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BY PERIODIC FUNCTIONS
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E. STRZELECKI (WROCEAW)

A sequence {t,;} of positive numbers is said to have property (P) in
aclass K of sequences of real numbers if for every {e,} ¢ K there exists
a continuous periodic function f(t), —co << ¢ < oo, such that

flt,) =¢e for n=1,2,...

The problem is to find conditions on {t,} implying (P). Some results
concerning this problem and related questions can be found in [1]-[4].

In particular Ryll-Nardzewski [3] has shown that the sequence {3"},
but no sequence with 0 < t, < C-2" (C any constant, » =1, 2,...), has
the property (P) in the class K, of all sequences taking on values 0 and 1.
He asked whether every sequence {f,} such that

thyr = (8+p)tn for n=1,2,..,

where g > 0 and s is an arbitrary positive integer, has the property (P)
in the class K, of all sequences taking on s different values only. I have
shown in [4] that this condition is not necessary. In this note some further
results concerning Ryll-Nardzewski’s last question will be presented.

In the proofs we shall use closed intervals [a,, b,] (@n > 0, by— @, < %)
satisfying some of the following conditions:

t 14
- a‘ﬂ—l“‘-{:an< bng -
tﬂ—l n—1

[0, 3] (mod1), if & =0,
l7,1] (mod1), if e =1,
(Cp) bn—n = 5

For any numbers denoted by b, and b,,, (m = m(n) > 0 integer)
and any y = y(n) >0

boy  (n>1),

(An)

(By) [@n, bn] =

tnim

T (bn—7).

(D}m) means by, <
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We put

_ tni1
tn

dn (n=1,2;..)
The following theorem is a generalization of a result by Myecielski [2]:
THEOREM 1. Ewvery sequence {t,} satisfying the condition

t
th=—L>3 for n=1,2,...

ln
has the property (P) in the class K,.
The proof of Theorem 1 is based on seven lemmas.

LEMMA 1. In order that a sequence {t,} has property (P) in the class
K, it is sufficient that there exists a sequence of intervals [a,, b,] such that
for every n = 2,3, ... condition (A,) and for every n = 1,2, ... condition
(B,) hold and (D, ) 48 satisfied with an m = m,, whereas y s fized.
Lemma 1 is proved in [4] (see [4], Lemma 1).
Lemma 2. If
25

(1) &% =5

and for a given interval [ay, by] condition (Cy) holds, then there exists an in-
terval [@giq, bx] such that we have (Ar.;), (Bri1), (Ck,,) and (D%,)
with y = 5_10'

Proof. By (Cx) we have

1 3 —3
i = @ (br— ay) =5 % :E+ q;‘z .

Consequently there exists a closed interval [ay,,,bs.,] fulfilling
(Aks)y (Biyr) and (Cgyy) for which

br.y < qpbp— —— = b+ ———J).
k+1 = Qr0k 2 Qi \ br+ %4 5

Hence, according to (1), we otbain

tk-{-l ( 1 )
b < by—— .e.d.
k1 T ey & q

We shall say that the interval [a,, b,] has the property (Q,) if there
exists an interval [a,,,, b,,,] for which (A,,,), (Bu;,) and (C,,,) hold
and the inequality

(Eﬂ+1) bﬂ-]—l < q'nbn_%
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is fulfilled. In the opposite case we shall say that the interval [a,, b,]
has the progerty (Q,).

LEMMA 3. If for a given interval [ay, b;] conditions (Cx) and (Q;) hold,

then there exists an interval [ap,,,by,,] satisfying (Ax.1), (Bri1), (Crpr)
1

and (Df,) with y = 5.
Proof. In virtue of Lemma 2 it is sufficient to consider the case

3< <3

In this case we take an interval [ay.,, by,,] fulfilling (As.,), (Bx.1),
(Cry1) and (Egi,). By (Eg.,) we have

1 8 1
cali - = et ce.d.
ey q"(b" ~16qk)<q"( ¥ 16-25) q"(b" 50)' e

LEMMA 4. If ¢ > 3;- and, for a given interval [ay, bi], (Ci) holds, then
the interval [ay, by] has the property (Qg).
The proof is analogous to that of Lemma 2, since we have

di = i (bx— @) 2%'%=%+ﬁ-

LeMMA 5. Let us suppose that for a given interval [ay, by] conditions
(Cx) and (Qx) hold and let [a.,,by,,] denote an interval for which con-
ditions (Apy,), (Bgy,) and (Cyy,) are fulfilled. (The existence of such an
interval follows immediately from (Cy)). If this interval has property (Qy.,),
then there exwists an imterval [ay. ., bp.,] such that the conditions (Ay.,),
(Beya)y (Crya) and (DY) with y = o5 hold.

Proof. In view of Lemma 3, by (Cy,,) and (Q,,), there exists an
interval [a,,,b.,,] for which we have (Ay..), (Biiz2), (Cryo) and
(D} y1,) With y = % Since (Cy) and (Q;) hold, Lemma 4 implies

(Fr) qk<?.

Hence, according to (D}.,,;) and (A;.,) we obtain
’ F1, P

bis ( 3 ) beys ( 1 )
A gLl ORI o (- B— e
k2 T k17 B teox Gk Ok "

t 1 t 4
= 2EHS (bk— )< o (bk ), q. e. d.
b qx

In the same way we prove

LEMMA 6. If any three given intervals [ay, bil, [@riyy bri1]y [@ksizs Brse]
have the following properties:

1) The interval [ay, b,] fulfils conditions (C;) and (Qg),
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2) the interval [ay,,,bx,,] fulfils conditions (Ag.;), (Bry1)y (Ciir)

and (Qp41),

3) the interval [ay, s, bx,s] fulfils conditions (Ag,s); (Brys)y (Ciys)

and (Qp2),
then there exists an interval [ay,s, by 3] for which we have (Ay.s), (Biys),
(Crys) and (D} ;) with y = 2°/5°.

Now we proceed to the main lemma,.

LevMMA 7. If for a given interval [ay, b,] condition (C.) holds, then
at least one of the following possibilities takes place:

1° there exists an interval [ay.y,br,,] such that conditions (Ay,,),
(Bis1)y (Cryr) and (Di.,) with y = 2°[5° are fulfilled,

2° there exist two imtervals [ax,,,br.,] and [@g, s, br.2] such that
conditions (Agi1); (Brsr)y (Akga)y (Biya)y (Crya) and (Dis) with y > 2°[5°
are fulfilled,

3° there exist three intervals [ay,;,br.], | =1,2,3, such that con-
ditions (Axyr)y, (Bry)y 1=1,2,3, (Crys) and (Dis) with y > 2°[5°
are fulfilled.

Proof. If (Q;) holds, then it follows from Lemma 3 that the first
possibility occurs. Let us assume that (Qy) holds. Since b, —a;, = % and
qr = 3, there exists an interval [wi,,,vr,;] satisfying (A1), (Bx.1)
and (Cp,,). Hence, by (Qr), we obtain

(Brya) Vi1 > QGbre— 35
We first show that
@) Ve —1)— Gy < 7.

In fact, if the contrary is true, then according to (Aj,,) we obtain
(see fig. 1)

= T — — _Qx

< 3 1 < 2 £ X

o> £ 7 3 2 > o
Fig. 1

3
G < Vpp1—3 < kp1—1 < Gebp—1.
Moreover,
3
[Vks1— 79 V41— 1] = [Ups1) Vkya] (mod1).

Consequently the interval [ +1——:-, V41— 1] satisfies (Az.y)y (Biya),
(Cp.1) and (By,,), which contradicts (Qg).
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We also note that
(3) QO < Vpyy—1.

This inequality immediately follows from (E;,,), ¢, >3 and b,
= &+ 3. By (2) and (3),

(4) Lg% ax, ('”k-f_l —1)] C: ['uk+1: ”k+1] (mod1),

i. e., the interval [gyax, (v4,,—1)] fulfills conditions (Ag41) and (By,,)
(but not (Cgy,)).

If the interval [wy,,,v,,] has property (Qxy1), then in virtue
of Lemma 5 the second possibility is realized by putting Ay = Uy,
b1 = Vgie

Now let us suppose that for the interval [%k415 Ves1] the property
(Qk+1) holds. We shall denote by [%,,, vx,,] an interval satisfying con-
ditions (Ax.s), (Biz), (Ciyo) and (Ej,,). Repeating the former considera-
tions we show that the interval [, +1%kg1y (Vo —1)] also satisfies (Ay,,)
and (By,.) (see fig. 2).

N ——
& = _
e + -
‘S: 35 5 T\' 3
E e z + =
v & ¢ =3 _F | &
e T R =
I o~ 3 M
3 < g
x - G
Fig. 2
We shall now prove that
7
(8) Q1 (k) < Vg2 — 7 < Qrey1(Vep1—1).

We remind that for the intervals [ay, by, [%.., Vxs1ly [Wkpzy Vpisl
conditions (Cy), (Ars1); (Brsr), (Ceyr) (I =1,2), (Qr) and (Qi41) hold.
Consequently, by the definition of (Q,), (E;,,) and (E;,,) are also true.
Hence

1

Vkt2 > q"“”*“‘% = gk+1(kak‘_'ilé)'—ﬁ
= 9k+IQk(ak+%)—l—I§ (qeia+1) = 9k+1(q;;a;,)+% — %(Qk+1+1)-
In virtue of Lemma 4 it follows from (C;) and (Qj,,) that
(Fry1) Q1 < 5:._
Therefore we obtain

(6) Vppo—g > Qi1 (Qrar)+1— 1% > Qi1 (Qran).
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From (Ay,,) and (Fy,,) it follows that

1 1
Vkpe— 7 < Q1% — 7 < Qe1Vk41— Ticg1e

Hence, by (6), inequality (5) holds.
If v, satisfies the inequality

(Gi2) Vpyo—3 < ey (Ve —1)
(see fig.2), then we shall put

Qg1 = Qi Ay Appo = uk+2_3:
(7)
bk+1 = 'vk+1_11 bk+z = 'vk+3_3°
As we have already noticed, the interval [gpa;, (vx.,—1)] satisfies
conditions (A, ,) and (By,,) in virtue of (4). From (5) and (Gg,,) it follows
that for the interval [u;,,—3,%;.,—3] the conditions (Ax;z), (Bxys)
and (Cg.,,) hold (see fig. 2). Moreover, by (A;,,) and (¥y),

1\ &
ber = Oen—1 < Gbe—1 = @ (bk__) <== {bx—%),
qr b
i. e., the condition (D},) with y = 5 is satisfied. Thus, the second con-

dition of the assertion is realized in the case when (Qy), (Qk;1) and (Gy.2)
hold.

Now let us assume that (Q), (Qr;:) and
(G;c+2) ﬁk+2—‘3 > Qk+1('vk+1_l)

hold. In this case putting a,, = @@, bxy1 = ¥x4,—1 we infer by (5)
that the interval [vy, ;— 7, Qs1(Vks1—1)] satisfies the conditions (Ay..)
and (Bj,,) (see fig.3). We shall consider the intervals with the index

—_ l",‘.' _—
x x
e ' T e
S o g“? =>: - k;c

\ =
— o~ - ™ - o~ b o~ =
& & £ & x & £ & %
o 3 o > o = 3 =S o~
. :

- 3 >
QKM

Fig. 3

n = k4 3. If the interval [%,,, ¥x,..] has the property (Q.;), then the
third condition of the assertion follows from Lemma 6. (In this case

we Pub @y = Uksry Dkpr = Vky1y Frpa = Wieizy Dkpa = Vkya.)
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Let us suppose that for [, v,,] the property (Qj,.) holds. Denote
by [#kys, vy5] the interval satisfying conditions (Bi+s); (Ciys) and

(Arys) Qey2tiye < Uiy < Vpips < QrpaVkyse
If (Gy,s) holds we put

{7,) Appy = Uy, Agya = Qi1 Ukg1y A3 = 'uk+s_3!
b1 = Vry1y brys = Vpp2—1, brys = Vpyp3—3.

The interval [aj,,, by, ,] fulfils (Ag42) and (By,,) which can be shown
in the same way as the conditions (Ag41) and (Bg,,) have been checked
for the interval [gia, (vx,;—1)] under assumption (Qy). Further, the
interval [aj,s,by,s] satisfies (Az,;). We obtain this from (Qt1)s (Qisz)
and (Gy,;) similarly as (A,,,) has been proved for the interval [ug,2—3,
Ok2—3] under assumption (Qi), (Qk;.) and (Gy,.). Finally, [ag,s, be,s]
satisfies (Bj,;) and (Cg,,), since [u +33 Ux43] does. Taking into account

that the intervals [u;,,, v;,,] and [Uki2y Viyo] satisfy (Ag,,) and (Agy2),
we obtain from (Fy) and (Fy,,)

by = pa—1 < Q1% 41— 1 < Qe @b —1

64 [/ ( 64 )
g b _—— — e —
Qk+1q;c( % 625) b by 695 )’

i e., the condition (D},) with y = ;: is also fulfilled. Hence, in the case

that (Qi), (Qis1); (Qii2) and (Gy,;) hold, the third possibility of the
assertion is again realized.

Now let us suppose that
(G;c+a) V43— 3 > Qrpa(Vera—1).
We shall prove that the inequality

21

7
(8) Qi 42 (‘Uku— E’) < Vpps— 7 < Vry3—10 < @pey s Qi1 (k1 —1)

follows from (Qy), (Q;:+1}? (Qr2) and (G;c+3)° Taking (G;c+s) into account
we obtain
15

’v}cq-s_ '2_ > 9k+2(1’k+2_1)— "2_

q 15 7
Z Qry2(Vkypa—1)— __;:_4._2_2_ = Q'k+s(’”k+2_ E)

Thus the first inequality in (8) is proved. Since (Cj,,) and (Q, +2)
hold, we have, by Lemma 4,

(Fk+2) Qrey2 < %-
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From (Ag,s); (Axya)y (Fryn) and (Fip.) it follows that

Vpr3— 10 < QrpaVrya—10 < Qg2 Q41 V41— 10

< Qrpa Qo1 Vi1 — Qe Qe = Gepa Qe (Vk—1),
i. ., the third inequality in (8) is also true. Hence, if we put

) Ay = Qry, Qg o = Vpypa— Z ’ Apy3 = u{c+3‘_10:

bis1 = Vrp1—1, by = Q1 (Ve —1), b3 = Vryp3—10,
the intervals [ag,i, bryi], ! =1,2,3, satisfy conditions (Ags1)y (Brya)y
1=1,2,3, respectively and [@y,s, bi,s] fulfils (Cis). Moreover, by (A1)
and (F.) we obtain

ey 8
bejr = % —1 < Gebe—1 < ; (bk_—‘).
&

Therefore (D},) with y > 2°/5° is also satisfied.
The reader may note that the following cases have been considered
in the above-mentioned proof:

1) (Qx);

2) (Q;:)s (Qk11)3

3) (Q;c); (Q;H-l)) {Gk+2]§

4) (Q;c)a (Q;H—l)s (G;'.+2): (Qk+3)i

5) (Q;-:): (Q;c+l)1 {G;Hz}! (Q;¢+2)! (Gk+3);

6) (Qk)y (Qisr)s (Giya)y (Qyn)s (Gipa)-

Thus all possibilities have been exhausted and Lemma 7 is proved.

Proof of Theorem 1. Let us put a, =1, b, :%, if &, =0 and
@, =5, by =1, if & =1 and build the sequence of intervals [a,, b,],
n = 1, 2, , by induction as follows: if by—a; = 5, then we choose
subsequent mterva,ls according to Lemma 7 till we get an interval of
length % On account of Lemma 1 in order to prove Theorem 1 it is sufficient
to show that condition (D} ,,) is satisfied for every » with a y >0 inde-
pendent of n, e.g. with y = 2"/5".

1) If b,—a, = +, then we obtain (D} ) (y > 2°/5°% m =1, 2 or 3)
as a direct consequence of Lemma 7 putting n = k.

2) If bp—a, < % then, by Lemma 7, it is sufficient to distinguish the
following cases:

a) Case (Qn_1), (Qn)y (Gnyy). Then the intervals [a,, b,] and
[Gny1y bnga] satisfy formula.e (7) with » = k-+1 or (7') with n = k+2.
Since b, 31— Gpyy = + there exists, by Lemma 7, a positive integer m
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(m =1,2 or 3) such that

ts 28
(D;-;-l,m) bn+1+m < t:ltm (bn+1_ ?)
+

Consequently, according to (A,.;) and (F,) we obtain

tﬂ-}-l—i—m 25 tn+1+m 28
bn+1+m€ tﬂ+1 (ann_'_s? ST bn'_'ﬁ_g' .

Thus (D} ;.1) With y > 2[5 m = 1,2 or 3 holds.

b) Case (Qu_1); (Qu)y (Guya)y (Quin)y (Grys). The intervals [ay, byl

[@nsyy bnyy] and [@y g, by, o] satisfy formulae (9) with » = k< 1. In this
case b,—a, < %) Gn <2?5: bn+1_afn+1< ‘;_’ Gni1 <§1 bn+2“‘“m+z = %

Reasoning like in the previous case we get the inequality

tn 211
bﬂ_,_m < —tm (b“—-— Eﬁ

for a positive integer m (2 < m < 5).

¢) Case (Qn_z);, (Qu_1); (Ga); (Qu), (Gnya)- The intervals [ay, b,] and
[@n41y bnyi] fulfill formulae (9) with #n = k+2. In this case b,—a, < T,
qn<§, bps1— Oy = % Therefore, by Lemma 7, there exists a po-
sitive integer m (1 < m < 4) such that

i 28
B 2 (b,,— —).
et t, 58

Theorem 1 is thus proved.
In a similar way we can prove the following theorems.
THEOREM 2. The sequence

1 n
tn=(3—'s+1) (n=1,2,3,...),

where s i8 any positive integer, has the property P in the class K,.
Remark. The case {(5/2)"} must be considered separately.

THEOREM 3. If the q,’s assume only two integer values m or m-1
(m = 2) and the number of consecutive terms q, = m does not exceed a finite
upper bound, then the sequence {t,} has the property P in the class K,,.

Remark. In the case of m = 2 the period d of the function f(t)
for which f(t,) =&, (e, = 0,1) can be obtained by the formula

s t’

n=1
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where a, = —} & and for n =1,2,...

1 .
Z &4l if ¢.=2,
Ayl = .
%|5n+1_5ﬂ[: if ¢.=3.
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