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1. Introduction. Let ¢ and o be real numbers and let S;(a) denote
the sequence (s, 8., ...) defined by s, = [ta®] (where [ ] denotes the
greatest integer function). It was conjectured by Erdos several years
ago that if ¢ >0 and 1 < a < 2 then every sufficiently large integer

x .
can be expressed as n = ) &5, where & = 0 or 1 and all but a finite
¥=1

number of the ¢, are 0. Tn general, a sequence of integers which has this
property is said to be complete and if every positive integer is 80 expressible
then the sequence is said to be entirely complete. While the additive stru(_z—
ture of 8;(a) is far from being completely understood at present, it is
the object of this paper to shed some light on this question. In particular,
the set T of all points (f, @) of the unit square § = {({, a): 0 << 1,
1 < a < 2} for which S;(«) is complete will be determined. It will be seen
T has an area of approximately 0.85.

2. Preliminary remarks.If 4 = (4, 6, ...) is & sequence of integers
o0
then P(A4) is defined to be the set of all sums of the formkz,: £, 01, 'Where
& =0 or 1 and all but a finite number of the ¢, are 0. In this paper, we
) b

adopt the convention that a sum of the form D is 0 for b < a. We now

k=0
give several results which will be needed later.
TeeorEM 1. (J. Folkman.) Let 4 = (a1, s, --.) be a sequence of
positive integers such thai:
L. Gyt Gnyy S Guys for n >1.
9. There exist m = 0 and r = 0 such that m¢P(4) and

r
Doy <m <ty
k=1

Then A 4s nmot complete.
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Proof. By hypothesis we have
r42

3 !
2 a :Eak—i— ar-il_}_ (X% < m+ Ay 1y < CLH 2’}' Uy = Uy ER
k=1 k=1

42
Therefore, m+ a..;¢P(4) and > ap < m-+ (yy 3 < @ppq. Since we can
k=1
now apply the same argument with m and r replaced by m+a, ., and
r+ 2, respeetively, then by induetion on # we conclude that 4 is not com-
plete.
Levma 1. Let A = (ay, @y, ...) be a nondecreasing sequence of posi-
tive integers. Then the following statements are equivalent:
1. A s entirvely complete.

9. For all n >0, Ea/; Gy —1.

O,Zak/z

>
ap<n
4. For alln 20, @, ,—1eP(4).
Proof.1 = 4.: This is immediate.
4.= 3. If there is an % such that 3’ a; < n then there is a leagt

s

3. For all n

# such that a, >n. Thus,

-1
ap—1 =Zn> Zak = Zak and hence a,—1¢P(A4),
ap<n
contradicting 4.

n
3.= 2. If there is an n such that e, < a@,,,—1, then >

k=1 (ALY

= Zak %;.1—1 which contradicts 3.

2. = 1. This is a result of J. I.. Brown [1] and the proof of Lemma 1
is completed.

' LeMyA 2. Let A = (a), ay,...) be a nondeereasing sequence of posi-
tive mtegms and suppose there ewists an v such that:

L. de tlm,,l-lfo'r() m < r.

2. Gmyy < 2y, for mo=r41,
Then A s entirely complete.
Proof. For any ¢ > 0 we have

rie r+e 40
\ 2
ka 4{ G = a"+1'_1+ (“},;,|_1—0:k) = arv|.c+1"“1
=1 fo L=T+1 k=t+1

and hence by Lemma 1, 4 is entirely complete.

©
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We next state three lemmas whose proofs are immediate and will
be omitted.

LoMaa 3. If t >0 and a > (L+V5)/2 then
[ta"**] = [t ]+ [ta"] for n>1.
LEMMA 4. If t >0 and 1 < o < 2 then:
1. [ta™] < 2[ta™] for [td™] = (a—1)[(2— a).
2. [t} < 2[ta™]+1 for n = 0.

LemMA 5. (1+a2) =149z for £ > —1 and y >1 (e¢f. Korovkin
21.

3, The structure of 7. We first note thatfor0 <t <landl<a < 2
we have

Siale) = ([tafal, [ta*/al, ...) = ([#], [ta], [1a’], ...) = (0, [fa], [ta?],...).

Thus, P{Sy«(a)) =P(S’i(a)) and consequently if we can determine

P(S;(a)) for lja <t <1 then we immediately know P(S,(a)] for 0 <

t<1l. For 1/a <t <1l and 1 <a<2 we have
1 =[afa] <[ta] =8 <[a]l=1, ie, & =1.

TUEOREM 2. If 0 <t<1 and 1< a<<B'’ then S;(a) is entirely
complete.

Proof. By the preceding remark, it suffices to prove the theorem
tor 1ju <t<1. Thus s =1 and s, = [ta*] < [3"°] = 2. Since td® <
o' <55, then s, <4. The only possible ways that S§;(a) can start are
as follows:

Sila) = (1,2,m,...) for m <4 (since s <4),

Sy(a) = (1,1,m,...) for m <3 (by Lemma 4).

By Lemma 3, for s, =3 > (5'°—1)[(2—5") = (a—1)/(2—a) we have
Sni1 < 28,. Thus, if & is the least integer such that s, > 3 then by Lemma 4
”

we must have 3's; > s,,.,—1 for 0 < » < k—1. Hence, by Lemma 2, Si(a)

1=1

iy entirely complete for 1fe <t <1 and 1 <a < 5. Therefore S:(a)
is entively complete for 0 <t <1 and 1 <a < 5% and the proof is
completed.

THEOREM 3. Suppose 0 <t <1l and 1 <a <
plete if and only if Sy(a) is entirely complete.

Proof. As before it suffices to prove the theorem for 1/a <?<C1.
For 1 < a < 5 this result is established in Theorem 2. Let 5'° < a << 2
and suppose S,(a) is not entirely complete. By Lemma 1 there is 2 least

2. Then Si(a) is com-
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m such that Y s, < m. Therefore m << Spyy < 8nyy Where sy is the great-
sp<m

est element of S;(¢) which does not exceed m. (Note that m ¢P (St(a))),
n

Since 1 = s;eP(8;(a)) then m >2, n>1 and D <m < 8, But
k=1

a > 5> (l—H/g)/2 and thus, by Lemma 3, 8,40 > Sup1-+8, for n > 1.
By applying Theorem 1 we. see that S;(a) is not complete. Since an en-
tirely complete sequence is always complete, then the theorem is proved.
n
Now, let d, = 8,,,— 28, for n =1 and let D, = D'd; for n > 0.
le=1

Lemma 4 implies that d, < 1 while it is easily shown for n > 0 that s,
n

— Z’sk = 1-+D,. For the following four lemmas we shall assume that
k=1
ljla <t<1and 1 < a< 2. From these lemmas the structure of 7' will
follow immediately.
LEMMA 6. S;(a) is complete if and only if D, <0 for all n = 0.
Proof. This follows at once from Theorem 3 and Lemma 1.
LevMA 7. If d, < —2 then dpyy, <0 for all & > 0.
LevyA 8. If dy = —1 and dyyqy <O then dpyy <O for & > 3.
LevMA 9. If dpy= —1, dpyy =1 and dyyy <O then dy,, ., <0 for
k=4
The proofs of these lemmas are straightforward and we shall give
only a proof of Lemma 8, which is typical.

Proof of Lemma 8. By hypothesis we have s, = 2s,—1.
If dpyy =0 then s,,, = 28,,, = 48,—~2. Thus,

10 < sy b1 = ds—1 < 4f0"—1
and ‘

1) o < 4—1/fta".
If d,,; < —1 then 8,,, <28,,;,—1 = 45,—3. Thus,

10" < syt < dsy—2 < dta"—2

and
@’y ot < 4—2[ta".

© Now suppese there exists k > 3 such that d,,; = 1. Then
(2)"’ - tan+k+1 = Snikyl = 23n+k+‘1

> 2™ — 1)1 = ™1,

icm
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Hence ¢ >2—1/ia™** and consequently, by Lemma 5,

(2 — 1" = 4(1—1/2ta"+7)

nt2 >
> 4(1—2/2ta™ ") = 4 —4 fto™",

There are two cases:

(i) If dy,, = 0 then by (1) we have
4 ! >4 :
T ta"E

and therefore o < 4. Since & > 3, then o < ¢ < 4 and by (2) we have
4> d® > 8(1—1/2ta" P > 8(1— 3/2ta"+¥).

Hence $,.1 éta"*"’ < 3. This is impossible however since k >3 and:
8, 2> 1 imply
Snik 2 Snya = 28pp0—1 = 88,—5 =3

(since by Lemma 7 we cannot have Anpe < —2 and dyyp = 1) and case
(i) is completed. :

(i) 1f d,,, < —1 then by (1’) we have

b

41— >4
ta

'ta11+lc
and therefore of < 2. Since k > 3, then o’ < o* < 2 and by (2) we have
2> & > 8(1—1/2taF) > 8(1—3/2ta™ ).

Hence 1" < 2. But dy, =1 implies spypp1 = 28a45+1 > 3. Thus
9 > {"**** > 3 and therefore a > 3/2. However, this contradiets the
previous conclusion that o® < 2 and case (ii) is completed.

Thus, we have shown that there cannot exist » > 1 and k > 3 such
that d, = —1, dnyy <0 and dyyy > 0. This completes the proof.

We can now prove the basic

THEOREM 4. Suppose 1le <t <l and 1 <a<<2. Then Si(a) i
not complete if and only if for some n 2> 0 one of the following holds:

1.d,=1, d, =0 for m <n.
2ody=—1, Gy =1, dpya =1, oy = 0 for m <n.
8.dy = —1, dpy =1, dpys =0, sy = 1, d, =0 for m <n.

Proof. This theorem follows at once from Lemmas 6, 7, 8, and 9
by considering the first occurrence of a nonzero .
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Let A4,, B, and C, denote the sets of all points (t, a) of the t—q«

plane for which §;(a) falls into cases 1, 2 and 3, regpectively, of Theorem 4.
Thege sets are characterized by the following theorem.

TaRoREM 5. (I). (¢, a)ed, if ond only if

1 ta" < 2¥ 1.

2. ta™ > 2"+ 1.

l<a<?.

4, 1je <t <1.

(I1). (¢, a)eB, if and only if

1. ta™tt < 9"

9. ta™ =271,

3. ta™* > A"t 1,

(III). (2, a)eCy, if and only if

1.ttt < 2°

2.t < 2MTE 1.

3. ta™* = 2" -3,

4. ta™ > 2™

Proof. (I). From the definition of 4, we know that (¢, a)ed, if
and only if 1ja <t<1,1<a<2,d,=1and d, =0 for m <<n. In
this case we have

Sifa) = (1,2,2%,...,2%1, 2% 2"l 1, )

and congequently ta” < $,4+1 = 2" '4+1 and 1" > s,,.; = 2"+ 1 which
establishes the necessity of conditions 1-4. To show sufficiency assume
conditions 1-4 hold. Then fa™ > 2"+ 1 implies ta* > 2" 'forl <k < n.
Algo from ta" < 2" '+4+1 we have (2" '41)a > ta"' > 2"+1 and thus

271 1 27&*1 2
e gt > S SR
P B L - L

Therefore, ta* < 2741 for 1 <k <. Finally, since ta® < 2141
and « < 2 imply ™! < 2"+ 2 then from conditions 1-4 we see that
S,(?) f——‘(l,2,22,...,2"“,2“, 2"*141,...) and consequently (¢, a)edy.
This proves (I). The proofs of (II) and (IIT) are quite similar and will
be omitted.

It is now an easy matter to relax the restriction 1/¢ < t. For any
0 <f<1and 1<a< 2 there is a unique m such that 1/a < ta" < 1.
: We }}ave already noted that §;(a) is complete if and only if Sygm(a) is
complete. Hence each sequence S;(a) for 1/a < ¢t < 1 which is not complete
generates a family of sequences §, m(a), m =1,2,..., which are not

©
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complete. Thus if we let A" denote the set {(t/a™, a): (f, a)edy} for
mo=0,1,2,... (so that AP = 4,) with B{" and O™ defined simi-
larly then we have

THEOREM 6. Suppose 0 <t <1 and 1< a<<2. Then Si(a) s not
complete if and only if

(1, @) e U U AP © B w05,
M=0 N=1
The conmiplement of this set with respect to the unit square § is just
the set T of all points (£, a) in 8 for which S;(a) is complete. A portion
of T is graphically represented in Fig. 1. It is not difficult to verify that
cach of A™, B and O™ is nonempty and that the area of T' is appro-
ximately 0.85.

2.00

1.95—

Ay

1.80+

1751

170~

7o 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.8 1.0

Fig. 1

4. Conecluding remarks. In general, it seems to be a difficult problem.
to determine all the points (£, a) with ¢ >1 for which 8(a) is complete.
2 14V 5)

Tt follows from Theorem 1 that 8;(a) is not complete for a = max (?’ 3

On the other hand, it is not difficult to show that S;(a) is complete for
¢t = 9% and a = 2! (k an arbitrary integer). It would not unreasonable


GUEST


70 R. L. Graham

to conjecture that S(«) is eomplete for ¢ >0 and 1 < u << (1 ~}—l/5)/2.
However, even for the case of t = (3/2)’“ and ¢ = 3/2 it is not known
if any terms of S;(a) are odd for % sufficiently large.
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In der vorliegenden Axrbeit wird ein allgemeiner Satz (siehe §2,

Ratz 1) iiber die Darstellung der summatorischen Funktion J ¢, (wo
<

2 >0 ist) durch eine unendliche Reihe von Funktionen der Besselschen

Art bewiesen. Hier ist
() Z(s) = ) ol (s = oFil).
n=1

die entsprechende Dirichletsche Reihe einer Funktion, die gewissen
Voraussetzungen geniigt. Diese Voraussetzungen sind #hnlich zu denen
eines Landauschen Satzes (siehe [6] und auch unseren §1) zusammen-
gestellt, in dem Landau das O-Problem fiir die summatorischen Funktio-
nen einiger Dirichletscher Reihen behandelt. Fiir den Beweis unseres
Satzes 1 (siehe §§ 2-4) wird die Hardy-Landausche Methode (siehe [3],
§ 4 und auch [10], § 4; [17], Kapitel X) verwendet, mit deren Hilfe diese
Verfasser die berithmte Hardysche Identitit [1] einfach bewiesen haben.
Der § 5 ist der Anwendung des Satzes 1 zur Hexrleitung einer Reihe von
Tdentititen gewidmet. Bs wird z. B. gezeigt, daB die erwihnte Hardysche
Tdentitit und auch die Identitdten von Voronoi [14], Arnold Walfisz
[16], Oppenheim [11] als Spezialfille ans Satz 1 folgen. AuBerdem wer-
den auch neue Ergebnisse gebracht (siehe §§ 5.4-5.6, Satze 2-5).

Dieser Artikel stellt eine Verallgemeinerung und Erweiterung der
Arbeiten [187 und [19] des Verfassers dar.

§ 1. Die Landausche Identitit. In seiner Arbeit [6] hat Landau die
Tdentitdt (47) bewiesen, die der Ausgangspunkt fiir unseren Beweis sein
wird. Wir wollen sie daher hier noch einmal formulieren.

s sei eine unendliche Folge komplexer Zahlen ¢, Cy, ..- und eine
Tolge monoton ins TUnendliche wachsender positiver Zahlen 0 <1
<l <...<ly<..., l,— co gegeben,
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