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The cyeclotomic numbers of order fourteen*

by

J. B. Muskar (Pittsburgh, Pa.)

1. Introduction. Let ¢ be an integer greater than 1. A central
problem in the theory of cyclotomy is to determine, for each prime
p = ¢f+1, the number of solutions (%, k) = (k, k), of the congruence

g +1 = ¢ (mod p),

<h k<e—1,0<s,t<f—1, where g is a fixed primitive root (modp).
The numbers (h, k) are called cyclotomic numbers.

Complete solutions have been given for ¢ = 2, 3, 4, 5, and 6 by Dick-
son [1], for ¢ = 8 by Lehmer [4], and for ¢ = 10 and 12 by Whiteman
[7], [8]. In a complete solution, the cyclotomic numbers are represented
as linear combinations of the coefficients

Z(m—w

of Jacobi sums of order ¢. Then the B(i, v), in turn, can be expressed as
linear combinations of the coordinates =, of certain quadratic forms

cp = Zanmi

If the @, are known, then the cyclotomic numbers can be computed.

Dickson proved that it is possible to represent the (k, k), as linear
combinations of the B,(4,v) if ¢ is an odd prime or twice an odd prime
([2], Theorem 5 and Section 12). Whiteman gave the representations ex-
plicitly in both cases ([7], Theorems 1, 3). He went on te obtain a complete
solution for e = 10 by first expressing the Biy(%, v) linearly in terms of
the B; (%, v) ([2], Section 10), and then representing the B; (i, ») in terms
of z, #, », and w in

(1.1) B(i, v) = B,(i,v) =

16p = 2+ 50w+ 50v* + 1250,

* This research was sponsored in part by the National Science Foundatien,
under Research Grants G 11309 and GP-2091.
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where

@ = 1(mod5), mw = v*—4uv—u’.

In this paper Whiteman’s explicit representation of (h, k), in terms
of the B, (i, v), where ¢ is twice an odd prime, is transformed into a more
compact form (Theorem 2). Dickson’s result that, given the septic char-
acter of 2, the By, (i, v) can be given as linear combinations of the B,(¢,v)
([2], Section 10) is then employed to express the (%, k), in terms of the
By (i, 0). .

The B,(%, ) can be represented in terms of the coordinates of

p=T+T0 (121, (75))
and

T2p = 201+ 42 (o + o5 - o) + 343 (af + 3a%) ([21; (33)).

The latter was not introduced, as it was not needed in applying the rep-
resentations obtained to show that the fourteenth power residues (modp),
with or without zero, cannot form a residue difference set.

Finally, these results cannot be extended to ¢ = 22, for not all the
By, (i, v) are linear combinations of the By (¢, v) ([2], Section 10).

2. Cyclotomy. In this section some information from the theory
of eyclotomy is -assembled. Proofs in papers of Dickson and Whiteman
are cited.

From ([1], p. 394)

(2.1) (hy &) = (e—h, k—h),
2.9) (hb) = l(k, h) if f is even,
(k+%e, h+%e) if f is odd,
- f—1 if fis even and h = 0(mode),

(2.3) D (k) =11

k=0

if fis odd and h = }e(mode),
f otherwise.

An immediate consequence is

el —1 itk=
(2.4) hé; (hy F) = (; otherwi(::.m)de)’
(2.5) E:B(@',v) —p—2
follows from (1.1) and (2.3). By (1.1) and (2.4),
(2.6) - B(i,0) = {;_1 \z:ejﬁzsmde)’

iom®
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By (1), (j,i—1) = (e—j,i—vj—j) = (e—j,i—(e—j)e—v—1)},
so by (1.1),
(2.7) B(t,v) = B(i,e—v—1).

Let B = exp(2nife), & = exp(2rnifp). Let yx denote the primitive
eth power character (modp) such that y(g) = . Define the Jacobi sum

-1
2% ) = ) 2 (1—n).

n=2

It follows from the definition that

(2.8) aly® ) ==l 1% = (—=1Wal % 1.

A o) = (=1 D) B(i, 0)p" ([51, (2.6))-
i=0

Define the Gaussian sum (or Lagrange resolvent)

p—-1
= D a(nye.

=1

If none of a, b and a-b are divisible by e,

a(x% 1) = v e+,
and

(2.9) (2 0 =2

If 7 satisfies vo = 1(mode), then

([1], p- 396).

(2.10) B(i, v) = B(%i, ) ([71, p. 97).

It ¢ = 2B, let D(i,v) = B(i,v)—B(i+E,v). If Eis odd,

E-1
D D(2iy0) = -1

=0

(2.11) ({71, p- 103).

3. Cyclotomy where ¢ is twice an odd prime. Let ¢ = 2, F an odd
prime. Let p = ¢f +1 = FF+1. Define

1 if min,

alm, m) = 0 if m{n.

It is convenient to begin by deriving the representation of (h, k)g
in terms of Bg(i,v). This is equivalent to Theorem 1 of [7].
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THEOREM 1.

B2

B(h, b)g = Z By (k-+hv, v)~(B—3)F +1—q(h, B)—q(k, B) — q(h—k, B).

v=1

Proof. By (1.1),

B3

Bg(k+ hv, v)
Y=1
-z E-1

=D Y (G, ktho—j)p

p=1 j=0

1 1

-
= 3 [~ =i, b= (h=)z+ ), (§, b+v(h—i)]
V=0

E-1 E-1 K-t E—-1

= — > [, B+ (B—j, k—h)] +2 (hy Bt D) ) i, et-o(h— ),

i=0 §=0 v=0
FE S

by (2.1),
= —F+qk, B)—F+q(b—h, B)+B(h, B)g+ (E—-1)F+q(h, B)—1,
by (2.3) and (2.4),
= B(h, k)g+ (B—3)F+q(h, B)+q(k, B)+g(h—Fk, B)—1. q. e d.

For ¢ = 28, (h, k), can be represented as follows:

TaEOREM 2. Let D(i,v) = B,(%, v)—B,(i+E, v). Then

B2

4B(h, k)y = > Bp(k-+hv,v)—2f (B—3)+1-+(—1)F (=1 +(—1)* "+

v=1

+(—1)"*D(—h, B)+(—1)'D(k, B)+ (—1)"*D(—k, B)+

1

E—
+2 [1)(70+2m;, 20)+ (—1)'D (h+ 2kv, 20)+D (h—k— 2kv , 2«;)] —
v=

—2¢(k, &)— (14+(—1Y"*")q(h, B)—2q(h—k, 6).

Proot. Seb s(h, k) = (b, k)o— (b, b +B)e, t(h, k) = (b, k)e— (h+H, k).
By rearranging the identity

(hy k)E = (hs k)c+(h+Ea k)e+<h? k+E)e+ (h+B, k-+B).,
Whiteman showed that

(B.1)  4(h, k) = (b, K)p+s(h, k);I—S(h+E, k)4 2t(h, k) ([6], (2.14)).
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He proved that

E-1

Bls(h, B+s(h+B, 5] = (—1f+(=1"*D(—h, B)+ 3, D(k-+2hw, 20),
V=0

and that
(3.2) 2Et(h, k)
(=1Y"D(k, B)+ (—1**D(—F, B) +(—1) [1+(-1)]+

e—1

+2D(h—]—7w,v) if f is even;

=0
a (—1)"+ED(k—§—E,E)+(—1)"+kD(——k+E,E)——(—l)h[l——(—1)"]~|—
e—1

l + Y D(h+E+(k+B)yv,v) if fis odd

=0
([7], pp. 102-104).

In the summaitions of (3.2), collect the terms with v even, and group
the terms with v odd. Then for f odd or even,

(3.3) 2Bk, k) = (—1)*D(k, B)+ (1D (—k, B)+ (-1 +

E-1 E—-1

+(—1)h+k+(—1)f2 D(h+2kv, 20)+ 2 D(h+%(2v+1), 20+ 1).

v=0 v=0

Applying (2.7) to the second summation of (3.3) yields

E-1

E-1
(3.4) 2 D(h+%(2u+1), 2ut1) = Z’ D(h+4E(2u+1), e—2u—2)

u=0
E-1
= 2 D(h—k—2kv, 20).

=0

Combining Theorem 1 with (3.1)-(3.4) gives

E-2

4B(h, b), = 3, Ba(k+ho,0)—(B—3)2+1—
v=1

—q(h, By—q(k, B)—q(h—F, B)+ (1) + (="' +

(=1 F 4 (—1)*ED(—h, B)+(—1)'D(k, B)+ (-1 D(—k, B)+
E-1
+ 2 [D(k+ 2k, 20)+ (—1YD (h+ 2k, 20)+D(h—k—2kv, 20)].

v=0
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Tt follows from (2.6) that

E-1 E-1
3 n( (k+ 2ho, 20)— g (b, = D) D(k+2M0, 20) — (~1)'q(k, B)— gk, B)
V=0 V=1

B-1

= > D+ 20w, 20)—2q(k, o).

Pe=

Simjlarly,
H-1
2 D (h-+2k, 20)—  D(h+2%kv, 20) - (14( —1)*) g(h, B),
V=1
and
E-1 H-1
1}_{: D(h—k—2kv, 20)—q(h—k, B) = _Z: D(h—Tk—2kv,2v)—2q(h—F,e),
3 2mz P=]
and the theorem follows.
Let
| B if & is even, k if k& is even,
h+E i b is odd, | x+E it % is odd.
Then, by (2.7), Theorem 2 can be expressed in the following form:
B-2
(3.8)  2e(h, k) = D' Br(k+hv,v)—2f(B—3)+1—
=1
E-1 .

—24(k, o)+ (1} [L+D(—H, B—1)+ 3 D(K+2Hv, 20)] —

V=1

B-1
—~(+ (=1 g (b, B)+ (=1 [1+D(—K, B—1)+ 2 DUH+2K0,20)|

—2q(h—%, &)+ (—1)"*[14+-D(K, B—1) +2 D(H—K—2Kw 2@)]
V=1
4. Cyclotomy for ¢ = 14. Let ¢ = 4 Let y(¢", ¢) denote a Jacobi
sum of order 7. Let {; = exp(2n4/7). Let p(2) = o
Because of (3.5), it suffices to show for e — 14 that just the D(Z, v)
having both i and v even can be represented in terms of the B,(i, v).

THEOREM 3.
D(2¢, 2) = B,(i—2m, 1)— 2f,
D(2i, 4) = B,(4i—2m, 1)~ 2f,
D(Zz,6)=B,,(5z—2m 1)—2f,
iy 8) = By (i—m,1)—2f,
])(2@ 10) = B,(5¢—m, 1)~ 2f,
D(2i,12) = B, (5i—4m, 1)~ 2f.

iom®
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Proof. Starting from the Gaussian sum identity
()T = @) (")

(for a proof, see [1], p. 407), Dickson obtained four new relations between
Jacobi sums for ¢ = 14 ([2], pp- 372, 373):

(4.1) aly, 1Y) = (V' @)=z, £),
(4.2) w(y, o ) (=12 @) 7z, 1)
(4.3) 7 (y ,z)==x()nx,x),
(4.4) aly, ) = £ @)=l 2H)-

By (2.8),

(4.8) w(y% 8 =2l 1) = v’ ¢). Ao =( 1) = pe, 9).

Then, by using (2.8) in conjunction with formulas (4.1) to (4.5),
one may express the six Jacobi sums of order 14, =(yx, 79, 1<t <6,
in terms of y{¢", ¢'):

(4.6) alx, 1) = ¢ 2)yle, 9)
(4.7) a(x, 1) = ¢ 2" ¢*),
(4.8) a(y, 1) =" 2)v(e’s ),
(4.9) w(x, 1) = o2)v(@, ),
(4.10) w(x, 1) = o' 2)v(e% ¢,
(4.11) w(y, 1% = ¢ @) (e, ¢°)-
Proof of (4.7):
w(gy 2') = (—1m(xs 2)s by (2.8),
—1a ("™ ) = n(’% 1) = ¢ 2)v(e% ¢°), by (4.6).
Now
6 6
alr, ) = 3D, 28 = ¢*2) J Bili G

6 [
= D' Bili, NG = D Br(i—2m, i

=0 i=0
[

2 [D(26,2)—D(0, 2)1¢; =

=1 1=

[B;(i—2m, 1) —By(—2m, 1)]E.

b

-

Equating coefficients yields

(412)  D(2,2)—D(0,2) = By(i—2m,1)—B,(—2m,1), 1<i<6.
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Sum (4.12) over ¢ =0,1,...,6 and apply (2.5) and (2.11):
—1—7D(0,2) = p—2—TB,(—2m, 1),
(4.13) —D(0, 2) = 2f—B;(—2m, 1).
Subtracting (4.13) from (4.12) yields
D(2, 2) = By(i—2m, 1)— 2f.

From (4.7),
6 6

m(y 1) = 3 D(2i, )8 = D) [D (20, H)—D(0, 1

=1

-~
=

o

i

6
By(6,1) ™ = ' By (4i—2m, 1)1}
=0

4=0

o

6
= ¥ [B,(4i—2m,1)—B;(—2m, 1)]E.
=1

-

Equating coefficients yields
D(2i, 4)—D(0, 4) = B,(4i—2m, 1)—B;(—2m, 1),
—-D(0, 4) = 2f—B,(—2m, 1).
The proof is similar to that of (4.13). Hence
D(2i, 4) = B,(4i—2m, 1)—2f. !
By similar arguments one can prove the other four statements of Theo-
rem 3. q.e.d.

5. Tables of cyclotomic numbers of order 14. One can obtain
representations of the eyclotomic numbers (k, k),, in terms of the coef-
ficients of Jacobi sums of order 7 by substituting the formulas of Theorem 3
into (3 5).

¥ (2.7), Bi(j,5) = Bi(j, 1), and B,(j,4) = B,(j,2). By (2.10),
B (1,3) B.(5j, 1).
If T|m, let M = 1; if T4m, let M = m. The B,(j,2) satisfy

By(M, 2) = B;(2M, 2) = B,(4M, 2) = %f+3(T—1)+T,
B,(8M,2) = B;(5M,2) = B,(6M, 2) = 2f+3(T—1)—U
B7(05 2) = Zf"‘(6T+1)7

where I"+70° = p, T =1(mod7), and the sign of U is determined by
2U = By(M, 2)—B,(3M, 2). This follows from ([21, (76)) upon verifying
that B,(1,2)—B,(3,2) is even.
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“Thus the (&, k), can be represented as linear combinations of f,
1, I, U, and B,(j,1), j=0,1,...,6. Since

6
D Bi(j,1) = 14f—1,
j=0

there is one dependent variable; this relation will be used to eliminate
B,(0,1).

There are 196 of the (h, k)4, but they may be grouped into forty
distinet cases by applying (2.1) and (2.2). The tables will consist of one
entry for each of the forty distinet cases. One must also distinguish
between f even or odd, and the residue classes (mod7) of m = ind2.
In order that the tables contain no fractions, the values of 196 (h, k),
will be given.

For ind2 = 0{mod?7), the formulas of Theorem 3 become

D(2i, 2) = D(2, 8) = By(i, 1)—3f,
D(2i, 4) = B,(4i,1)—2f,
D(2%, 6) = D(2i, 10) = D(2i,12) = B,(5i, 1)—2f.

The formulas for the cyclotomic numbers are given in Tables 1 and 2
(pp- 275 and 276).

For ind2 s 0(mod7), in order to avoid considering six separate
cases each for f even and odd, one may take the following approach:
Define M = ind2(mod14) and M is odd. In equation (3.5) replace h,
k, H, and K by kM, kM, HM, and KM, respectively; set ¢ = 14.
In Theorem 3 replace ¢ by tM, yielding, for example,

D(2M, 2) = B,((t—2) M, 1)—2f,
D(2tM, 4) = By((41—2) M, 1)—2f.

The formulas for (AM,kM),,, M = 7(mod14), are given in Tables
3 and 4 (pp. 277 and 278).

In each table there are, in fact, less than forty distinct cases. This
phenomenon has been observed with other even values of e.

If 7ind2 and f is even, (1,2)==(2,8), (1,4)=(1,11), (1,6) =
=(1,9),(2,4) =(4,9), (2,5) =(2,11), (3,6) = (4, 8).

If 7|ind2 and f is odd, (1,2)=(1,13), (1,4)=(1,11), (1,6) =
= (25 1)1 (274) = (2)12)y (2; 5) = (4; 2)) (37 4) = (45 1).

If 74ind2 and f is even, (0,2M) = (0,9M), (0,6M) = (0, 13H),
(M,3M) = (M,10M), (M,4M)= (4M,8M), (M,9M) = (4M, 9 M),
(M, 11M) = (3M, 6 M), (2], 6 M) = (3M, 8 M).
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If 7{ind2 and fis odd, (0,2M) = (0,9M), (0,3M) = (0, 6]) =
= (0,13M), (M, 3M) = (M, 10M), (M, 4M) = (3M, 4M), (M, 61) —
= (4}, 2M), (M, 11M) = (4 M, M), (M,13M) = (2], 4 1), (2], 13}1)
= (3M, M).

By applying (2.1) and (2.2), the first two of the above sets of identities
may be summarized as follows:

Ii 7(ind2, (h, 4h) = (—h, —d4h).

A partial summary of the last two sets of identities is the follow-
ing:

|
It 74ind2, (hM, (4h+6)M) = (—hM, (—4h+6) M),
provided h = 2, 5(mod7).

6. Application to residue difference sets. A (v, %,4) difference sel
is a set of & distinet residues r,r,, ..y 7x(modw) such that the con-
gruence

ri—1; = d(modw)

has exactly A solutions for each .d == 0(modv). A residue difference set
is & difference set consisting of the eth power residues, modulo a prime p,
?Vithout zero. Emma Lehmer proved that no residue difference set exists
if f is even; if f iy 0dd, a necessary and sufficient condition for the eth
power residues, modulo p, to form a difference set is

(61) (5,0) =(f—1)fe, i=0,1,2, <.y 3e—1  ([8], Theorem III).
. A difference set formed by zero and the eth power residues, modulo p,
Is called a modified residue difference sef. For such a difference set to
exist, f must be odd. Then zero and the eth power residues, modulo p
form a difference set if and only if ,

¥

(6.2)  (f+1)fe =1+(0,0) = (i, 0), i=1,2,..., 4¢—1

([3], Theorem III').

The following theorem was suggested by a remark from A. Schinzel:

TBZEO.REM 4. {j ¢ = 6(mod8), and 2 is an }e-th power residue or
e .quadmm.c nonresidue, modulo p, then the e-th power restdues, modulo p,
with or without zero, do not Jorm a residue difference set.

iom®
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... Proof. (0, 0) isodd if and only if 2 is an eth power residue, modulo p
([3], Lemma I). Thus, if 2 satisfies the hypotheses of the theorem {(and
(2/p) is a Legendre symbol),

(6.3) 2(0, 0) = 1+ (2/p)(mod 4).

Assume 6= 6 (mod8). Since f must be 0odd, p = 3(mod4). If (2/p) = 1,
p = T(mod8); if (2/p) = —1, p = 3(mod8). In either case, -

2(2/p) = p+3(mod8).
Substituting into (6.3) gives
4(0,0) = p+5(mod8).

If the eth power residues, without zero, form a difference set, .mo-
dulo p, then

(0,0) = (p—e—1)/é* ([3], Theorem III).
4(0,0) = (p—e—1)/(30)* =p—e—1 = p+5(mod8).
¢ = 2(mod8), a contradiction.

If the eth power residues, with zero, form a residue difference set,
modulo p, then

(0,0) = —1+(p+e—1)/é
4(0,0) = —4+(p+e—1)/($6) = —4+p+e—1 =p+B(mod8).

([3], Theorem IIT').

li

e = 2(mod8), a contradiction. g-e.d.
THEOREM 5. If p = 1(mod14), the fourteenth power residues, modulo p,
without zero, do mot form a difference set. The fourteenth power residues,
modulo p, with zero, do not form a difference set. X
Proof. The case ind2 = 0(mod7) was eliminated by Theorem 4.
If ind2 % 0(mod7), let A4;= B,(iM,1). Note that (4M,0)=
(3M, 3M), (5M,0) = (2M,2M), (6M,0) = (M, M).
Assume that the fourteenth power residues, with or without zero,
form a residue difference set. Then for i =1,2,...,6,

(tM, 0)— (0, 0) = w,

where w = 0 i (6.1) is assumed, while w =1 if (6.2) is assumed. ' -

Acta Arithmetica XI.3 18
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Computing 28[(iM, 0)—(0,0)], ¢ =1,..., 6, from Table 4. yields
the six ‘equations

—A9f 45+ 2T+ 2T+ 5A,+ 34, +44,+34,+ Ag+54, — 28w,
56f— 2+ 2T+ 20— 44, — 24, — 44, — 44,— 84, — 64, = 28w,
AOf 4B+ 2T — 2T 84, + 44, + 44, +BA,— Ag+ Ag = 28w,
A2t BT+ 2T+ B4, TA,+ 24,4 64,— Ag+24, = 28w,
—A9f 4 B+ 2T — 2T+ 34,34, +64,+44,+34,+24, = 28w,
A B 27— 2T+ 44, + 64,4+ 245+ TA,— Ay+34, — 28,

For each j, j =1,2,...,6, solve the six equations simultaneously
for A;, eliminating the other five .4;. The results are

1684, = 336f+ 9+ 83T— 21U— 462w,
1684, = 336f— 61— 37T —343U+ 518w,
1684, = 336f—131—107T+ 7TU-+1498w,

(6.4)

1684, = 336f— B4 19T-1-385U— 266w,

1684, = 336f+ 72+ 96T — 1344w,
1684, = 336f— 47— 23T— 77U+ 322w.

Then, by (2.5), ‘ s
1684, = 336f— 54 197+ 49U— 266w.

Since the product of the Jacobi sum y(g, @) with its complex con-
jugate is the integer p, by (2.9),

1

(6.5) o h=1,2, .0y 6.0

6 6
D Al = D AiAy,
=0 =0

Set j =2, k=3. Replace the terms in (6.5) by their equivalents
from (6.4). After factoring out an appropriate constant, one may-group
terms to obtain

(T+U+1—14wp+120° = 0.

Hence U = 0. But this implies that p = T% which is absurd. This com-
pletes the proof. - . ) :
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TABLE 1
ind2 = 0(mod?7), if f is even. C; = Bq(i; 1)
- f o1 . T g -O1 Cz Os Cy Cs Cs

196(0, 0) = 2030  —184- —12 0 —168 —168 —168 —168 —168 —168
196(0, 1) = —126: —2 2 14 56 7 14 0 21 —28
196(0, 2) = —126  —2 2 14 - 28 28  —7 7 28 =14
196(0, 3) = —126 —2 2 —14 21 14° 56 —28 0 .. .7
196(0, 4) = —126- —2 2° 14 7 28 28 28 —14 =7
196(0, 5) = 126 —2 2 —14 14 —28- 7 21 56 0
196(0, 6) = —126 —2 914 28 -7 28 —14 7 28
196(0, '7) = —322 12 —12 0 28 - 28 28 28 28 28
196(0, 8) = —126- —2 2 14 28 7. —14 28 -1 28
196(0, 9) = —126 —2 2 - 14 0 56 21 7 —28 14
196(0, 10) = —126°  —2 2 —14 7 —14 28 28 28 1
196(0,11) = —126° —2 2. 14 7 0 —28 56 14 21
196(0,12) = =126  —2 2 —14 14 28 ; -7 28 .28
196(0, 13) = —126- —2 2 .14 -—28 21 0 14 T
196(1, 2)= " 10 —2 27 0 =7 0o -7 =7 0 -7
196(1, 3)= —28 5 —5 —17 7. =7 14 21 —14 0
i96(1, '4) = 0 -2 2 0 —14 7 1 =T 7 —14
196(1, 6) = —28 5 —5 7 14 0 -7 —14 7 21
196(1, )= 70 —2 2 0 -7 -—14 7 7 —14 =7
196(1, 7) = 70 -2 2 14 —14 =7 0 —14 7 0
196(1, 8) = 70 —27 2 —14 0 7 —14 0 —7 =14
196(1, 9) = 0 —2 2 0 -7 —14 7 7 =14 . =7
196(1, 10) =  —28 5 —5 =T 21 70 -4 =7 0 14
196(1, 11) = 70 —2 2 0 —14 7T =7 =T 7. —14
196(1,12) = —28 5 —5 7 0 —14 21" 14 =7 7
196(2, 4) = 70 - —2° 2 0. =7 =1 0 0 =7 =1
196(2, 5) = 70 —2° 2 0o 7 =7  —14 -1 =T 7
196(2, *6) =  —28 5 —5° =7 T 7 0 7 0 0
196(2, H= 70 —2 2% 14 —14 ~14 T =7 0 0
196(2, 8) = =~ 70 —2 2 0o -1 [V Y | 0. =7
196(2, 9) = 70 2 3 —14 0 0 —17 7 14 =14
196(2, 10) = ' —28° 5 —5 7 0 0 7 0 T 7
196(2, 11) = 700 —2 2 0 7T =7 —l4-—14 =T 7
196(3, 6) = ' T0° —20 2 0 0 —7 =7 =7 —1.70
196(3, 7) = 70 —2 2 —14 7 0 —14 0 —14. =7
196(3, 8) = = —28 5 —5 —T7 —7° 21 0 7 M —14
196(3, '9) = "—28° 5 —5 7 —14 14 7 0 21 =7
196(3, 10) = 70 —2 2 14 —7 —14 0 —14 0 7
196(4, 8) = 70 —2 2 0 0 -7 -1 -1 —=7. 0
196(4, 9) = 70 —2 2 0" =7 —=7- 0 [
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TABLE 2
ind2 = 0(mod7), if f is odd. C; = B7(3, 1)

f 1 T U [0} (o2 Cy [N Cs Cg
196(0, 0) = B854 —86 —12 0 —70 —70 —170 —170 —70 -—10
196(0, 1) = 70 —2 2 14 0 -7 14 28 21 —28
196(0, 2) = 70 —2 2 14 0 —28 —1 —17 28 —14
196(0, 3) = 70 -2 2 —14 21 14 0 —28 28 -7
196(0, 4) = 70 —2 2 14 7 0 28 928 —14 —7
196(0, 5) = 70 —2 2 —14 14 —28 —1 21 0 28
196(0, 6) = 70 — 2 2 ~14 28 -7 0 —14 —7 —28
196(0, 7) = —1488 110 —12 0 126 126 126 126 126 126
196(0, 8) = 70 —2 2 14 28 -7 —14 0 -7 28
196(0, 9) = 70 —2 2 14 28 0 21 -7 —28 14
196(0, 10) = 70 -2 2 —~14 -7 —14 —28 28 0 —17
196(0, 11) = 70 —2 2 14 —7 —28 —28 0 14 21
196(0, 12) = 70 —2 2 —1l4 =—14 28 -1 -7 —28 0
196(0, 13) = 70 —2 2 —14 —28 21 —28 14 —1T 0
186(1, 0) = —126 —2 2 14 42 7 0 14 7 0
196(1, 1) = — 126 —2 2 —14 0 7 14 0 7 42
196(1, 2) = 70 —2 2 0 -7 0 —1T -7 0 -7
196(1, 3) = —28 5 —5 -7 -1 7 14 21 0 —14
196(1, 4) = 0 —2 2 0 0 -7 -1 -7 -1 0
196(1, 5) =  —28 5 —5 7 0 14 -7 —14 2 7
196(1, 6) = 0 —2 2 0 —7 —14 7 T —14 7
1961, 10) = —28 5 -5 ~7 7 21 . —14 -7 14 0
196(1, 11) = 70 —2 2 0 0 —7 —17 —T7 —1T 0
196(1, 12) = —28 5 —5 7 —14 0 21 14 7 -1
196(1, 13) = 70 -2 2 0 -7 0 —7 =7 0 =7
196(2, 0) = —126 —2 2 14 14 42 7 7 0 0
196(2, 1) = 70 —2 2 0 -7 —14 7 7 14 -7
196(2, 2) = —126 —2 2 —14 0 0 7 7 42 14
196(2, 3) = —28 5 —5 7 0 0 7 0 7 7
196(2, 4) = 00— 2 0 -1 -7 0 0 —1 =1
196(2, 5) = 70 —2 2 0 7 -7 —14 —14 -1 7
196(2, 12) = 70 —2 2 0 —17 —17 0 0 ~7 -1
196(2,13) =  —28 5 —B5 -7 7 7 0 7 0 0
196(3, 0) = —126 —2 2 14 7 0 42 0 14 7
196(3, 1) = —28 5 —5 -1 21 -7 0 7 14 14
196(3, 2) = —28 5 —b 7 14 —14 7 0 -7 21
196(3, 3) = —126 —2 2 14 7 14 0 42 0 7
196(3, 4) = 70 —2 2 0 —14 7 —1T -7 7 —14
196(4, 1) = 70 —2 2 0 —14 7 -7 —17 7T —14
196(4, 2) = 70 —2 2 o .7 ~T7. —14 —14 —1 7

iom®
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TABLE 3
ind2 <% 0(mod7), if f is even. C; = By(¢, 1)

f 1 T T Cn OCom O Cun Osm Com

196( 0, 0 )= —28 —37 —12 0 —21 —21 0 —21 63 3l
196( 0, 1M)= —126 —2 2 14 28 —14 14 0 0 42
196( 0, 2M) = 560 —51 2 . 14 49 —35 —42 —49 —490 —49
196( 0, 8M)= —126 —2 2 14 49 7 0 0 0 14
196( 0, 4M) = —126 —2 2 14 28 28 —14 7 0 21
196( 0, 5M) = —126 —2 2 —14 —14 14 42 7 0 21
196( 0, 6M) = —126 —2 2 14 721 0 28 0 14
196( 0, 7 )= 364 —37 —12 0 —21 —21 —28 —21 —49 —35
196( 0, SM)= —126 —2 2 14 0 14 14 0 928 14
196( 0, 9M) = 560 —51 2 14 —49 35 —42 —49 —49 —49
196( 0,10M) = —126 —2 2 —14 21 7 28 28 0 —14
196( 0,11M) = —126 —2 2 14 0 28 14 35 0 —7
196( 0,12M) = —126 —2 2 —14 14 —14 14 7 86 —7
196( 0,13M) = —126 —2 2 —14 7 21 0 28 0 14
196(1M, 2M) = 0 -2 2 0 -7 —7 14 0 0 —28
196(1M, 3M)=  —28 5 -5 -7 -7 14 -7 14 0 7
196(1M, 4M) = 70 —2 2 0 0 0 —14 —14 0 0
196(1M, 5M)=  —28 5 —5 7 0 —21 7 21 0 14
196(1M, 6M) = 0 -2 2 0 -21 7 14 0 0 0
196(1M, 7 )= 70 -2 2 14 14 0 —14 0 0 —28
196(1M, 8M) = 0 -3 9 14 —7 T 0 —28 0 14
196(1M, 9M) = 00 —2 P 0 7 -1 0 —14 0 ~14
196(1M,10M) = —28 5 —5 —1 —T 14 -7 14 0 ki
196 (10,11 M) = 70 -2 2 0 —14 0 0 0 0 —14
196(1M, 12M) = —28 5 —5 T 14 7 7 —21 0 14
196(2M, 4M) = 70 —2 2 0 —7 7 14 —14 —28 0
196(2M, 5M) = 70 —2 2 0 7 —35 —14& 14 0 0
196(2M, 6M) = —28 5 —5 —7 21 0 7 0 0 -7
1962M, 7 )= —616 47 9 14 49 63 56 40 49 40
196(2M, 8M) = 70 —2 2 0 —7 —21 0 14 —28 14
196(2M, 9M) = 70 -2 2 —14 0 0 —28 7 0 -7
196(2M, 10M) = —28 5 —5 7 —14 L | 7 28 0
196(2M, 11 M) = 70 - —2 2 0 —7 7 28 —14 0. 14
196(3M, 6M) = 70 -2 2 0 —14 0 0 0 0 —14
196(3M, 7 )= 70 —2 2 —14 —21 —7 14 —14 0 0
196(3M, SM) =  —28 5 —5 . —7 21 0 7 0 0 —7
196(3M, 9M) = —28 5 —5 7 0 7 el -7 0 0
196(3.M, 10M) = 70 —2 2 14 —14 =28 0 7 0 7
196(4M, 8M) = 70 0 —2 2 0 0 0 —14 =14 0 0
196(4M, 9M) = 70 —2 2 0 7 =1 0 —14 -0 =14
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196(1M,
196 (1M,
1961,
196(1 M,
196 (2 M,
196 (2 M,
106(2M,
196(2M,
196(2M,
196(2 M,
196 (2.,
196(2,
196(3 M,
196(3 M,
196(3 M,
196(3M,
106(3 M,
196(4 M,
196(4 M,

ot B Muskas
TABLE 4
ind2 =& 0(mod7); if fis odd..0; = Ba(é, 1)
i b 1 T U On O Osn O Osm  Cem
0 y= 168 —37 —12 0 —21 —2l —14 —al F—
)= 0 —2 2 14 28 —14 —14 0, —14 —14
oM)~ —616 47 2 14 49 63 56 40 . 49 | 49
sMy= 70 -2 2 —14 -7 .—7 . 0 —28. 0 . 14
aMy= 0 —2 2 14 . 0 —28 —l& -7 Q0 21
5My= 70 -2 2 —14 —14 14 —14& 7 28 71
6M)— 70 ..—2 2 —14 7 —T . 0 —28 0 14
7 y= 560 —37 —12 0 —21 —21 —42 —21 —105 —63
SM)y= 70 —2 2 14 0 14 —14& O 14 —42
OM)= —616 47 . 2 14 49 63 56 40 . 40 49
0My= .70 —2 2 14 —35 —7 28 0. 0 —14
HMy= 70 -2 . 2 14 —28 —28 14 21 0 -7
12M)= . 70 —2 2 —14& 14 —14 —42 7. .28 —2l
133) = 70 -2 2 —14 -7  —1 0 —28 0 14
0 )= —126 —2 2 14 14 0 1& 0., 14- 28
IM)= —126 —2 2 —14 7 21 0 28 0. 14
2M)= 0 —2 2 0 -2l —7 0 14 .—l4.. O
3M)y— —28 5,5 —T .2 0 7T 0. 0 .7
4aMy= 0 -2 -2 0 0 0 —14 —14 0: 0
5M)= —28 5 —5 7 —14 .—7 7 21 14 0
6My= 70 —2 2 0 -7 -7 —l& 0 —14 14
10M)= -28 5 —5 —7 -2 0 - 7 0 0. —7
nMy= 70 -2 2 0 =14 0 0 0 0 —14
12M)= 28 5 -5 7. 0 2l —21 14 -0
18M)= 70 -2 2 0. 7 —21 14 0. —1& —14
0 )= 560 —51 2 14 —490 —85 —d2 —49 —40 —49
IM)y= 70 —2 2 0. —7 7 - 0 —1l4- . 14 28
oM)= —126 —2, 2 —14 O 0 , 928 T , 28 .7
38My= —28 - 5. —5 7T 14 —7 2 =7 —14 . 14
4aMy= - 0. —2 2 0, 7 —21 14 0 -—l14 —l4
5M)y= 70 —2. 2 0 7 —21 —28 0 _ 1. 0
12M)=  70- -2 2. 0 —7 .2 0 —28 —1&. -0
18M)= —28 5 —5 —7 -7 14 —7 14 0.0 7
0 )= —126 -2 2 —14 3 7 14 14.. 0 0O
1IMy= —28 5 —5 -7 -7 14 -7 14 o .7
2M)y= —28 5 —6 7. 0 -7 —7 7T 14 14
3M)= —126 -2 2 14 14 28 0 2L . 0
M= 0 —2 2 0 0 0 —14 —14 00O
1M)= -70 —2 2 0 —14-.0 -0 .0 0 —14
2My= - T0-—2 2 0 -7 —7 —l4 0 —1¢ 14

hn..@
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