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EXTREMAL POINTS IN THF SPACE O
BY
J. SICIAK (CRACOW)

This is a report* on an extension of Leja’s method to problems in
several complex variables.

1. Interpolation formulas. The Lagrange interpolation formulas
for ordinary polynomials of n variables and for homogeneous polyno-
mials of » variables are basic tools in the method of extremal points in
the space C" of n complex variables.

Any polynomial P,(z) of degree » may be written in the form

v.
%17 K )3
(1.1) Po(&) = ) Gy, 1y Z00 2,
i=1

where (Fygy Kapy eeos Kut)y 1=1,2, 00,0, % = (”:”), is the sequence of

all solutions in non-negative integers of the inequality &+, +... 4 Tn < 9.
Analogously, any homogeneous polynomial @,(2) of degree » may
be written in the form

4]
(1.2) Q@) = D taypg, g AT A0,
1=1
Whete (g, Bazs vy Bad)y T =152, 00y %y vo=(”j;ﬁ‘ll), is a complete

sequence of the solutions in non-negative integers of the equation h,+
+hyt. by =

Suppose p® = (py, Doy -, P,) 18 8 system of », points p; = (2, ...
s fui), 5=1,2,...,9, of O" such that the determinant V() =
= V(py, ..., p,,) defined by
(1.3) V(p¥) = det[1f2.. .41, i, 1=1,2,...,%,
is ditferent from zero. Then the following interpolatiom formula holds:

(1.4) P,(5) = D P,(p) Lz, p%), #eC",
g=1

* Presented to the Third Conference on Analytic Funections, held in Cracow,
30. VIII-4. IX. 1962.
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where
(1'5) L(i) (Zy fp(”)) = V(pl, ey Pic1s 2y P'£+1 )ty pv,)/V(p(y)) .

Analogously, if p® = (p,, -y Dy,) 18 @ system of » points of C*
such that the determinant

(1.6) W) = W(p1, ..., py) = det[APE..00  (i,1=1,2,...,%)

does not vanish, then

K]
(1.7) Q.(0) = Y Q)TN (z,p%), 2eC",
=
where
(1.8) T(i)(zap(”)) = W(p1y .-y Dic1s 2y Diya, ---,on)/W(P(”’)-

2. Extremal points. Let F be a bounded closed set in ™ and let
b(z) be a real function bounded and lowersemicontinuous in Z. Given
an arbitrary system p® = (p;,p,,...,p,)<B, we define V(p®,d) by

(2.1) V(p®, ) = V(p("))exp(—vﬁ'b(pi)), v=1,2,...
A system -

(2.2) ¢ =(@®, ..., ¢

such that

(2.3) V (g™, b) = max |V (p®, b)],

(el

is called the »-th emtremal system of E with respeet to b(2) and the deter-
minant ¥V (p®).

Given an arbitrary system p® = (py, ..., p,,) < B, we define W (p", b)by

(2:4) W(p®, b) = W(p®)exp(—» ;ij(pi)}-
A system =

(2.5) WY = (m), ..., B)

such that

(2.6) W (h, b) = max |W (p®, b)|

p()eE

is called the »-th emiremal system of B with respect to b(2) and the deter-
minant W (p®).

e ©
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Let us define v,(E, b) and w,(E, b) by

(2'7) 0y (E’ b) = V(q(v), b)lln(:{:’;),
(2:8) w,(B, b) = W0, pyH51)

The extremal points (2.2) have been introduced by Fekete [2] in the
case of B < O and b(2) = 0. In the case of B c (%, they have been
introduced by Leja [8] and investigated latter by him and his students
in connection with the Dirichlet problem and conformal mapping (see
report [5] by Gorski).

In the case of n = 2 the extremal points (2.5) have been introduced
by Leja [6] (for b(z) = 0) and applied by him to the investigation of do-
mains of uniform convergence of a series of homogeneous polynomials
of two complex variables ([6], [9]). Points (2.5) (b(z) z()) heve been
exploited to the same purpose in the case of C*, n>=38,in [15]

Tt is known ([6], [7], [8], [10]) that the sequence {v,(H, b)}, B < ¢,
and the sequence {w,(E,b)}, B c (?, are both convergent. The limit
v(B,0) = limv,(E, 0) is called the transfinite diameter of H. The limit
w(E,0) = lY;w, (B, 0), E c (,is called the triangular ecart of B ((6%, 191

The question (formulated by Leja [11] in a slightly different form)
as to whether the sequences (2.7) or (2.8) for B = C", n > 2, b(z) =0,
are convergent or not remains still unsolved (except for B = By X B, X
X...X By; see [14]).

3. Extremal functions @(z, B, b) and y(z, B, b). Define

(3.1) @,(2, B, b) = m(@X(lL“)(z, q®)| exp [+ (¢1")])
o)

and
(3.2) (2, B, b) = max(|T(z, ENlexpDd (h)]), »=1,2,...
@)

TEEOREM. The sequences {v}/@,(z, E,b)} and {l/zp,,(z,E, b)} are con-
vergent at any finite point zeC™ to the limits &(z, B,b) and y(z, B, b),
respectively (the limits being finite or mot),

(3.3) ®(z, B,b) = limV/ ®,(z, &, b),

(3.4) vz, B,b) = linVyp,(z, B, b).

¢ B contains a subset F = F;x...xF, such that the transfinite
diameter d(F;) of F; (i =1,2,...,n) is positive, then the {mctiong P
and y are bounded in every compact subset of C". In the cage of (' the
function @ has been introduced by Leja [8] (for more details see report
[5] by Gérski) and in the general case by Siciak [16]. The function y
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has been introduced by Leja [6] in the case of ¢* and b(2) = 0, and by
Siciak [15], [16] in the general case. Leja defines @ and v as limits of
some sequences different from (3.1) arnd (3.2) and his method of proof
of the existence of the limits is based on the fact that every ordinary
polynomial in the space (" or every homogeneous polynomial in (? ig
a product of linear factors. This fact no longer holds in higher dimengio-
nal spaces. The method used by Siciak is based on the interpolation for-
mulas (1.4) or (1.7) and does not depend on the dimension.

4. An application of y(z,F,b). The usefulness of the function
v(z, B, b) is conspicuously due to the following theorems (see [6], [91,
and [157]).

@ If

(41) D0.()

s @ series of homogeneous polynomials Q, of respective degrees » uniformly
bounded on B, then the series (4.1) converges absolutely at least in the set

G(EB) = (2: p(2, B, 0) < 1).
(ii) If (=, B, 0) is bounded in every compact subset of ", then G(B)
contains interior points. The interior G (B) of G(H) is given by

E(B) = (: y*(2, B, 0) < 1),

where y*(z, B, 0) = limsupy(e’, ¥, 0). Moreover, if n =2, the NECESSATY

Bz
and sufficient condition that y(z, B, 0) be bounded in every compact sub-
set of C%, is that B have a positive triangular ecart.

(iil) There exists a series of homogeneous polynomials with terms uni-
Sormly bounded on E such that ils domain of uniform convergency és ewactly
equal to G(E).

(iv) Let D be a bounded circular domain starlike with respect to 0. Let
B denote the boundary of D. Then the envelope of holomorphy of D s equal
to G(B).

5. Applications of &(z, , b).

(a) Application to the theory of tnterpolation and appromimation of
holomorphic functions of several variables by polynomials. In the case of
one variable, the function log®(z, 7, 0) is a generalized Green’s function
for the unbounded component of (7 with pole at co [3]. It is well known
that Green’s function plays the primary role in the theory of interpolation
and approximation of holomorphic functions of one variable by poly-
nomials (see [18]). It turns oub that the function D(z, B,0), 20", also
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plays quite a similar role in the theory of functions of # complex varia-
bles. For instance, one obtains the Bernstein-Walsh inequality

(6.1) 1P,(2)] < (TZX P, (2)l)- 9 (2, B, 0), =zeC”,

which is used in the proof of the following theorems [16]:
(i) If ®(z, T, 0) is continuous in O" and Bp is given by

Hg = (: P2, B,0)<R), R>1,

then the nmecessary and sufficient condition that f(z) be holomorphic in Egp
and not continuable to holomorphic function in any Bg, R’ > R, is that

(5.2) lim sup ;/mzx If()—m,(2)] =1/R,

where ,(2) denotes a polynomial of degree v of the Tchebycheff best appro-
zimation to f(z) on K.

(if) limsup Vmax If(2)—L,(2,f)| = limsup;/m'%x If(®)—=,(2)] where
P00 2B y—+00 Ze.

L(z,f) = S‘f(g?))L(i’(z, @), v=1,2,..., and ¢ is the exiremal
f=1

system (2.2) with respect to b(z) = 0.
Tf n = 1, these theorems are well known [18].
If B=D08X...XE, and d(B) >0 (i=1,2,...,n), then

&(2, B, 0) = max(D(z, B, 0),..., B, By, 0), 2<C™.

This equation implies that the approximation or interpolation of
a function f(z) holomorphic in the Cartesian product of plane se.ts reduees,
in principle, to approximation or interpolation in each variable sepa-
rately. .

For instance, if B = H;X...XH,, then (5.2) is aj. ngcessary and
sufficient condition that the function f(z) be holomorphic in the Carte-
sian product EyzX...X g, where Eip = (%: @ (2 Fyr, 0) <R In
the case that B, k =1,2,...,m, is a line segment, this fact has been
proved by a different method by Sapogov [13].

icaiti ) irichlet problem for plurisubhar-

(b) Application to the gemeralized Diric . for
momnic functions. The application of @ to the generalized Dirichlet problem
is based on the following '

LeMmA. If ©(z, B, 0) is finite af any point ze(", then there emists
o finite limat

u(z,E,b)_—_1im_}Log[¢(z,E,Ab)/qs(z,E,on, #eC”,
ijo

1
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and the function
w*(z) = limsup 4 (2, B, b)
22—z

is plurisubharmonic (for the definition of plurisubharmonie function see
[11) at any interior point of

& = (2:9(2, B,0) =1).

In the case of one variable the function w(z, #,b) is harmonic in
CF and it gives a generalized solution of the Dirichlet problem (in the
class of harmonic functions) for OF and boundary values b (2) (see [17] or re-
port [5] by Goérski). The connection of 4 (2, #, b),2¢0", n = 2, with Bremer-
mann’s generalized solution of the Dirichlet problem is given by the fol-
lowing theorem [16]:

Suppose that for the domain D there exists a sequence of domains of
holomorphy D, such that

D,>D,, > D, »=1,2,...,
and for any & >0 there is », such that

D, = D, = (2: m}'}nﬂzwé'll <&, v=y.
{e.

Suppose every function f(2) holomorphic in D ¢an be uniformly approw-
imated in D by polynomials. If B denotes the Silov boundary of D with res-
pect to the holomorphic functions in D, then the function w*(z) is equal to
the upper envelope of all the functions V(z) that are plurisubharmonic in
D, continuous in D+E and less than or equal to b(2) on B, i.e. u*(z) is
the Bremermann generalized solution of the Dirichlet problem for D with
boundary values b(z).

The proof of the theorem is based on some lemmas on the uniform
convergence of Harbogs series whose terms are uniformly bounded on Z.
Those lemmas correspond to the theorems (i)-(iii) of section 4.

~ To end this report let us add that the extremal points (2.2) with

respect to b(z) = 0 have been applied in [14] to a generalization of a re-
sult of Pélya on analytic continuation of functions of one variable
to the case of many variables.
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