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A theorem on generalized Dedekind sums*
by
L. Oarrirz (Durham, North Carolina)

1. Put
w—[w]—% (@ = integer),
0 (2 integer).

(@) = '

The Dedekind sum s(h, k) is defined by

= (2 (%)

#(mod k)

where the summation is extended over a complete residue system (mod k).
It is well known that s(h, %) satisfies

(1.2) 12hk{s (h, k)-8 (K, B)} = B*— kK 1,

where h and % are relatively prime.
Rademacher, at the 1963 Number Theory Institute in Boulder, proved
the following generalization of (1.2). Define

(0255 ) (7))

(1.3) s(k, h; 2, y) = k

#(mod k)

where @, y are arbitrary real numbers. Then

(1.4)  s(h, ks o, y)+8(k, h; y, 0)
— —Z5(@) )+5{ﬁﬁ( - By R+ By,
=-7 (@) 8(y)+ (@) (W) + 5 (3 BT 37 2 W

where (h, k) =1,
1 (o integral),
o) = [0 (otherwise)
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By(o) = Bafo—[a]), Bu(o) = &*—a+l.

When # =y =0, (1.4) reduces to (1.2). Rademacher’s proof of (1.4)
appeared in [6].
Let B,(x) be the Bernoulli polynomial of degree n defined by

1™ had o
ToTm 2 gy

N=0

and let B,(w) be the Bernoulli function defined by means of
Eﬂ(m) = By (z— [2]).
Apostol ([1], [2]) introduced the sum

(L3) sp(hy k) = Z (hk)B‘(k)

#(mod %)
and proved the reciprocity formula

(16)  (p+1){h%s,(h, k) + ks, (T, 1)} = (AB+EB)?*' +pBy,s,
where (b, k) =1, p odd, p > 1 and B, = B,(0). For another proof of
(1.6) see [5].

Rademacher’s definition of s(k, k; %, y) suggests that we define

Bt ) 5 (52),

(.7) 8,,(71:,»70;\%,@/) = T

r(modk)
which reduces to s,(®,y) when » =y = 0. It is evident from (1.7) that
(1.8) sp(hy ks o1, y) = sp(h, k5 @, y+1) = 8p(h, k3 2, 9),
so that there is no loss in generality in assuming that
(1.9) o<1, O0<y<l.

The writer ([3]) has proved the following
THEOREM. Let (h, k) =1 and assume that », y satisfy (1.9). Then

(L10) (p+1){hk"sp(h, k5 o, y)+ Eh7s, (K, hs 4, )}

= (hB+EB+hy+ k)P -+ p By (hy + k)
for all p >0
It is understood that to evaluate (Bh--Bk--hy+ks)P*! we expand

by the multinomial theorem and then replace B™ by B,; alternatively
we have

P41
(BBl by kPt = 3 (F) w18, 9)B, 1 0).
=0

iem®
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This suggests the following equivalent formulation of (1.10) in which (1.9)
is no longer assumed:

(1.11) (p+1){(h sy (ks B; 2, 4)+ kWP s, (%, by, @)}

D41
=) (1’;'" 1) WP~ B, () Bpr41(2) + D By (hy+ ko).

Te=0

The object of the present paper is to give a new and simpler proof
of (1.10).
2, We recall that B,(») satisties the multiplication theorem:

@2.1) B, (ka) = B" 2 B, (w—{— %)
#(mod k)
Applying (2.1) to (1.7) we get

k—1 h~1

sy, B3 9,9) = 101 ) ‘Bl("”) J(L+rrdeg),

Hu=0 9=0

go that
(2.2)  BEPsy(h, ks @, y) -+ khTs,(k, b @, Y)

k-1 h—1

o S S b en sl £ o)

p=0 »=0
We shall now assume that @, y satisfy
(2.3) o<a<l, 0<y<1.

As we have geen above there is no loss in generality in making this assump-
tion. Put

(2.4) o=kl

go that

(2.5) 0<o<?2 (0<u<k, 0 <y <h).
Since

Bi(o) =0—% (0<o<1),

it follows that, for @, y satisfying (2.3),

(2.6) B, (#)+B,(y) = Bi(a+9y)+3f(@+y),
‘where

—1 << 1),
(2.7) flz) = 1<

41 (1<s<2).
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For brevity put
(2.8) 8, = hPsy(h, b5 @, y)+ KhPsp (K, B3y, @).

Then (2.2) becomes
k-1 h-1

(1) 8y = 3 D {Bu(0)+4f(0)} Ba(o).

#=0 7=0

In view of (2.7) this becomes

k-1 k-1 k-1 h—1 k—1 h—1
(2.9) (Wk)28, = Y > Bi(0)B, +§Z Y By(o Z; ZO By (o).
p=0 y=0 =0 v=0 p;s-d<;i_

Now by (2.1) we have

k~1 h—1 _
D' D' By(o) = (Wk)* "By (hy + ka),
#=0 »=0
8o that
(2.10) (hE) 8y = Tp— Um'{“l‘(hk)!_pﬂp(hf’/‘}‘]m);
where
k—1 h—1 _ _
(2.11) Ty =D D Bi(0)By(o),
p=0 »=0
k-1 hel =1 A1
(2.12) Up= D D Bylo) =D D Bylo).
p=0 y=0 #=0 v=0
o<l
3. It will be convenient to put
(3.1) 2 = hy+ ka.

Since h and % are relatively prime, it is evident from (2.11) that

~ 2\ - #

(3.2) T,,_; Bl(’fk +ﬁ) Bp(%+ﬂ).

I we put

(83) # =[]+, 0<{<1,

8o that { is the fractional part of 2, then (3.2) reduces to
(At (A ¢

(3.4) T, = g; Bl(hk + ﬁ) B, (-h-]; T ﬁ)
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Now we have, for » > 1,
(3.5)

— Nt 1
Bu(@)By(@) = By o)+ +1 P (F5!) BerBo-sria(@)+ 2 By

Indeed (3.5) is a special case of a formula for B, (x)B, () (see e. g. [4]).
Put 2 = (u-+{)/k in (3.5) and sum over u. We get

ZBI(#;G—C)BP(N;:C)

1 k
— By () —— BoBy sra (DR P+ —_B,
D p+1 0<2r\<._p( 2 ) rarn (0 P‘i‘lB“'l
p D+1 1
= P+ r -
= "B, (0)+ L2 +1 ( ) BBy O+ 2B,
?

=57 ¥ Bl —;E(BHBH)”“HH-”BZ,((:).

Therefore by (3.4}

P - )~F
B.0) Ty =2 002 Bys 00+ S (BUA B P44 4 (7, 2)

Ag for U,, we have

k-1 h-1
3. = V'V + 2
3.7) Ly B”( Y
p=0 =0
o<l
P k-1 h-1
_\[r s AATEAY
Z (T)B”" (k)Z Z(h + hk)
r=0 pn=0 »=0
) o<l
Now
k-1 h—1 2 i
¥ ) v 2\
3.8 -4+ =] = —
(3.8) 22(h+hk) 2/ (h+hk)’
where
h 2
(3.9) N, =h— 7" —=
We may assume without loss of generality that & < A, so that
E kx

Acta Arithrnetica XI.2 v
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in the outer summation on the right of (3.8) we have ‘
Fleneo In the on ¢ On the other hand, ;

2 —1 p+1 ’
(3.10) p<k—1— [%] kz‘ Z+ (P—!;I) WPHB, L (ﬁ) B, (i)

k k
Tet us assume first, in evaluating the inner sum on the right of (3.8),

258 L. Carlitz
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p=0 r=0

that hu--# is not an integral multiple of % Then the sum is equal to _ S (p+1) WP 5.(%
BT Iy 2 <\ P B !
TR I
r+1 k k Y [p+1 i
e ) =57 )] ( ! )(hB)”*'“(kB—{—z)’ —E?(hB+ KB+ 2P+, |
)] K4 2 =0 i
N s
r+1 { “( el TR 1k Thus (3.11) yields ;
Thus by (3.7) (kE) ™" (hk)~" |
(3.12) U, = g (W He-B opH— T 2 (B4 kB 2yt
e PH1) po-reip I P
(3.11) » =071 Z r p—r+1\ 7 provided z<h. When z >} we must delete the terms corresponding ;
=0 to p=k—1 in the right member of (3.11). Since :
_ ¢ [hu z]) (z)} Wk—1) 2 z—h
el ) P e
Bus it is evident that (3.12) holds for all z. |
A We have |
2 2w memn(i)m i -+ )
L poril E ok (BB + hk-+B+ 0P~ = (WE(B+1)+ (B )P
-1 )
1 _ p+1 r ” p—rtl
- Sl 2)fposs £ -P241F Sewai
w=t Sinee (B+1)" = B" (r % 1), the above sum is equal to
k-1 Pl ;
7 1 i
= Dom+n+ (B+ +3 [h,f +2 )}” 3 (1) way BP0
= - i
‘;+1 k=1 = (BkB-+N L 4-(p+ 1) Rk (B+0)". i
_ p+1) (RB+ Ry N (1»& +fw[ﬁﬁ+i]) Therefore (3.12) becomes f
£ ( r ,1.20' 'k |k Kk (3.13)
541 r1 (hk)=? (hE)™® _
- o (B U, = hkB-+B- )P — hB+EB - 2)P+ 4 (hk) (B4 ).
=2(7"‘;1)(h3+h)”‘ HZE'('%LF%) p="j g (WB+BHLPT =2 (kB )P4 (hE)~7(B+- L)
=0 p=0 When hu-t# is an integral multiple of %, the above proof requires ;
P41 ; p+1 modification. We get in this case !
=t )(hB-f—h)”"“l?,.(z)kl” =¥ ) (Pj“) (WkB -+ hE)P~"*1B,(2) . =TI . ‘
2 (i) = 2 b =il 1) -2 (3))

i
0PNy, v=0 i

= k?(hkB+hk+B -+ )P+,
y h ¢
with ¢ defined by (3.3). o =71 {B’“.(H i [—kli +%]) —Bra (%)} ‘

S—
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The remainder of the proof goes through without change. Therefore
(3.13) holds without exception.
We now substitute from (3.6) and (3.12) in (2.10) to get

_ P _ (hk)™®
(hk) p'sp :Z_’_“T‘—l_ (hk) po—)-l(f)'f‘ p+1
(hk)~®

p—1

— (WE)P(B+ O+ 4 (RE) P By (2)

L pe G

This evidently completes the proof of (1.10) when p > 1.
‘When p = 0, we have

(BRE-+B+ )P+ % (hk) B, (L) —

{(WkB+B+ )" — (hB+EB+2)PT —

(BB~ B+ hy -y )P+,

So(h, k5 @, y) = 2 EI(M-]IF,-ZI) = B (y),
#(aod k)
so that
8 = hsg(h, ks @, y)+kso(ky b3 ¥, @) = hBy (y)+ kB, ().
On the other hand,
(Bh+Bl+hy + k) = BB, (y)+EB,(x).
Since 0 <#<1, 0 <y <1, it is clear that (1.10) holds when p = 0.
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Errata zur Arbeit
»Eine Bemerkung zur Fermatschen Vermutung”

(Acta Arithmetica 11(1965), S. 129-131)
von

M. ErceErER (Basel)

8. 129° statt ,zu 1 teilerfremden Zahlen” lies ,zu ! teilerfremden
Zahlen”; '

8. 131* statt ,r(r+1)+1 <1_,” les ,r(r+1) <1_,"
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