transformable, no matter what is the continunous funetion
x(t). Last year I proved that g(f) = ¢* is such a function. Till now it
ig the only one funetion with this property known. L. Berg (Malle/Saale)
has given recently a whole class of non-analytical funetions with this
property.

There exist several problems where the most natural approach is
the distributional one. But there exist other problems where the opera-
tional calculus is necessary. J. Wloka (Heidelberg) showed that a con-
junction of a distribution and of an operator may also be useful in some
problems. Roughly speaking, this is a generalization of a function which
can be considered as a distribution in one of the variables and ag an
operator in another variable. Another interpretation iz also possible.
This is a distribution whose values are operators. The notion of operator-
valued distributions oceurs in the recent theory of Schwartz, this being
concerned with distributions whose values are in some vector spaces.
It is always supposed that those spaces are topological locally convex

spaces. Since the space of operators iz not topological, the operator--

valued, distributions of Wloka do not enter into the theory of vector-
valued distributions.

It is important to know whether there ig an appropriate abstract
space which makes possible a common consideration of all distributional
spaces we meet in practice.

I say that a linear space with a given sequential topology is partially
normable, if it is possible to consider it ag a directed union of normed
subspaces X such that, if X,C X,, the identical mapping of X, onto X,
is continuous. The space is complete if it can be considered ag such a union
of Banach spaces. ‘

Although such abstract spaces are very general, and embrace, as
particular cases, the spaces of distributions, the spaces of operators, the
space of Mazur and Orlicz ete., it is easy to build in them an Analysis
very similar to the classieal Analysis. The proofs are very easy, since
they are reduced, as a matter of fact, to proofs in Banach spaces.
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O TeopeMax BJIOMNEHHA N5 Kiaccos muddepennupyeMex  GyHKumik MHOTHX
nepeMeRHBIX

.M. HUKONBCKHUN (Mocksa)

ITOT JOKIAJ JOCBALLEH HEKOTOPEIM BOIPOCAM, OTHOCAIIMMCSH K T€OPHH
KOTOPYI0 IPHHATO HASHBATE B HACTOSINEE BpeMs TeOPHel BIOKEHHH
ruaccoB guQPepeHunpyeMsx GyHRLMIL.

PeayumnTaThl, 0 KOTOPEHIX f GYRY B374eck roBOpHMTH, OYXyT IpPHBO-
JMTBECA B CAMBIX TIpocTefimmx cixydaax. O BO3MOMKHOCTAX pacmpocTpa-
HEHNA UX Ha (ollee CIIOYHHEIE CILyYad MEL 6yXeM XenaTh TONBKO OTMIEIbHEE
saMedanus, NATEKO He MCYepiIsBaomme BOIPOC.

ITycrs R, 0603HAYAET 7-MEPHOE MPOCTPAHCTBO TOUEK & = (@y, ..., )
¢ JelCTBUTENbHBIMI KOODHUHATAMU. BymeM cuuTaTh BCErpa, 4T0 HCIAO P
YXOBIETBOPALT HepaBeHCTBAM 1 < p < co. Hexotoprie pes3yanTatel, 0 KO-
TOPHX Gymer HMATH peub HuKe, GyAyT BepHH TOIBKO mpu 1 < p < oo,

Ecan g C R, o6nacts ¥ f(F) — maMepuMas Ha g (GYHRIMA, MOXYIb
KOTOPO} MHTErpupyeM B p-i CTENEHN Ha g, TO NMOMOMKHAM

fllzp = (vfffl”dg)”” (1<p <o)
Har o6vyHo, npu p = co GymeM CUHTATH

I lzeotey = supﬁw;ra,i f(@)1-

Ilycrs + €cTH HEOTPUUATENBHOE Heloe yicao, T'oBopAT, yro dyHKumA f
npunadaencum x xaaccy WS (g) Coboaesa, eciim oHa uHrTerpupyema B p-it
CTEIeH! Ha g BMECTE CO CBOMMM 0600IEHHAIMY IIPOX3BOHEME 0 HOPANKA ¢
BRIIOYATEIbHO. IIpH 9TOM BBOZHTCA B paccMoTpenme mopma (ymxuaum f
B Merpure W(g) nmp: noMow paBeHCTBa

Iflwt o) = Iflpm+ IOz poys

rge f* ycmosro oGosmauaer ;06YI0 0600UIEHHYI0 YPOMBBONHYI OT f
NOPAAKA © M CyMMa PAcIpOCTPaHeHa HA BCe TAKMe IPOM3BOJHHE.

Tpu r =0 cuuraerca, wro - W (g) = L,(g) €CTh  IIPOCTPAHCTBO
QyHRRUM, a6COMOTHEE BETHYHHE] KOTOPHIX. MHTErPUPYEMBL B p-it cTemenn
HA ¢
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