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Entire functions in B,-algebras containing dense division algebras
by

8. ROLEWICZ (Warszawa)

Let R be a Bj-algebra, i. e. locally convex metric linear algebra,
in which operations of addition and multiplication are continuous with
respect to both arguments. If R is moreover complete we say that R is
Bg-algebra. In this note we shall consider only Bg-algebras over complex
scalars. Without loss of generality we can assume thai R possesses the
unit ¢, i. e. such an element e that ez = ze = » for all o belonging to R.

The topology in a Bj-algebra R may be introduced by means
of a denumerable sequence of pseudonorms satisfying

(1) Hm”l g ”"l"”'i+1; ‘7/ = 1, 2, caey
and
(2) leyll; < |]m“i+1“y“¢+1

(191, Theorem 24). A sequence =, tends to @ if and only if

lim|lw,— @, =0, i=1,2,...
n

If we can choose a sequence of pseudonorms satysfying (1) in such
a way that we can replace (2) by

() lleylls < lle fly

then we say that R is a multiplicatively conves algebra, briefly m-convex
algebra [17, [4].

We say that a Bj-algebra is a division algebra if each element  is
invertible, i. e. there is an element #~' such that zw~! = ol = ¢, If
the operation of the inversion a > z-1 ig continuous, then the given algebra
is isomorphic to the algebra of complex numbers [27.

If a division Bj-algebra is m-convex, then it iy isomorphic to the
algebra of complex numbers ([4], Proposition 2.8).

If a division Bj-algebra is complete, i. e. is a Bj-algebra, then it
is isomorphic to the algebra of complex numbers [10]. But in the general
case of Bj-algebras this is not true. Rirst counter-example has been
constructed by Williamson [8].
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Let

be an arbitrary entire function of the complex variable z. We say that the
function p(x) is determined in a Bj-algebra R if for each  belonging to

R the series ) a,o" is convergent.
n=0

Tf in a B,-algebra R there are determined all entire functions,
then R is m-convex [B]. It implies that if in the completion R of
a division Bl-algebra R all entire functions are determined, then R
is isomorphic to the algebra of complex numbers. It iz not known,
whether it is possible to replace the assumption that all entire funetions
are determined in the completion B by the assumption that all entire
functions are determined in .

The following question arises: is a division Bj-algebra R isomorphic
to the algebra of complex numbers, if in its completion E there is deter-
mined some entire function (for example &°).

In this paper a negative answer to this question is given. It follows
from

THEOREM. For every entire funclion

() = Sjwnz"

n=0

there emists a commuiative By-algebra R, containing a dense division
Bi-algebra non-isomorphic to the algebra of complex numbers, such thai

o
. "
the series n}_:u a, o™ is convergent for each weR,.

Obviously, if B,-algebra containg a division algebra non-isomorphic

to the algebra of complex numbers, then there are no multiplicative

linear functionals. Hence we have the following
COROLLARY. For each entire function

pE) = D) an®,
n=0

there 48 & commutative By-algebra B, such thai the function o (@) is determined
in R, and in this algebra there are no multiplicative linear fumctionals.

This corollary contains the nega.tivé answer to Problem 1 of paper [5].

The proof of the theorem is based on the following eonstruction
which is an extension of the construetion of Williamson [8] on the one
hand, and of the eonstruction used in paper [5] in the proof of the Pro-
position 2.5, on the other hand.
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Let f(u) be a non-negative function determined for » > 0, increasing,
equal to 0 in 0 and tending to infinity at infinity. Let f(u) satisfy condi-
tion A,, i e. there is such a constant C that f(2u)<< Of () (*). Without
loss of generality we can assume that ¢ is an integer.

Entire functions in By-algebras 183

Let
fm) for opo= — 1L, —2,..
Apyn = 1 for #=0,
TP for  w=1,2,...
(p=1,2,...).

Let L(ap,,) denote the space of all sequences » = {x,} of complex
numbers such that

”me = Z ap,'n[mn|< ~+oo.

Ty=—00

L(ap,n) is a By-space with respect to the topology induced by the
pseudonorms |xll, (see [3] and also [67).

Levma 1. If we determine multiplication in L(a,.) as convolution,
be. z=a%y, 0="{@,}, ¥ ={u}, 2 ={on}; 2= @Yy, then L(ay,a)
is @ B,-algebra. k=—co

Proof. First, we ghall show that for each p there is such an r that

(3) “p,n-}—m < ar.nar,'n
for all » and m.
Letn, m > 0. Then

g = € TOFTIP — GHmAMED (=t mED = TNID g —F) P

= Oap,n oy, m-
Let n, m < 0. Then

= It o OPUDHAM — o g

G, 4-1m.
Let n 20, m < —n. Then

= gPIIsml) o PIm) 2RIl g Fw 30 2P o= pH(Im)

A, m Qap,m op,m s

because
I/ OAP—B(m) o JAP-PUE) £ |

Tet n =0, —n<m< —nf2. Then @y ,m <1 bub

G, sy, m == €~10IOP ORI (OpHEm)—1()(0

> eopmml)—f(zlm»lcp > e(UP—llp)l(lMI) >1.

() We bave obviously f(m-n) < O[f(m)+fm)] for m,n > 0.
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Hence @, prm < ep, nUop,m-
Let n >0, —n/2 <m < 0. Then n+m > n/2 and

- - !
Cp, npm = eff(n-('m)/p Le ftniip <e Tmier — Aop, s

hence @y nim < Gop,nlop,ms DECAUSE Agp . = 1.
Therefore for » = max(C, 2)p we have
(3) alﬂ,n%m \<\ “T,nav',m

for all » and m.
Now, we can estimate the pseudonorms of the couvolution:

[=+] 00 (=1}
[lelly = Z Gy, E $k?/n~k] < 2 W, | D] Y]
N=—00 =00 Ny e=—o00
00 (=) oo
< 2 Gy, 3 a’r,n—ln[-”kl lyn—kl = Z a’r,k"”kl 2 a’r,mlf'/m[ = HwH’Hy”i
n, k=—co k=—c0 M= =00

Hence L(a,,,) is a Bjalgebra, q.e. d.
Let M De a set of funetions, analytic in the set {2: 0 < |2 < 7.},

where 7, depends on the function x(z) and such that lim @ (2) exists, finite
20

or infinite. The set M is a division algebra with respeet to the
pointwise multiplication. By M we denote the set of all sequences
Loes 0y 0,2 g,y 00y @y ony @y, ...} OF coefficients of expansions of the
functions #(2)e M in the Laurent series

o
x(2) = Zmnz“.
n=—k

Obviously, the multiplication in I is determined by convolution,
and M is a division algebra.

Lemma 2. If f(n)/n — oo, then MCL(ap,n).
Proof. Obviously it is enough to prove that the series

(8) Dy )
=0

is convergent for each p. But 2(2) is analytic in the set {2: 0 < |2| < 7g}

whence fhe series
ki Tz 2
2ol

N==0

is convergent. Since f(n)/n — oo, Op, 0 < (75/2)", for sufficiently large n,
therefore series (5y is convergent.

icm

Entire fumctions in By-algebras 185

It is easy to see that I7 is dense in Liay,,).
Williamson f(n) was equal to (n-+ L)In{n-+1)

Levva 3. Let M,, M,, ...
such that

In the example of

be a sequence of positive real numbers

M,

(6) ——— —+ oo,

Then there exists such an infinite-dimensional commutative B-algebra
R, containing a dense division algebra, that for each complex sequence {b,},
n=0,1,2,..., satisfying

(7) 2 bale™ < oo

N={}

and for each <R, the series Y b,a® is convergent in R.
N==)
Proof. Let
I'(n) = inf 1/77;7?,,
Ez=mn
Then /'(n) is increasing and
L(n) L(n)
M,,, cex (), = 00 (1 00).
From Lemmas 2.1 and 2.2 of paper [5] it follows that there is a
function £(w) such that
1. Q(u) is a convex function,
2. Q(u)/u is increasing and tends to infinity when u tends to infinity.
n

3. M4, >0 and 34 =¥, then
i1

k(3
2(k) < 8%’9(@)4—1'(70.

If in the definition of L(a,,) we put f(n) = £(n), we obtain the
algebra which satisfios the conclugion of Lemma 3.

Property 3 implies that Q(u) satisties condition A, for w >1, hence
Properties 1 and 3 and Lemma 1 imply that L@y, ) is a By-algebra.

Lemuma 2 and Property 2 imply that L(a, ,,) contains a dense divi-
sion algebra.

Let @ = {m,} be an arbitrary element of L(a, ). Let

a2y Y == {7/%}7 & == {zn}7
where
ay,  for om0, 0 for n2=0
Yy == By ==
0 for w0, a, for m<0.
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Obviously [l = [yl ll#llp-
From Property 2 it follows thatb

Q(ji,.) > Znﬂ(@'j)

Hence 4", < [lylp. On the other hand, in the same wa.y a8 in
Proposition 2.5 of paper [6] we can show that [B*],< T ),
Therefore

o™y = Iy + 2l = | Z( Yy, <

y(Z)eprm)“y”gﬂ”zHa(pH) < Tl 42+ elopn)”

k=0

n

(187 2 "1,
k=0

I
< 7O ([l 1)+ Rllaan)” = &P l0ll5pry-

And in the same way as in Proposition 2.5 of paper [5] we end the
proof of the lemma, q.e.d.
As a corollary we obtain the proof of the theorem. In fact, if

p(e) = anznr
n=0
then it is easy to construct such a sequence of positive reals that (6) and
(7) hold. We can thus define R, as algebra R constructed in lemma 3.
The radical of a B,-algebra R is defined as the set 4, = {w: for each
yeR the element (e ywz) is invertible}.
In m-convex commutative algebras the radical is equal to the set
= {o: for each number ¢ the element (¢-iz) is invertible}.
Obviously, 4,CA4,, but if R containg a division algebra E* non-
isomorphic to the algebra of complex numbers, then A4, 3£ A4,.
Indeed, 4, ~R* = {0}, because if z<R¥, putting y = — a1 we obtain
e-+yw = 0 and it is not invertible. On the other hand, if z<R* and @ 5 te
for all ¢, then e--tweR* and it is not equal to 0, hence it is invertible
and A;~R = {0}. Therefore A, = 4,.
In an m-convex commutative algebra the set 4, is equal to the

set 4y = {w: for each ¢ the series ) "a™
n=0
Obviously 4,CA,, but if a B algebra B containg a division algebra
R* non-isomorphic to the algebra of complex numbers, then A, = A,.
Indeed, lot 5 te for all ¢ and # belongs to B*, then x and »~* obviously
belong to A,. On the other hand,

is convergent}.

18" lp1 o™ lp 41 = el

whence # and ~! cannot simultaneously belong to A,.

iom°
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In the algebra L(a,,,), also A, == A4, because the element
1 =

x = {m,}, where m, = for m=1,
0 otherwise,

belongs to A;. Bub we do not know the answer to the following

Problem 1. If a Bgalgebra R contains a division algebra non-

isomorphic to the algebra of complex numbers, is there at least one
element ®edy?

The preceding considerations give a negative answer to a part of
the questions raised in Problem b5 of paper [7], but further remains
open

Problem 2. If o 1)01011@;6 to the radical of & commutative Bg-algebra
R, must the series 2 y"4™ be convergent for each yeRY
With radical 1t ig also connected

Problem 3. Let a Byalgebra contain a dense division algebra.
Is the radical of this algebra equal to {0}?%
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