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Supplement to my paper
“On simultaneous extension of continuous functions”

by

A. PELCZYNSKI (Warszawa)

The purpose of this supplement is the following improvement of
the Main Theorem in [3]:

TurOREM. Let X be a closed linear subspace of the space C(T') of all
complex-valued continuous functions on a compact metric space T and let S
be a closed subset of T such that

B) for every f in O(S) and for every A in C(T) with A(t) >0 for ¢
in T and A(s) > |f(s)] for s in § there is in X an extension F' of f such that
A(t) > |F @) for t in T.

Then there is a linear operator of extension (1) L: 0(8) - X with
1L = 1.

In [3] it is proved that there exists for every 6 > 0 a linear operator
of extension I;: C(8) - X with }iL,|| << 1+ é; the existence of a linear
operator of extension with norm ome is proved only under an additional
condition (G) (see [3], p.287). In fact condition (G) is used only in the
proof of Lemma 7 ([3], p. 299) which, in short, states that for every linear
operator of extension L:E, - X with the norm [|L|| sufficienfly near
to one there is a linear operator of extension L': B, — X with I =1
such that the norm [|L—ZL' is small, where E, is the finite dimensional
subspace of O(S) spanned on a peak partition of unity p = () (see
[3], p-290-291). In this supplement we shall show that condition (G)
is superfluous by proving an analogous lemma (Proposition I) based only
on assumption (B). Our method enables us to obtain some improvement
of a result of Bishop [1] and Glicksberg [2] concerning interpolation with
no increase in norm (Proposition IT).

ProrosITION I. Let T be a compact Hausdorff space, let 8 be a closed
subset of T, let X be a closed subspace of O T) and let (B) be satisfied. Then
for every peak partition of unity u = (u)Ne in O(8) and for every limear
operator of extension L: B, — X with ||L|| < 1+c (o> 0) there is a linear
pemtor of extension L E — X with |L'|| =1 such that IL—I| < 30.

() We retain the terminology and notation of [3].
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We shall need the fdllowing lemma:

Levwa. Under the assumptions of Proposition 1 for arbitrary fune-
Uons fiyfoyoosfu (n=1,2,...) in O(8) and for every 4 in O(T) such
n

that A(t) > 0 for tin T and A(s) >k2 [fi(8)] for s in S there emist functions
=1
Fyy Foy ..., By in X such that Fy, is an extension of fu (B=1,2,...,m)
and 4(t) > 3| B (1)].
k=1

Proof. We shall prove this Lemma by induction. For n = 1 this ig
condition (B). Let us suppose that the assertion of the Lemma, is true
for n = m—1 >1. Let fi, f, ..., fm and 4 have properties as in the ag-
sumption of the Lemma for n = m. By the induction hypothesis there
are functions 7y, Fy, ..., ¥,,_, in X such that I, is an extension of fr
(k=1,2,...,m—1) and

A (1) = A(ﬂ*i‘ (@) >0 (teT).
k=1

Since (by the assumptions and the induction hypothesis)

m—1
An(s) = A©) = D 1fu(s) > fu(s)]  (se8),
k=1

there exists (by (B)) in X an extension F,, of f,, such that

m—1
An(t) = A()= 3 1Fu(®)] > [Fu(t)]  (teT).
k=1

Hence
AWM= DB >0 (teT).
k=1

Proof of Proposition I. We shall construct functions " in x
(n .—.1-,2, w30 =1,2,...,N,) and 4, in O0(T) (n = 2,38,...) with the
following properties:

W) B =140 Ly, (j=1,2,...,V,),

(2) F™ is an extension of

LA

g i (j:l,Z,...,Nﬂ; no=12,3, ),

n—1 Np

d el e
T2 - ,1—}(22]1”5“(1)|]>0 for tin T (n =

=1 7je=1

3) 4,(t) = min[
2,8,...)

(4)

M2

BRI < 4,0) for tin 7 (=2, 3, ...

b

7
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The definition of F{® (j =1,2,...,%,) is unique. According to
Lemma 3 in [3]

Ny, Ny

Izl = suﬂp;’ s ()] = (1+ 0)sup ; PO < 1+o0.

Hence 4,(t) > 0 for # in 7. Now, let us suppose that we have defined

P and Ay, for 1 <k <mandforj—=1,2,...,N,, satisfying the con-

ditions (1)-(4). By the induction hypothesis and the fact that u;(s) > 0
N

u
forsin 8 (j=1,2,...,N,) and > pu =1 we get
=1

m—1 Nu Nu
- 2 o
1_ZZIE§-"’<8)| =1 #j(S)(1—2 - ii?)
k=1 j7=1 7=1
=g gy sef.
140

Hence N,
. [

2—mf1 . sef).

4 (s) > 1+o 7-21 #i(8)  (sef)

Thus, according to the Lemma, there exist functions F}m) in X
(j=1,2,...,N,) such that F{™ is an extension of

o .
2—m+11__l_:;luj (1=1,2,...,,)
and N, et N
MIFPOL < dnt) <1= Y SIFPW  (teD).
=1 E=17=1
Thus .

A (8) = min[—"-2~"'+‘, 1— |F¢ (t)|] >0 fortin 7.

1+o¢

Hence the correctness of the induction definition of (F{) and (4,.,)
(j=1,2,...,N,;;m»=1,2,...) is proved.
Let ¢; (j =1,2,...,N,) be arbitrary complex numbers. Let us set
N N

I3 - M
B) I'f = 3 6 5 P for f = 3 jueB,.
=1 k=1 j==1
By (3) and (4) we have

k=1 7=1

o

”;’ PP IR D140 < IBPI g D2 < oo

(G=1,2,...,N,).
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Thus I/ is a linear operator from E, into .X. Since L is a linear
operator of extension, from (1) and (2) we get

Fayls) = ——Tuy(s) + 2 (s

k=2

—uf(s)[1+a 1+g22 M]_M (s) for sef (j=1,2,...,N,).

Hence L' is a linear operator of extension. According to Lemma 3 in

[3] and (3) we have

Ny Ny

[ILI"SHPZILM; 1)l < 54\]\1«“’0 0 < 1.

Fe=1 k==

-

N
Thus L) =1. If f= V‘ ¢ u;, then |fl| = 1nmx les] (ef. [3], Lemma 3).

Hence, by (1), (3), (4)

Ny, o
KZ—I)fl < H(L— Ijlr—(;L) f“ +| Z ojglf’}’“’

<ol i max o1 > NI
]-..‘

(——-— i+ \’9-“ ")ufu < 31l

Ir--

Thus |L—L| <3

ProrosrrioNn IL. Under the notation and the aa.sumpiitms of Propo-
sition I, for every f in O(8) and for every 4 in O(T') with A () > 0 for t in T
and A4(s) = |f(s)| for SeS M’Ld for an arbitrary closed G mlbsot 8y of T' with
8,2 8 there is in X an extension F of f such that A(t) = |F(t)| for t in T
and A(t) > |F ()| for t in TN\ S8,.

Proof. Since 8, is a closed @, subset of a compact Hausdoril space 7T,
there exists a function K in C(T) such that K (s) = 1 for sed, and
0 < K(#) < 1 for 1T\ 8,. Let us set A= AK. Now, in a way analogous
to that used in the proof of Proposition I we define functions 1™ in X
and 4, in O(T) (n =1,2,...) such that

(6) F™ iy an extension of 2~ (n=1,2,...),

(7) Ax = 34,

(8) An(t) > |F™(2)] for teT (m =1,2, co)y

(

- %
9) n+1( ) =min@" A, A~ FIFP()) >0 for  tel (n =
1’ y . Jeeal

Supplement 161

Now we put F = )“F(”). By (8) and (9) the series ZHF("’[|< oo.

Thus the series ZF(”) converges uniformly to FeX. Hence, by (6),

n—=1

F is an extension of f. By (9) we have

A= Y PR @) >0

k=1

for ¢ in T and for n =1,2,... Hence |F(t)] < 4(¢) for teT. Thus [F ()]
< A(t) for teT and [F{#)| < 4(t) for teT\S,, q. e. d.

CorOLLARY. Under the assumptions of Proposition 1 (in particular
under the assumptions of the theorem of Bishop [1]) for every f in C(8)
there is an extension F of f in X with |fil = |7l

Moreover, F can be chosen so that |F(i)i < |Ifll for teTN\S if and only
if 8 is a G,.

This Corollary under the assumption that X is an algebra has been
obtained in another way by Glicksberg [2], see also [4].
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