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On operators Preserving a conjugate space
by
D. PRZEWORSKA-ROLEVVICZ and 8. ROLEWICZ {Warszawa)

Let X be a linear space over real or complex scalars. Let 4 Dbe a linear
operator transforming X into itself. By the nullity a4 of the operator A
Wwe mean the dimension of the space {zeX: Az = 0}. By the deficiency B,
we mean the dimension of the guotient Space X[AX, If numbers o,
B4 are both finite, we say that the operator A possesses a finite d-charac-
teristic (Kato [7], Goechberg and Krein [6], Przeworska-Rolewicz and Ro-
lewicz [107).

In the classical theorems, for example in the Fredholm theory of
integral equations (Fredholm [21-[5]), instead of B, a characteristic
number A% has been considered. To define this number, we consider
simultaneously with the space X a total(') space = of linear functionals,
which will further be called a conjugate space. Now 8% is the dimension
of the space

{€e8: £dw = 0 for all weX}.

Leb a4, 4 < +oo. It 5 =f,, we say that 4 is a Ds-operator.

Obviously for each functional £¢5 we can consider a functional
7% = £Ax. We shall write 7 = A'¢ and the operator A’ will be called a con-
Jjugate operator to the operator 4. We have oy = f5. We do not always
have A'Z < 5, but if A’ possesses this property, we shall say that A
Dreserves the conjugate space Z. The set of all linear operators preserving .=
will be denoted by (X, 5); it constitutes an algebra.

If = X’is the space of all linear functionals, then each linear oper-
ator preserves 5. If X iy a linear topological locally convex space and
E = X* the space of all linear continuous functionals, then every contin-
uous operator preserves E. On the other hand, in these cages we have
B% = B4. But there are also operators preserving a conjugate space which
are not Pg-operators (see [11]).

(") A space £ of linear functionals is called iotal if £ = 0 for all £¢.5 implies
z = 0.
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In this note we give some theorems which permit us to prove when
the operators 4 preserving the conjugate space E are @Dzoperators,
Tn this note we use the method of regularization considered in papers
[81, [9] and [10].

Given an algebra of linear operators Z, let . be a two-sided ideal
contained in #. We say that an operator 42 possesses a lefi-sided
(right-sided) regularizer R4 to the ideal S if RyA—IeS (resp. AR, —1es).
We say that a regulavizer is simple if it is simultaneously left-sided and
right-sided.

We shall employ the following results from paper [10]:

(A) If the ideal # is such that for each T'e #, I+T is a Ps-operator,
then each operator 4 which possesses a simple regularizer to the ideal
is a @z -operator ([10], proposition 5.8).

(B) By # (X, E) we denote the set (the two-gided ideal) of all finite
dimensional operators contained in £ (X, £). If KX (X, 5), then I+K
is a @g-operator ([10], proposition 4.2).

Let X and £ be Banach spaces. We denote the respective norms
by |illx, || lls- In the space £ (X, Z) define the norm

lA|* = max {||4|lx, [4"lls}-

If the topology in F is equivalent to the norm-topology of functionals,
then obviously the norm | ||* is equivalent to the usual norm | |x of
operator X — X.

By X (X, E) we denote the closure of % (X, £) in the norm || |*
Obviously (X, &) is a two-sided ideal.

THEOREM 1. If an operator A% (X, E) possesses a left-sided (right-
sided) regularizer to the ideal oA (X, E), then it possesses a lefi-sided (right-
sided) regularizer to the ideal X (X, E).

Proof. Let us assume that there exists a left-side regularizer R4
to the ideal # (X, Z), i.e. such an operator R, that

R4A =I+T, where TeX(X,E).
Take an operator K ¥ (X, &) such that
IT—Kj* < 1
and write B = T'—K. It is easy to check, on the basis of the completeness
of X and Z, that the operator 7+ B is invertible and (I-+B) 'eZ (X, 8).
Let
RY = (I+B)'By;
then
RYA = (I+B)'B44 = (I+B) Y (I+T) = (I+B)"(I+B~+K)
=I+(I+B)Y'K.
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But (I4+B)'Kex (X, E); therefore RBY is a left-sided regularizer
of the operator 4 to the ideal (X, 5).

The proof in the case of a right-sided regularizer is identical. From
theorem 1 and result (A) follows

COROLLfRY 1. If an operator 4 <% (X, E) possesses a simple regularizer
to the ideal A (X, E) in the partioular case of A = I--T, where TeX (X, 5),
then A is a Dz-operator.

Remark. We do not know whether it is possible to replace in
Corollary 1 the assumption that Te# (X, 5) by the assumption that

TeJ (X, 5), where I (X, 5) is an ideal of compact operators contained
n 2(X, 5).

Consider the following application of theorem 1.

Example 1. Let L be a regular arc with a finite length on a plane.
Let X = O(L) be the space of all continuous real or complex-valued
functions defined on L. Let £ = C(L) be a space of functionals & of the
type

&= [aEma,
L

where £(7) is a continuous real or respectively complex-valued function
defined on L. Let T be an integral operator

Tz = [ K(s, ya(t)do (),
L

where w(f) is a linear Hausdorff measure, K(s,t) = Ky(s, t)k(js—t]),
where K,(s,t) is a continuous function and %(u) is a non-negative and
summable function of one real wvariable continuous for % 5 0. Then
TeA (X, E).
Indeed, let
k{w if  k(u 7
o (1) = (u) . (u) <m,
it k(u) =m.

kn(u) is obviously a continuous function. The arc L is regular and
therefore

e = sup [ h(ls—t})—kn(ls—1)do ()
seL 7,
tends to 0 when m — co. But if we write
Tpz = [ Ko(s, kn(ls—t)zt)do (),
L

then [[(Tm—T)2|l, < Meéy, ||, where M = sup |K,(s, t)|. The kernels of the
8tels

operators T, are continuous functions. Basing ourselves on Weier-
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strass theorem, we can approximate each kernel uniformly by polyne-
mials. Hence each operator 7, can be approximated in the norm topology
by operators belonging to (X, 5). Therefore T is approximable by
operators belonging to 4 (X, 5) in the topology induced by the norm
[lllx. But the topology in Z is the norm topology in the conjugate space,
whence TeX (X, ).

Applying corollary 1 we find that I+T is a @g-operator. In the par-
ticular case of ku = 1/|ul® 0 < a < 1, we obtain a well known theorem
for weakly singular equations, without using the classical method of
iteration.

Obviously the condition that w(f) is a linear Hausdorff measure
can be replaced by the condition that ¢ is a complex-valued measure
continuous with respect to ¢; in particular it is true when we consider
& complex plane and integration is considered as integration on a complex
are.

THEOREM 2. Assume that X is a linear space and 5 i3 a conjugate
space, X, and E, are subspaces of X and F respectively. Let A % (X,, 5,).
Let there be such a simple regularizer R that the operators T = I—R A
and Ty = I—R44 can be extended to operators T, T, belonging to £(X, E)
ond I+T,I+T, are Gc-operators. Then A is a Dz -operator.

Proof. Operators I 4T, I+T, can be considered on the whole space X.
According to the assumption these operators are ®--operators. By theo-
Tem 4.1 of [10] these operators considered on X, are ®g-operators. i. e.
operators AR, and R44 are ®g-operators. Therefore proposition 5.8
of [10] implies that 4 is a Pz,-operator.

We consider the following application of theorem 2.

Example 2. Let L be a regular closed Jordan curve. Let X, =H"
be a space of all funetions «(t) defined on L and satisfying a Hélder in-
equality with an exponent 4, i.e. [z(t)—a()] <clfi—#|% 0 < n<l1.
Let 5, = H*” be a space of functionals & of the type

fo= [ e, '
T

where £(t)e H*.
Let us consider an operator
r K(s,1)

—x(s)ds,

1
do = Ayl + = [ =2

where the integral is considered as an integral in the sense of the Cauchy
principal value, A,(t)eH*?, and K (s,%) satisfies a Holder inequality
with an exponent g, i. e.

(s, 1)K (3, 8)] < o[[t—¥]*+ |s—s'|].
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Let A*(t)—K2(t,1) +# 0 for all teL. Then the operator A4 is a @Pgup
operator. Indeed, let

R = [AF0)—E2(t, )] A, ()2 (t) — if K(s, 1)

=y —t

z(s)ds.

Then by classical considerations (see also [8]) we obtain
Ryd =14T, AR, =1I4T,,

where T', T; are weakly singular operators transforming O into H*?. By
example 1 we infer that I4+T, I+T, are Dc-operators. Therefore theo-
rem 2 shows that 4 is a ®gupe-operator.
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