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Remarks on the theorem of W. P. Hanf

by
A. Hajnal (Budapest)

§ 1. Introduction. Recently in his paper [5] Hanf proved that
conditions Py, P,, @ and R of Hrdos-Tarski [4] are all equivalent for
inaccessible cardinals. Thus P, and P, apply to a comprehensive class
of inaccessible cardinals (see [6]). In the paper [5] Hanf outlines a proof
of the fact that condition R implies P, and thus the equivalence of the
above conditions follows from the following results of [4]: P, implies P,;
P, implies @; Q is equivalent to R for inaccessible eai’dinals ®).

The first aim of this paper is to give a simple direct proof of Hanf’s
theorem that Q implies P, for every inaccessible cardinal (see Theorem 1
in §2). .

In § 3 we are going to give a solution of a problem of P. Erdos and
R. Radé concerning the partition relation m—(b,, b,)" (3). Namely we are
going to prove that condition P, implies that m>(m, 4)® for every in-
finite cardinal number m (see Theorem 2 in § 3). Thus m-(m, 4)* and
m+(m, r+1), 83 <7 < o, holds for a comprehensive class of inaccessible
cardinals.

§ 2. Proof of Theorem 1. -

(1) DuFINrTION. The ordered pair R =<8, <> is said to be a rami-
fication system if § is a set and < is a partial ordering relation- de-
fined on the set S satisfying the following condition:

If S(x) denotes the set {y: y <« 8 and y < z} then the set S(x) is well-
ordered by < for every x ¢ 8.

Let £(x) denote the order type of 8(») for every # ¢ 8. The ordinal
number &(x) is said to be the order of the element x. R is said to be of order
2 if 1 is the least upper bound of the ordinal numbers &(x), @ € S.

(2) DEFINITION. The cardinal m is said o have property Q, if 1 i
the initial number of m and there exists a ramification system B = {8, <>
which satisfies the following conditions:

() Part of this last result, namely that Q implies R for inaccessible cardinals is
due to D. Monk and D. Beott, see [6].
() For the definition of m—(b,, b,)", see e.g. [3] as well as § 8 of this paper.
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(i) B is of order i;

(ii) for every & < A, the set 8: of all elemenis of S of order & has power
less than m;

(iil) every subset of S which s simply ordered by < is of power less
than m.

(8) DerINiTION. The cardinal m is said to hawve property P, if there
exists a set §* with power m simply ordered by a relation <* such that
no subset of 8* with power m is well ordered by the same relation <* or
by the converse relation *2.

Now we are going to prove

TaEOREM 1. (Theorem of Hanf). Suppose that the regular cardinal
number m has property Q. Then it has property P,.

Proof. Let A denote the initial number of m.

By assumption and by (1) and (2), there exists a ramification system
R = (8, <) which satisfies the following conditions

4) B=m, 8= Use, 8, A B = 0 for every & # &< A

(5) O<Se<m for every &< A

(6) S <m for every subset 8’ of 8 which is simply ordered by -

(7) Let « be an element of 8 of order &.

For every & < & there exists exactly one element &’ of S such that
v <o Put @& =g for this o', (#|é =) P =g if E<E' <A

To prove Theorem 1 we are going to define a simple ordering <*
of the set 8.

It follows from (7) that the following statement is trume:

(8) Suppose v #a' €8, £(x) =&, (@) =&, v Lo’ and 2’ £ x. Then
there exists o least ordinal number &z, x') = & such that &, < min(§, &)
and ®|Ey # o'|&.

(9) To define the simple ordering <*, we choose a simple ordering
<¢ of the set §; for every &< 4.

Now we define <* by the following stipulations:

(10) Suppose that @, s’ € § ave arbitrary; then z <*«' if and only
fo<ga or el and o Lo and »|& <g @'|& where & == &(», #').

Using (8) and (9) it is easy to verify that the relation <* defined
by (10) is a simple oxdering of 8. Thus, by (3), (4), it is sufficient to show
that no subset of § with power m is well ordered by the relations <*, *>.

Note that, by (7) and (10), the following statement is true.

(A1) & <* o' implies that w|é <* a’|& for every &< A

Assume now that there exists a subset 8’ of § which is well ordered
by <* ie.

(12) 8’ = {yh<s, Where y, <*y, for v <y < A
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(The arguments below apply equally well if we have *> in place
of <*.)

It follows from (5) that for each &< 2 the set 8= {y,|&ly<s is of
power less than m.

Hence (10) and (11) imply that

(18) For each &</, there exist ve<< A and zze S of order <& such
that 9,|& = r; for v <v < .

(14) Let X be the set of all a; for £ < 2. X is simply ordered by <,
since if £ < y < A then by (13), for any v = v, v,

Ty = Yol € < Yol =@,

(18) X is of power . If not, then for some &< i @, = for
all E<n< 2 But some y, where » =, veqa is of order >§ and so
Yp| E+1L = Bpry F @y

(14) and (15) contradict to (6). Hence tle indirect assnmption (12)
is false and thus Theorem 1 is proved (3).

§ 3. Proof of Theorem 2.

(16) DErFINITION. Let § be a set and 7 an integer. We denote by
[8] the set {X: X C 8 and X =}

Let m, by, b, be cardinal numbers and let » be an integer r = 2. We
briefly say that the partition relation m— (B, by)" holds if the following
statement is true.

Whenever 8 is a set with power m, and 4 = (I, I,) is a_partition of
(8T (ie. [ST =1I, v I,) then either there emists an §' C8, 8 = b, such
that [8'T CI, or there ewists an 8'C8, S =1b, such that [8"T CI,.
(m > (by, b,)" denotes the negation of this statement.)

The results concerning this partition relation and its generalizations
which were published to 1956 are collected in [3].

In paper [2] prepared for publication P. Erdés, R. Rado and the
author, using the generalized continuum hypothesis, give an almost
complete discussion of this partition relation and of its most important
generalizations. However, in that paper problems concerning the partition
relation are left open in case m is inaccessible.

Namely we could not decide whether m—(m, m)* and m—(m, 7 +1)
hold for r >3 if m is a (strongly) inaccessible cardinal (%).

() It should be remarked that the original form of this proof was considerably
simplified by P. Hanf.

This ‘construction and proof are generalizations of methods used in studymg
denumerable ramification systems. See e.g. [7] (p. 203).

(%) These problems are also stated in [1].
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Considering that m-> (m, m)? means that the cardinal m has property
P,, Hanf solved the first of these problems for a comprehensive class
of inaccessible cardinals, )

Now we can solve the second one for the same clasy of inaccessible
cardinals; namely, we can prove the following

TEREOREM 2. Suppose that m is an infinite cardinal number which
has property Pl.

Then m 4> (m,r+1)" for every v >3

Proof. It is obviously enough to prove that

m 4> (m, 4)%.

By assumption and by (3) there exists a seb 8 with power m and
a simple ordering < of it which satisfies the following condition:

(17) Whenever 8'C 8, 8 = m then 8' is not well ordered by the relation
< or by the converse relation >.

Let 1 denote the initial number of m and let 8 = {B}y<i b6 an ar-
bitrary well ordering of type i of 8. .

We define a partition A = (I, I;) of [8]* as follows:

Let I'= {@,, &y, &y} (0 <v< v <v’<A) be an arbitrary element
of [8P.

(18) I'e I, if and only if x, < @y
of 8).

I'el, in the other cases.

It is obvious that (18) defines a partition 4 = (I,, I;) of [ST.

Now we prove

(19) [P &I, if 8'C8, 8§ =m.

Suppose that 8’ C 8, § = m. Then § = {®,, }u<a Where (7u)pea 18 a0
increasing sequence of type 4 of ordinal numbers v, less than 1. By (17),
there exist u < u’ < 1 such that @, < ,, for if not then & ig well ordered
by the converse relation .

Now, either ®,,> m,,, for a p”, p <p" <A Or By, > By for
a pair p'’, u'"’, w' < y" < ,u"’ < A for if not then Lhe set {#, }ur<a<s With

power m Would Dbe well ordered by the relation < which contradicts (17).
But then, by (18),

and @y > e (In the given ovdering

<

either  {m,, @, 4,,}¢ L, or {0,y Burs mmm} ¢ 1.

Finally we prove that
(20) [8"PEIL, if 87 C8, 8" =4
Suppose 87 C 8, 8" = 4. Then 8" = {,,, Byay Byyy Wy} (0 < ¥y < ¥ < )

It {%,, By @} € I; then, by (18); @, < w,g, @y, > @5, Whenee again by (18),
{w'l’ w’l’ w'l} ¢ I
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Considering definition (16) we see that the partition 4 defined by (18)
satisfies (by (19) and (20)) the requirements of Theorem 2.

Note that using the methods of [2] one can easily prove the following
generalization of Theorem 4.1 [4].

If m is a strongly inaccessible cardinal and m - (m, m) for an r > 2,
then m also has property Q.

Comparing this with Theorems 1, 2 we obtain

THEOREM 3. Let m be a strongly inaccessible cardinal and r an integer,
= 3.

Then m > (m, r+1) is equivalent to each of the conditions P, P, Q, R.

The author whises to express his thanks to P. Hanf for his helpful
criticism.
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