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Thus for # ¢E and y ¢ E, we have
| T2 U (2) —Talw)| < 36 (T0(B), B), 1V (y)—yl < 13(T(B), B).

On the other hand,
[Tw(@)—y| > 6(Tw(E), B) .
Hence
1T% U(@) -V ()l > 16(Tw(B), B),

and therefore the sets T U (E) and V (E) are disjoint, as was to be shown.

Remark. If § is a closed group of rigid motions, and Z is a bounded
closed set, then (as we have just proved) we can place ¢ disjoint trans-
forms of  in any neighborhood of ¥ if § contains arbitrarily small
motions taking B into sets disjoint from E, and we see that otherwise
only a finite number of disjoint transforms of E can be placed in any
bounded region.

For other closed semigroups of affine transformations, this result
can fail in various ways. On the one hand, if § is the family of all trans-
Iations of the form 7'(z) = okt with ¢ fixed and % =0 or & > 1, then
we may be able to place ¢ transforms of ¥ in a bounded region even
though { eontains no small motions. On the other hand, if § is the group
of all similarity transformations, then we can always place at least %o
disjoint transforms of B in any open set; the maximum number is ¢
0r %, aceording as there do or do not exist similarities arbitrarily near
the identity which take B into sets disjoint from E.

Finally, we mention one additional case where the result is correct.
It § is the family of all similarity transformations with magnification
ab least 1, then the maximum number of copies of ¥ which can be placed
in a bounded neighborhood of E is ¢ or finite according as § does or
does not contain similarities arbitrarily near the identity which take B
into sets disjoint from E. Notice that allowing enlargement may help
in packing; we can place ¢ disjoint enlarged copies of a spherical surface

in a bounded region, whereas there is room for only a finite number
of congruent copies.
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Correction to ““On classes of abelian groups”

(Fundamenta Mathematicae 51(1962), pp. 149-178)
by

S. Balcerzyk (Torun)

The purpose of the present paper is to correct the relations betwefen
invariants of a p-primary group of bounded order, its subgroup a,nd. its
factor group that were stated in Lemmas 1 and 2 of [1]. These 1‘e1?,t10ns
do not determine all factor groups involved. Elements ¢;, a; considered
in the proof of Lemma 1 (p.157) were erroneously assumed to form
bases of groups G and A. This fact was pointed out by Dr. E. James
Peake, Jr., I wish to thank Dr. Peake for his comments.

Lemmas 1, 2, 4, Definition 3 and Remark on P 165 of [1] should
be replaced by the following Lemmas 1’, 2’, 4, Definition 3’ and Re-
mark’. )

Let @ be any p-primary group of bounded order, i.e., pMG' = 0
for some natural number M. Then there exists a direct decomposition

¢ =G +Gt..+ G

such that the groups G, are direct sums of groups Z(p”.), n = }, 2, ...y M.
We denote by g the invariant of @, which is a funection defined by

dim@, for n=1,2,..,M,

g(n)z{ 0 for a>M.

Levwa 1. If A, G are p-primary groups p¥G =p¥4 =0 and a9
are invariants of A and @ respectively, then A é; @ iff there ewist cardinal
numbers ho(k), n=1,2,..., M, k=0,1, ..., n, such that

@) g(n) = D bulk),
k=0
M

2) an) = kZbk(n)

for n=1,2,.., M.
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The invariants of factor groups A= AJA @ — @A
ermined by 141p], GIA[p] are det-

n+1
3) G4(1) = Ba(0) + ) Busalk)
k=1
M
4) a@(n) = D Bun+1)

k=n+1
for m=1,2,..., M.
Proof. If A C @, then there exists a direct decompositi
position G = G,+@G,
such that Gy[p] = A[p] (see [2] p. 94). Let us write T

Dyn, = Alp] ~ p*24 A pn1Gy,
Dn(k) = Aim D/ (Dys1,n +Dinrs)
ba(0) = gy(n)

for k,n=1,2 (g, is the invariant of @,). Then formulae 1), 2)

<~ PR
follow immediately.

If (1) and (2) are satistied, then we put Hu = Z(p™** and thus

M n M n
6w~ ngﬂnk’ A D D prrHy,
7= =0 = =
whence 4 § G- —
It is obvious that al(n) =a(n+1) and

&= GA[p] ~ Go/Golp] 4G+ ;

then gi(n) = gy(n+1 ] i
subsﬁtuﬁons,g()( + )+~g1(n) and formulae (3), (4) follow by appropriate
P GI;ET 2. If the formulae (1)-(4) hold and the invariants of groups
47, &, C @, are ql, g', then there emist groups A, @, A C @, having
wnvariants a, g and an isomorphism ¢: G/A[p]—>G* such thatp(A/A[p]) = AL
. Proof. There exists a direct decomposition G = @ +@ such that
o[p]l = A'[pl. It 4y, 4,, 4, are disjoint sets of indices, |4, = a(1) and

Gi= D gh

ieAq

then we define 4= A,u 4,u 4, and

&= D (g}

for i=0,1,

ied
and the orders of elements g are
0 PO(G) i Aed,,
=30 i Ae 4y,
P it led,.

icm
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The formula
1 Py
_ |9 it Aedyu 4,
POI= 00 i dea

defines an epimorphism y: G—@. Let us write 4 = y7'(4), G = PIRUAR
Aedq

Then Kery = A[p]; in fact, if g=0go+g118% (g: € G4) and p(g) =0,
then g e 4 and g, = 0. Morecver, pg, = 0 and thus pg = 0. Conversely,
it geAlp), then pg=10 and (g)+v(g) = ()« Ap] = Go[p]. Con-
sequently (go) = 0; thus go= 0 and the equality pg; = 0 implies »(g,)
=0 and g e Kery.

The hcmemorphism ¢ induces an isomorphism g:
that @(A/A[p]) = A"

DerFINITioN. If a, g, ', g¢ are invariants of groups 4, &, 4, G" such
that p”d = p¥@ = p”4' = p¥@ = 0, then the relation T(a,g, )
holds iff there exist cardinal numbers Ha(k), n=1,2,.., M,k =0,1,
...,n such that equalities (1)-(4) are satisfied.

Let g,a,b be functions defined on P xXN and taking cardinal
numbers as values. We put gp(n) = g(p, %), tp(n) = a(p,n), bp(n) = b(p,n).

DrrmviTiox 3. The relation F(g,a,b) holds iff the following eon-
ditions are satisfied.

(4.8") There ewist integers M (p) such that g(p,n) = a(p,n) =Db(p,n)
=0 for n > M(p).

GA[p] -G such

(4.7') For each prime p there ewisis & sequence of invariants of p-pri-
mary groups of bounded order ap = 0y, % = B> s Op» ey g =0,

oX® — b, such that the relations T, gb, a5, a5 ), 4= 0,1, ..., M(p)—1,
hold.

Lzuma 4. If G, A, B are torsion groups having PriMary components
of bounded orders and g, a, b are their invariants, then the relation H(g, a, b)
holds iff there exists a subgroup A’ C @ such that A’ ~ A and G/A' ~ B.

Proof. It is clear that we can restrict our considerations to the case
of primary groups.

Let us suppose that invariants g, a, b of p-primary groups satisty
the relation (g, a,b). Then there exists a sequence of invariants of
p-primary groups of bounded orders o g% a’, g% -y oM, g¥ such that
®=a, g°=g o® =0, g¥ =b and the relations T(a,g, af+l, gitt),
i=0,1,.., M—1, hold. We put A =0 and let G* be any group
having invariant g¥. Proceeding by induction, if groups A™C ¢ with
invariants o™, g™ and isomorphisms ¢™: G"A[p] —-»@™*' such that
g AT A™p]) = A™ are defined for m>n>0 (m< M), then by
Lemma 2’ there exist groups A" 6", A®C G" with invariants a”, g" and
an isomorphism g G*A™p]—>G""" such that g (4"/A"P]) = A™, Con-
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sequently G"/A" ~ G"/A"[p)/A"/A"p] ~ ¢ /A™" and by induction on #

icm

G4 = @[A° ~ @A™ ~ G"[4A™ ~ B. The first part of the proof is

finighed.

If G/A — B, p™@ = 0 and invariants of gr :
tl;enﬂwe put @ =¢, A =4, @ = @Y "[p%?ozgili’ j’;/i“?;; gn’t; ’1212
a, g be invariants of A" &, n=0,1,.., M. It is clear that the
relations T'(d, ¢°, o™, "), 4=10,1,.., M—1, hold. Moreover GYA™
~ @AM and 4™ = 0; thus B = G4 ~ GY4° ~ 1AM A @ and
finally ¢ = 5. Hence the relation B (g, @, b) hold.

Remark’. If AC@ and p primary components of G are of
bounded order, then by relations (1) and (2) it follows that there exists
a homomorphic mapping of & onto 4. Since a group G/G[p] may be
embedded in @, it is easy to see that the group B = G/A may be em-,

bedded in G. Consequently the conditions (4.9
euivalent (4.9) and (4.10) of [1] are
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Universalmengen beziiglich der Lage im E"

H. G. Bothe (Berlin)

1. Einleitung, die Mengen M. Mit E" bezeichnen wir stets
den n-dimensionalen euklidischen Raum, den wir auf ein festes karte-
sisches Koordinatensystem bezogen denken. Sind 4 und B zwei homdo-
morphe Teilmengen von B, so sagen wir, daB 4 und B die gleiche Lage
im E" haben, falls es einen Homoéomorphismus von E" auf sich gibt,
der A auf B abbildet. Gibt es einen Homoomorphismus von " auf sich,
der A auf eine Teilmenge von B abbildet, so sagen wir, daB sich 4
im E" lagetren in B einbetten 148t.

Ist & ein System von topologischen Réumen, so nennt man einen
Raum U auns © Universalmenge von ©; falls sich jeder Raum aus &
topologisch (d.h. homoomorph) in U einbetten 148t Ist &* ein System
von Teilmengen des E™ (n fest), so liegt es nahe, nach Universalmengen
von &* bzgl. der Lage zu fragen. Dabei soll eine Menge U* aus G* eine
‘Universalmenge von &* bzgl. der Lage im E™ heifen, falls sich jede
Menge ans S* lagetreu in U* einbetten 148t. Ahnlich wie bei den gewdhn-
lichen Universalmengen liegt die Frage nach - dimensionalen TUniversal-
mengen bzgl. der Lage im E" nahe. Bine kompakte m-dimensionale
Teilmenge U von B" soll m-dimensionale Universalmenge bzgl. der Lage
im E" heiBen, falls sich jedes sn-dimensionale Teilkompaktum 4 von b i
lagetreu in U einbetten 14Bt, falls es also stets einen Homoomorphismus.
T von B" auf sich gibt, der A auf eine Teilmenge von U abbildet. In die-
ser Arbeit soll die Frage nach der Existenz derartiger Universalmengen
in einigen Fillen beantwortet werden. Wir betrachten nimlich nahelie-
gende Verallgemeinerungen der bekannten Mengerschen TUniversalmengen
und entscheiden, in welchen Fillen diese Mengen m-dimensionale Uni-
versalmengen bzgl. der Lage im E" sind. Bhe wir jedoch die genauen
Ergebnisse angeben, sollen die zu betrachtenden Mengen (wir bezeichnen
sie mit M;) definiert werden.

Mit W? bezeichnen wir stets den n-dimensionalen Einheitswiir-
fel im E", d.b. die Menge aller Punkte p = (&, ..., &), deren Koordina-
ten die Ungleichungen 0 <& <1 (i=1,...,n) befriedigen. Ist i>1
eine ganze Zahl, so sei D; die Vereinigung aller offenen Intervalle
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