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ON A THEOREM OF TOEPLITZ

BY

R. JAJTE (LODZ)

Let X be a locally bicompact Hausdorff space. By C(X) we denote
the set of real functions defined and continuous on X with bicompact
carriers and by C*(X) the set of functions continuous and non-negative
on X with bicompact carriers. Let J(f) be a distributive functional de-
fined on C(X) and non-negative on 0" (X). Let 4 and [f(v)du denote the
Lebesgue measure and the Lebesgue integral generated by the functional
J ([4], § 6, [2]). A function f(z) defined on X shall be called convergent
in oo to the number & if for any & > 0 the set {@: |f(x)— &| > ¢} is contained
in a bicompact set.

Definition 1. Let 8§ = (8,) (0 <7< co) be a family of bicompact
subsets of the space X such that 8, < 8, if ' < 7' and U 8, =X().

The improper integral Scxco

(8)[f(@)dp =

is said to ewist if the integrals Sf f@)du for 0 <7< oo exist and

lim d{ f@)du = a.

Definition 2. Let @ = (®(t,2)) (0 <t< T < oo) denote a family
of continuous functions defined on X. A function f(z) defined on X is
said to be limitable by the method M — M (8J; @) to the number £ if

17 the integrals o, = (8)[®(t, z)f(x)du exist for every te[0,T) and

2° the limit{_lhi? w; = & exists.

Evidently, by specifying the space X, the classes S and ®, we can
obtain some well-known classes of limitability methods for number se-
quences or of functions defined on the semi-straight line (see e. g. [3]).
The case considered here is, however, much more general, for it includes
even the limitability of functions defined in non-metric spaces.

(1) A space for which such a class of sets exists is called a a-bicompact space-
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Definition 3. A function defined on X is said to be locally bounded,
if for every point z,e X there exists a neighbourhood U (w,) in which this
function is bounded.

THEOREM (of Toeplitz). In order that a method M = M(JS; ®) limi-
tates all p-measurable, convergent in oo and locally bounded functions to
their ordinary limits, it is necessary and sufficient that the following condi-
tions are satisfied:

1° im (8)[®(t, x)du = 1;
t—T—

2° lim [@(t, x)du = O for every measurable set A contained in some
T— 4

T—
bicompact set;

3° lim (8)f|D(t, @)|du < oo.
t->T—

Proof of necessity. The necessity of conditions 1° and 2° is evi-
dent. To prove the necessity of condition 3° we complete the space X
with the point z, into a bicompact space to be denoted by X. The set
of functions continuous on X and having a limit in co may be treated
as a set of functions continuous on X.. We denote it by C(Xy). The
set O(X,) is a Banach space with the norm

flloo = sup If ()]
The functional
A (f) = [ D(t, @)f(@)ap
ls‘I'

is linear in €'(X,). We shall show that its norm is equal to gﬂ(ﬁ(t, z)| dy.

Since the set S, is bicompact, we have u(8,) = K < oo and there
exists, for every n >0, an open set U = 8, such that u(U—8;) <.

We denote by A, and A, the subsets of the set S, in which D(t, x)
> ¢/K or &(t,x) < —e/K, respectively.

In view of the continuity of the function @, the sets 4; are bicompact.
Thus there exists a function ¢ (z) continuous on X and such that |p(z)| <1
and

1 for wed,,
p@) ={—1 for wed,,
0 for x¢U.

Obviously ¢eC(X,). Moreover, we have

As(e) = [19(t, @) ap—e.
's'l‘
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Since ||¢le = 1, this implies
| el = s,f B (t, @) dp.
The functional
Af) = lim 4,..(f) = (8) [ @(t, 2)f (@) du

is defined in C(X,), therefore according to Banach-Steinhaus theorem
(11, Th. 5, p.80) we have

SO il = (8) 19, @) du < co.

Let us now fix a set S; and an open set U o §, such that

[ 1o, @)|dp < e.
Uls,

We have
A4lg) = Auslp)+ fs Ot 2p()du > |4yl —e+ _fs D(t, @)p(a)dp.
But ' '
| ot 2)p@)dn > — [ |0(t, 0)dp > —e.
U-’s, U-8,
Therefore

Ai(@) > || Asll—2e.
Letting & tend to 0 and 7 tend to T,, we obtain immediately
I4dl = (8) [ 19(t, @)|du  for te[0, T).
Since by assumption the limit lim 4,(f) exists for every feC(X,),
by Banach-Steinhaus theorem we h:feﬂ
Jim 144 < oo,

which ends the proof of the necessity of condition 3°.

Proof of sufficiency. Weé show at first that for every locally bound-
ed and u-measurable function and for every bicompact set A

Jim Af ®(t, x)f (@)du = 0
holds.
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Let a & > 0 be given. Since f(z) is locally bounded, it is bounded
on the set A. On this set we have, say,

mgf(m)éjlf.

We fix a,, @,, ..., ay such that
m=a,<aq,<ay...<ay=M and a,—a<32K,

where
E = sup (8) [19(t, o)l du ().
i<t<T
We set
A;={wed:a; <flw)<ag}n 4, 1=1,2,...,N-2,
Ay = {ﬂ‘}E.A.: an_1 < f(z) < My~ A
and

(@) = a; for wed,,
YW =10 for w¢A.

Obviously the function y(x) is measurable and we have f(z)—y(x)
< 8/2K on the set A. Moreover, by 2° we have

N-1
| [0, o)f@)au| = | [ 0@, D f@)—p@]dp+ D a [ B, )d
= S A f= A

] )
e —

for t sufficiently large.
Now, let f(x) be a locally bounded and u-measurable function and
let limf(x) = a. Let an ¢ > 0 be given. Then there exists a bicompact
T=»00

set Z such that
{@: |f(2)—a| > ¢|K} < Z.

We denote by CZ the complement of Z to the space X and by
n4(x) the characteristic function of A. Then we have

(8) [ (2, 2)[f (@) — aldpn

= [®(t, 2)[f(2)— al+ (8) [ D(t, 2) [f (@) — a] 1oz (@) du.
¥4

(2) Without diminishing the generality of our argument we may assume that
sup (8)f|0(t, 2)|dp < oo.
0gti<T



ON 4 THEOREM OF TOEPLITZ 263

According to what has been said above the first integral tends to
zero as ¢t — T—. From the estimation

(8)[D(t, ) 1f (@) — alne(@) | < (3)[10 (¢, @) dw- —

of the second integral we conclude that its absolute value is smaller than e.
By additivity of the functional

M(f) = lim(8) [ B(t, 2)f (@) du

and condition 1° it follows that the function f() is limitable in oo to the
number a, which ends the proof of the theorem.
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