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SEPARABILITY AND 8&,-COMPACTNESS
BY

R. W. HEATH (ATHENS, GEORGIA)

A space is said to be R,-compact provided that every uncountable
subset of it has a limit point. F. B. Jones has shown that if 2% < 2%,
‘then every separable normal Fréchet space-L is ®,-compact ([3], The-
orem 3). Theorem 1 of this paper * establishes the converse, namely
that if 2%0 — 2%, then there is a separable normal Fréchet space-L
which is not N,-compact.

A corollary to Jones’s theorem is that if 2% < 281, then every sepa-
rable normal Moore space is metrizable ([3], Theorem 5). The question
of whether the hypothesis that 2% < 2¥1 can be removed from that
theorem is not settled in this paper; however, in the hope that they might
be useful towards that end, two metrization theorems for separable spa-
ces are established independent of any form of the continuum hypo-
thesis.

Any terms not defined in this paper are as defined in [3], [4], or [7].
In particular a Moore space is a space satisfying Axiom 0 and the first
three parts of Axiom 1 of [T7].

The proof of Theorem 1 makes use of the following lemma from
[8], p. 410, in which N denotes the set of all positive integers and ¢ de-
notes the power of the continuum.

LEMMA. There exists a family # of subsels of N which has ¢ mem-
bers, such that Fi~...~AFu~(N—F,1)~...~n(N—F,) # @ for every finite
collection of distinet sets Fie #F (i =1,...,m).

THEOREM 1. If 2% — 281 then there exists a separable normal T-
-space which is not W,-compact.

Proof. A separable normal 7T,-space S which is not X,-compact
is constructed as follows. Let X denote the z-axis of the Cartesian plane
E* and let M be a subset of X of cardinality 8, . For each positive integer n,
let H, be the set of all points of E* with rational first coordinate and
second coordinate equal to 1/n. By the above lemma and the assumption

* Presented to the American Mathematical Society, February 22, 1962.
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that 2%1 = 2% — ¢, there is a one-to-one function f from the set of all
subsets of M into the set of all infinite unions of the H; such that, for
every A « M, f(A)~f(M—A) = O and such that it M,, M,, sy Mg
is a finite collection of distinet subsets of M, M; # M —M; for i,j =
=1,2,...,m, then

FMED)A oo f (M) AF (M =M)A. Af(M— M) # .

Now let the points of S be Mu(|JH;) and let a basis ¢ for S con-
iz1

sist of all finite intersections of sets of the following three types: (1) For
each subset M, of M, f(M,)uDM, is a member of G, (2) every set con-
sisting of a single point of | JH; is a member of G, and (3) for every point
i=1
p of M and every open dise C in the upper half plane and tangent to X
at p, {p}o[C~N8], is an open set.
The space S is separable, since the countable set | H; is dense in S.

i=1
The space is also normal. For suppose that A and B are disjoint closed
sets in S, Then, since [A—f(A~M)]~(S—M) and [B—f(M—A~M)]~
~(8—DM) are open, [Af(A~AM)A[S—Bland [f(M—A~M)uB]~A[S —A]
are disjoint open sets containing 4 and B respectively. Finally S is not
N,-compact, since the uncountable set M has no limit point.

The author has been unable to determine whether there exists a
function f satisfying the above conditions and such that the space S
would be a Moore space — or would even satisfy the first axiom of count-
ability.

Definition 1. A T',-space S is semi-metric provided that there exists
a distance function d for § such that (1) if each of # and ¥ is a point of S,
then d(z,y) =d(y,2) =0, (2) d(z,y) =0 it and only if 2 =y, and
(3) the topology of § is invariant with respect to d.

Notation. For a point p of § and ¢ > 0, U,(p) will denote the cir-
cular neighborhood {x:d(x,p) < ¢} of radius ¢ about p. Condition (3)
above then says that: if p is a point of the open set R, then there is a ¢ >0
such that U.(p) < R; and for each ¢ > 0 there is an open set ¢ such
that peQ < U.(p).

Definition 2. The space S is strongly complete provided that there
exists a distance funection d for § satisfying conditions (1), (2) and (3)
of Definition 1 and having the additional property that (4) if M,, M,, ...
is a decreasing sequence of closed sets, and, for each n, there is a point
P such that M, < U,,(p,), then (M) M, # O.

=1
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Note that every Moore space is a regular semi-metric space (see
[2] and [5]) but that the converse is not true. Theorem 2 is a general-
ization of Theorem 2.2 of [5].

THEOREM 2. FEwvery separable strongly complete regqular semi-metric
space is W,-compact and hence metrizable.

Proof. Suppose that S is a separable, strongly complete, regular
semi-metric space. Then § is ¥,-compact. For suppose that M is an un-
countable subset of S having no limit point.

Let H be a countable dense subset of 8. Define the decreasing se-
quence M,, M,, ... of subsets of M as follows.

Since H is countable and for every point m of M, U,(m) must con-
tain a point of H, then there must be a point h, of H such that M, =
= {x:xeM,d(x, h,) <1} is uncountable. Similarly, for each = >1,
there must be a point &, such that M, = {r:re M, ,,d(z,h,) < 1/n}

[a¥]

is uncountable. If ﬂ M; contains a point p, then for each =, d(p, h,) <
i=1 oo

< 1/n; hence, since S is a T,-space, () M; can contain at most one point.
oo i=1 oo

Therefore, for each n, M,—M M; # O, (M,—( M;) = Uy, (h,), and

o LS =1 i=1

N [M,—M;] = O contrary to S being strongly complete. Thus S is

=1 i=1

N;-compact. Since every strongly complete regular semi-metric space
is a Moore space ([2], Theorem 4.2), and an X,-compact Moore space is
metrizable ([3], Lemma C), then S is metrizable.

Theorem 3 is a generalization of theorems due to McAuley and Bing
([6], Theorem 3, and [1], Theorem 5), since property P as defined below
is clearly a generalization of pointwise paracompactness and screenabi-
lity.

Definition 3. The space S has property P provided that every
open covering G of 8 has an open refinement H such that H covers § and
no point of 8 belongs to more than countably many members of H.

TueorEM 3. Kvery separable space S having property P is N,-com-
pact, and hence, if S is also a Moore space, S is metrizable.

Proof. The space S is ¥,-compact. For suppose that M is an un-
countable subset of § having no limit point. Let K be a countable dense
subset of S and, for each point & of M, let R(x)be an open set contain-
ing # and no point of M — {x}.

Then, if & is the open covering of S consisting of S— 3/ and {R(x):
we M}, any refinement of G must include a subset @ such that, for each
 and y in M, x +# y, there are members ¢ and h of @ such that zeg, yeh
and g +# h.
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Then since every member of  must contain a point of the countable
get K there is a point z in K such that z belongs to uncountably many
members of Q contrary to the assumption that S has property P. Again,
if the 8,-compact space § is a Moore space, then it is metrizable by [3],
Lemma C.
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