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ON COMPACTIFICATION OF ABSOLUTE RETRACTS
BY

R. DUDA (WROCLAW)

1. Problem and result. The notions of absolute retract (AR) and
absolute neighbourhood retract (ANR) due to Borsuk [1] were special-
ized by Hanner [4] (see also Dowker [2]) for classes of spaces as fol-
lows:

Given a class T of spaces, a space X et is called an absolute retract
for v (AR,) — respectively absolute neighbourhood retract for r (ANR,) — if,
whenever X is imbedded as a closed subset of a space Zer, X is a
retract of Z — respectively X is a retract of some neighbourhood U
of X in Z.

Pelezyniski [8] posed a problem, which may be precised as follows:

Let a and  be two classes of spaces and X a metric space. Is it true
that if X is an AR,, then there exists a compactification X* of X such
that X* is an AR,?

The purpose of this note is to give a solution of Pelczy1iski’s problem
in the case that compactification is a Hausdorff space, « denotes an
arbitrary class of spaces which contains the class of all separable metric
spaces and is contained in the class of all normal spaces, and g denotes
any class of spaces having below formulated property (4). In particular,
the class of all separable metric spaces as well the class of all metric spa-
ces and the class of all normal spaces, has this property.

The answer is negative. Namely, we shall prove the following

THEOREM. Let L, be the rectiligne segment of ends a = (0,1) and
Pn = (1/n,0). The space

(1) N =

has two following properties:
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(2) N is absolute retract for every class of spaces which contains the
class of all separable metric spaces and is contained in the class of all nor-
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(3) every Hausdorff space Y containing N as a dense subsel is not
locally connected in any point pe ¥ —N .

Before we prove the Theorem, we shall deduce from it two corolla-
ries which are true for every class v of spaces having the following pro-
perty:

(4) for every space X et there exists a locally connected space Zet such
that X is a closed subset of Z.

Since open subset of a locally connected space is locally connected
([5], p. 106) and retraction preserves local connectedness ([1], p. 155),
then, by (3), we have

CoROLLARY 1. If N s a dense subset of a Hausdorff space Y and if
Y is an absolute neighbourhood retract for some class t of spaces wilh pro-
perty (4), then ¥ = N.

Consequently, N being not compact, we have

CoROLLARY 2. If a Hausdorff space N* is a compactification of N
then N* is not an absolute retract for any class © of spaces with property (4)

The announced ‘“olution is given by thesis (2) of Theorem and by
Corollary 2.

2. Lemmas. If a clas¢ o of spaces is contained in a class 7, X eoc and
XeAR, (respectively X ¢ANR,), then obviously XeAR, (respectively
X cANR,).

Hanner has shown [4] that a normal space X is an absolute retract
(respectively an absolute neighbourhood retract) for normal spaces if
and only if for any normal space Y, any closed subset B of ¥ and any
mapping f: B — X there exists an extension f*: ¥ —~ X of f (respecti-
vely there exists an extension f: U — X of f over some neighbourhood
U of B).

These remarks imply that for every class of spaces which contains
the class of all separable metric spaces and is contained in the class of
all normal spaces the definitions of absolute retract and of absolute
neighbourhood retract, quoted at the beginning of the paper, are
equivalent to definitions expressed in terms of extension of functions.

Using the latter definitions of absolute retract and absolute neigh-
bourhood retract it is easy to show

LeMMA 1. If A is a retract of X and X is absolute retract (respectively
absolute neighbourhood retract) for some class of spaces which contains the
class of all separable metric spaces and is contained in the class of all normal
spaces, then A is an absolute retract (respectively an absolute neighbourhood
retract) for the same class of spaces.

The next two lemmas are concerned with Hausdorff spaces.
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LeMMA 2. If A is a compact subset of X and if X is a dense subset
of a Hausdorff space Y, then A = A and A~X—A —A~Y—4 (the clo-
sure is in Y, of course).

Proof. It is well known (see for instance [5], p. 38) that in a Haus-

dorff space compact sets are closed. Hence A = A.
The hypothesis X « ¥ implies that

(5) AaF—A = AT —d,

Conversely, if peA~Y—A, then we have U~(Y —A4) s 0 for every
open neighbourhood U of p in Y. Since the set U~(Y —A4) is openin ¥
and, by hypothesis, the set X is dense in Y, we have [U~(Y —A4)]~X = 0.

Therefore U~(X—A) # 0 and this means that peX—A4A. Hence

(6] ' Ar\X—J‘i 2 ;1(‘\Y—A

Both these inclusions, (5) : ad (6), imply the second equality of our
Lemma.

Denoting now by Frz(B) the boundary of B in the space Z, we easily
obtain from Lemma 2 a4

LemmA 3. If A is a compact subset of N and if N is a dense subset
of a Hausdorff space Y, then Fry(A) = Fry (Z).
PR

3. Proof of the Theorem. Since N is a separable metric space it suf-
fices, in order to prove (2), to show that

(7) N is an absolute retract for normal spaces.
We shall do exactly this. Firstly notice that

(8) N is an absolute retract for separable metric spaces.

In fact, consider N as a subset of the triangle T' of vertices (0, 0),
(1, 0) and (0,1), and remove from 7' all points (0, %), where 0 <y < 1.
Denoting the resulting set by W and the interior (in the plane) of the
triangle T by ff’, we have 7 < W < T. This implies, by a theorem of Fox
([3], Corollary), that W is an absolute retract for separable metric spa-
ces. We now construct the obvious retraction of W onto N, and then, in
view of Lemma 1, we obtain (8).

But N is clearly a G, set in the plane, i.e. an absolute G; set. Hence
and from (8) we infer by using Hanner’s theorem ([4], Theorem 4.2)
that (7) is true.

It remains to prove (3). Let ¥ be a Hausdorff space containing N
as a dense subset, pe Y—N and let U be an arbitrary open neighbour-
hood in ¥ of p such that

(9) a¢U.
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‘We shall show that U is not connected, i.e. that Y is not locally con-
nected at the point p.

Since U~L, = L, and L, is compact, we have by Lemma 2,
U~L, c L,. It follows by (1) and the hypothesis pe Y —N that p¢ U~ L,
for any » =1, 2,... and therefore

(10) U~L, #0 for infinitely many .

Now let n, be a natural number such that U~L, # 0 and let g be
an arbitrary point of U~ L, . Denote by P the component of ¢ in the set
U~N and by A its closure in N. Then we have

(11) A~U =P,
(12) A = P~N.

In view of (9) we have also P ¢ N —(a), whence, P being a compo-
nent in N, we have P < L, . It follows by (12) that A4 is an arc
contained in L, . It is clear that

(13) U—P +0,
(14) Fry(4) c A—T,
(15) P = A—Fry(4).

By virtue of the formula Inty(4) = A—Fry(4) ([6], p. 29, for-
mula (3)) and by Lemma 3 we infer from (15) that P is an open subset
of Y, which implies that

(16) P is an open subset of U,

because P < U and U is an open subset of ¥ by hypothesis.
Now let @ be the component of ¢ in U. We shall prove that

17) P =q.

Indeed, since P is the component of ¢ in U~X, P < . On the
other hand, in view of (14) and Lemma 3 we have @ ~Fry(4) = 0, which
implies that @ = 4, because geA~Q and @ is connected ([7], p. 80).
Multiplying the inclusion @ = A by U we obtain in view of (11) that
Q cP.

We have thus proved (17).

By virtue of (16) and (17) the set @ is open in U. As a component
of U, @ is also closed in U ([7], p. 81). Hence, in view of ¢e@, @ is non-
void, and it is closed-open in U. But in view of (13) and (17) the com-
plementary set U—@ is at the same time non-void and closed-open in U.
This means that U is not connected.
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