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ON THE COEFFICIENTS OF UNIVALENT FUNCTIONS
IN THE UNIT CIRCLE
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J. GORSKI (CRACOW)

Let
(1) w = f(z) = 24+ 08"+ a2* +...
be an analytic univalent funetion in the unit circle K: 2| < 1 and let 4
be the image if K by (1). We denote by D the image of 4 under the
transformation { = 1/w. D is an unbounded simple connected domain
which containg the point { = co. The complementary set of D to the
whole plane is a bounded continuum ¥ whose capacity d(E) is equal to 1.

Let 7™ = {n,%s,..., 70} be an n-th extremal system of points
on H, i.e. a system of n points of F sueh that

fns—mel = n [85— Cxl

I<i<hgn 1<i<k<n

for every system of n points {, &y, ..., i 0f E. It has been proved in
[1] that

1° the limits
i+ s+t
lim A2 =T

N300 "

=3, k=1,2,..,
exist,

2° the coefficients b, of the inverse function f~'(w) are given by
the formulas

1
iyt =%(S‘k+b23k—1+---+bksl); k=1,2,...,

3° the coefficients a,, 0y, @, and a; of function (1) are given by

3518, —883 4 68,8, — 85

’ Ay = ——————(——"""""""
2 3

— 68, + 405,58, — 1508} 85+ 12557 + 158}

24 !

Ay = —8yp, g =

a5 =
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Further coefficients a; can be easily calculated from the identity

2= (24 a2 +...)F by e+ a8 . 2L by (2t 0p2® .
Léwner [2] has proved that
1 3:5...(2k+1) ;. .
bres| < T3 (kD) AP h=1,2, ...,

the equality holds for Xeebe’s function.

We want to prove a number of sharp inequalities ;and estimations
for some expressions containing the coefficients and limits sy.

1. Observe that |b,| = max implies |a,| = max and conversely from
|ay| == max follows [by| = max. The maximum ig achieved only for Keebe’s
function.

Indeed, b, =s; and a, = —s;. Therefore max|b,] == max|e,| and
it is known that if |a,| = 2, then |a,| =n, n =2,3, ...

2. |s;| < 6, the equality holds only for Koebe’s function.

Indeed, according to the area principle we have |a,—as] <1, and
the equality holds only for Kcebe’s funetion. On the other hand,

8y = 8-+ 8,(8),

where 8,(S) is the value of the second limit s, when the coordinate origin
is situated at the center of gravity S of the natural mass-distributional
on E. Therefore

,  Bsi—si—s(8) [s2(S)]

83 5 5 1

a3 — ay) =

From the last sharp inequality it follows that |sy ()|
< |83] 4+ [$2(8)] < 6. Observe that

< 2 and |8y

(S)I

b < g1+ 122

with equality ounly for Koebe’s function. If |by] = B, then s = 26,

8,(8) = 26", (s, = 66™).
3. By elementary calculation we obtain

*) 80 = 50(8)+ 15,1 (8) -sl+(§)sn_zw) T

where s,(8) is defined analogically as s,(8).
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‘We shall prove that
|85 —83(8)| < 20,

with equality only for Kcebe’s function.
Indeed, from (%) it follows that
83— 85 (9)] = 138, (8) -8, + 83| < 3-2-2+2° =20,
with equality holding only for |s;| =2, i. e. for Koeebe's function. Observe
that for Keebe’s function we have $3(S) =0 and s; = 20.

4. The limit s;(S) satisfies the sharp inequality Isa_(S)l < 2. Th.ls
result follows from the inequality obtained by Garabedian and Schif-
fer [3]

———lsaés)l = |—ay+ 2,0, — 03] < =

5. |as+ by <8 and |a;—bs| <2, with equalities only for Kewebe’s

function.
Indeed, a;-+b; = 25} and a;—by = —8,(8). _
6. |b,—s3(8)/3| <14, with equality only for Koebe’s funection.
Indeed, from 2° and (x) follows

83(6’ 332(5’

18l <648 =14.

) 22

7. lag-by) <10 and |a,—b,+3 25.(8)] <18, with equality only for
Kebe’s function.
Indeed, using formulas 2° and (*) we get

g+ by = 51818, — s3] < Bls(8)] <10

—2s§~ff(2ﬁl <2(8+1) =18.

@y — byt ;33 (8] = lsal*

8. |as+ bs— 2883 (8)| <

47, with equality only for Kcebe’s function.
Indeed, .

b5 = — 18, (8)+ s+ 25,84 (8) — 382 (8) 81+ 33(8),

by =§s4(3)+si+§slss(S)+3sZ(S)si+§s§(S)
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and
@5+ bs— 28,5, (S)] < 2168+ 31831 |2 (8)] + 3183 (8)] < 47

9, If we compare Lowners formulas for the coefficients @, with
s,, we get the following inequalities:

s =2 [ eTh(ndr, Il <2
0

]

(f k() dr) fe‘“k’(-r)dr; ls)] <4+3=6,

0

s(8)=14 [ e (D)dr, [5,(8) <45 =2,
]

= 8( fm ek (-c)dr)a +24 fm e~k (v)dx fme‘zgkz(s)ds+

oo

+6 fwe‘“ks(r)dz—lz [ e(2) ( fwe‘“k (s) ds) dr,
0 L] T

oo

%(8) =6 fw e ¥ (r)dr—12 f ¢k (1) (fw e %k (s) ds)

In particular, one obtains the sharp inequalities:

oo

[ss] = [s( fwe_'k('t)dr)s—l—lf% fwe“"k(r)d—r [ &1 (s)ds+

[]
+6 f e~ (v) dr+12 f ¢ h(x) ( fw o~ (s) ds) |
0 T

—21

8+—+ +12f ( +~;-)dr

1 1

2 |85+ 3 |s1] " [sy] + s3] L 2:2043-2-6+8

[By] < Py < 5

= 14.
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