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Pointwise convergence
for parabolic singular integrals
by
E. B. FABES and C. SADOSKY (Chicago)

1. B. F. Jones Jr. introduced in [1] a class of convolution singular
integrals of the form

Tmg

(1) lim [ [R(o—y,i—9)f (y,8) dyds, 0 << oo,
o

&0 g

where f(y, s) belongs to IP(E"x (0, o)}, 1 < p < oo, and K (2, t) satis-
fies:
(i) K(z,%) =0 for ¢ < 0,
(il) K (A2, 2™1) = A™""™K (s,1), A any positive number and m a fixed
positive number,
(ill) [ K(2,1)dw = 0.
B

Under additional “smoothness” conditions on K (z, 1), Jones shows
the existence of the above limit in the IL”-gense. At the conclusion he
raises two questions, namely:

a) Under what conditions does the limit (1) exist pointwise almost
everywhere in E"X (0, co) and
b) If

t—g .
M@yt =Swl| [ [K@—y,t—s)f(y, s)dyis |,
> 0 pn

under what conditions do we have ||f*[l, < Cp[lfllpy 1 < < oo (p™-norms
here are taken over E"x (0, oo)).

This paper is devoted to the study and answering of these two
questions. As will be seen, an affirmative answer to question (b) will
immediately imply the same for (a). :

2. Throughout this paper we will assume that & (z, 1) satisfies (i),
(ii), and (iif) of the introduction, and in addition that
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o ,
(iv) K (a, 1)| + (8 0z K (2, 1) <—1W, t=1,..., », ¢ an
absolute constant.
From the “homogeneity” condition, (i), we can write

K(z,1) = Q(wltllm)rn/mwg t>0,

where Q(z) = K(x, 1).
The above conditions are sufficient to guarantee the L”-convergence
of (1), L <p < co.
We will consider functions f(y, 8) defined on B*2(0, oo) and extended
to all of B™! by making f(y,8) = 0 for s <O0.
Set
K(z,t) for t>¢>0,
K“(w’t)’—'{o( ot t<e
t—sg

fia, )= [ [K@—y,i—)f(y,s)dyds = f+E, (2, 1),
E™

f(mv 1) = ]-imf:(wy 1)
80

(the convergence in IF), and finally let

p(s) = 0 <8< oo,

1
W,

‘We shall adopt the custom of letting C stand for an absolute posi-
tive constant, not necessarily the same at each occurrence, depending
only on the dimension =, of B" and p.

TEEOREM 1. Suppose feI”(E"X (0, oo)) 1<p<oo, fHa,t) =
Sup \f.(=, B).

Then [|f*lp < Clfly-

Proof. Let H(y,s) be any function infinitely differentiable, with
compact support in the cylinder, {(y, s)|y| < 1, se($, 1)}, and such that

[ Hy,s) dyds = 1.

BN

Set
1 o
| Hlo—y)e, t—9)e" (g, ) ays.

g+l

@) = [ Kplo—y,t—s)f(y, s)dyds.

E"+1

J&(wﬁ):

@ IF (@, 1)

< sﬁm f flf"(y,sndyds.

t—8<s™ zoy<s
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Let I denote any rectangle in E™' with center (»,?) and set

~ 1 ~
folo, 1) = Sup If fy, 5)1dyds.
From (2) it is clear that
Supl]“(w 1) < Ofule, 7).

It is known that ||f,,]|,, <0 llf[],, (see [3]). Using the fact that the
operation, f —f, is a continuous operation on I”(E"X (0, cc)) we have

H?lloplf(w, Wl < Oliflls

So, to prove theorem 1 it will be sufficient to show that

(3) 18U '~ Fmllo < C 1l
Fla,t) = ™™ [ (Hz—y)[s, (t—s)/e") (inf+ E,) (4, ) dyds
got+l p—>0
= ™lim [ (H(@—y)/s @—s)[e")x
20 gl
x { ff(z,r)K”(y——z,s-—r)dzdr}dyds.
B
Interchanging the order of integration,
Fe, 1)
— g~ M iy f flz, r){ f H((z—y)/e, (t— 8)/e)(y—2, s—r )dyds}dzdr
B0 i1 B+l
Setting W = (x—y)/e, o = (t—s)/s", and noting that K,(ew, &)

= ¢~ ™MK, m(z, t), We have

fla,t) = ™™him [ f(z,7) %

#+0 i1
x| [ B, o) Eym(@—y)/e—W, (t—8)/e™— o) AWdeo} dedr
g+l .
and finally,
Fla, ) = e ™ [ flz,VH(@—2)]s, (t—8)]e)dedr.
Bt
Hence,

f(@, ) —fmle, 1)

— e [ f(a, 1) [H(@—2)fer (1—8)[e") — K (0—2)]e, (—r)] ")} dedr.
g+l
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We now congider the properties of the kernel,
N(z,t) = Hw, ) —K, (2, 1).
(a) If ¢ > 2, then
1V (2, )| < OQ+E"F) " y((o] 267"+ |a] £ (|| [26™)}.
It =2,

N )= [ Hly,s{K(@—y,i—s)—K(w, 1)} dyds,
B+
Kz—y,t—8)—K(w, t)
= [E(a—y,1—38)—K (o, 1—8)]+ [E (2, t~s) K (@, 1)]
— Q(( ——y)/(t—s)llm) (50/ t——.?)l/m) —(njm-1) 'I
+ (o) (t—s)™)(E— sy~ — 0 w/t“’”)t wimen,

Applying the mean-value theorem to each term in brackets and
using the properties of 2, we have

V(@01 <C [ |H(y, 8)lp(o—0,1/(t— ™) (1 5)-m+d .
B+l

F (10l [(1—625)") (1—0y8) "™ - 5] (o] (1 0,8)™ ) (8 5) =1+ 02,

9< 6 <1, 0 <0, <1 Since ({—s)>1 and [6,9] <1 in the last
integral, we can conclude that for ¢ > 2

¥ (@, )] < O+ (g (o] J204™) ] [ p (o] j283.
(b) It 0 < ¢ <2 and || > 2, then
1V (2, )] < Op(la f#1™) (1 g +2)=1
If 0 <? <%, then K, (2,?) = 0 and similarly

t—g

H(z,t) = lim A, (2,1) ) =1lim [ fK(a: Y, t—8)H(y, 8)dyds = 0

&30 80

since H(y,s) = 0 for s < 3.
Assume, then, that 3 < ¢ < 2. We get

ts

1A, (e, )] < ¢ f f p(le—yl[(t— 8)™) (t— 8)~"™ 1)y s

<0 f p(le][28™) 5= 0m g
o

< Op(leff20™) < Op(ja| ™).

icm
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Since fls(w, t) ten~ds point-wise to big (=, t) for every (», t)f the same
inequality holds for H(z,t) and so (a) follows. With 0 <t <2 we can
conclude that for

[V (2, )| <Oy (ol ™) @A+ ol >2.

(¢) N(x,t) is bounded for 0 < <2 and |#| < 2. K,(#, ) is clearly
bounded,

tg

H,(@,1) = [ [E@=y,t—s){H(y, s)—H(o, t)}dyds.
0 gn

Using the mean-value theorem once again we have
t—s

|, (, 1) <O f f Q((@—y) [1— )™ (4—8) "™ V) [ |z —y| + (t—5)] dyds

f [12@){s"™y|+s}s'dyds < oo.
0 g
Hence [H (w, )] <C.
From (a), (b), (¢), we have the following majorization of N (z,?),
|V (2, 1) < OLp(lo] [t1™) | [1H™p (fal ™ ML+ 24T+ B (a, 2)

where B(x,t) is a bounded function with compaet support.
Recall that

F@,0—Fn@,0) = [ Flo—z, t=r) Wlaley 7fe™)dedr.
€ Entl
Set

1
ey ) = Sup 7 [ Ve, nidedr.

To prove that
[ISup If* —fml o <C o
>

it will be sufficient to show that each of the following functions are
majorized by Cf«(z,1):

(i) Supa*"fo [l frim) (672 2 fa— g, 4 1) dedlr

(if) Sup ™ f f lel (el ™) (&™) (0 — 2, t— 1)\ dedr,

>0

(iil) Supe="+™ f [ B(a[e, r[e™)|f (w—2, t—1)| dedr .
>0 [
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Since B(z, r) has finite support it is clear that (ii)

. . . - < Of (@, ). Thi
inequality for (i) and will . BT 8
hy q " y for (i) and (i) will result from application of the following

LEMMA. Suppose ¢(s) = (1+s"H1 1> 0, and set

N(m, t) = q’([wlltllm)(l ‘I" Itln/m%—z)_l

Then

S ~(n+m) ) n ]

upe EfH N (zfe, r[e™) |f (@~ 2, t—7)|dedr < Ofu(w, t).
Proof. Set

Q)= [ [elel/lr'™|f(w—z2,t—r)|dedr,

Ir|<e gm

[N (2le, v[™) | f(w—2, t—7)| dedr
B+

=8mm[r @ (el [l I") (M2 =Y £ o b )| dedr

— smf ( n+2m +gn/m+2)—1d1-(g)
Apsume for the moment that

I(@)Q_nlm—l < Of(m, 1),
Then

m (3 /1
f ("7 4 "™ (o) < Of(a, ) f N G L a2

Setting % = ¢/s™ we have
(8n+2m+g‘n/m+2)—ldl— 2"/"‘"‘2
f (0) < Ofu(z, t)f W < Of (@, 1),

Hence our proof will be complete once we show that

I(g)e™™1 < Ofy (w, 1).
Set

Ge,v) = [ fle—z,t—r)dedr,

Irl<e [#]<»

G(e,v) < Oglo"fy(, 1),

icm
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—njm—1

I{e)e

_ g-—ﬂ[‘m—l

[ et firtm\f o2, t— 1)l dedr

Irl<e |g<etim  Irl<e |gzeli™

Since ¢ is bounded,

g™

f f o2/ [r™)f(w— 2, t—r)dedr

Ir|<e |sj<oli™

is majorized by a constant times Fulz, 1),

e g

[rl<e |z[>91/m

< Q—nlm-l f J‘

Iri<e [g]5elim

(lel[Ir ™) | f (w— 2, $—7)| dedr
p(l2l[e™) |f@w—z, t—r)|dzdr

=g~ "" [ p(ofg"™)aG (e, ).

olim
Integrating by parts we see that the last expression is equal to

—G(g, @™ g™t — I [ G(g, 0)g' (0] v

olim

00
< Of,,(a;, t) f Qz/mv2n+z_1(9m+1)lm -|—v”+‘)"2dv

olim
< Of (2, t)f AL ™)
1
< Cf (o, ).
Hence the proof of the lemma and therefore of Theorem 1 is complete.
TemorEM 2. For feLP(H*X (0, 00)), 1 < p < oo, the
t—
hmf jK(m y, t—8)f(y, 8)dyds
&0 ¢

ewisls pointwise for almost every (@, t)
Proof. Set

3wy 4 f) = limsoupf,(w, t)——]imi?fﬁ(m, 1).
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By theorem 1, ||6(z, ¢ /)l < Cllfllp-

If g(w, t) is any function infinitely differentiable and with compach
support in E"x (0, co), then d(z,?;g) = 0.

Therefore d(x,1;f) = d(w,t;f—yg). Selecting g(x,1) so that If—gll,
is as small as we wish, it follows that 16(z, ;5 f)ll, = 0, and theorem 2
follows.

-
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(F)-Réume mit absoluter Basis

A. PIETSCH (Berlin)

Bine Folge von Elementen e,, ¢,, ... aus einem lokalkonvexen Raum
B wird als Basis bezeichnet wenn sich jedes Element z<® mit einer ein-
deutig bestimmten Folge von Zahlen £, &5,y ... in der Form
& = Efn €n

n=1

darstellen 148t, so daB die durch den Ansabz
<m; fn> = En

definierten Linearformen f, stetig sind .
Eine Basis {¢,} heiBt absolut, wenn fiir jede stetige Halbnorm p
und alle < E die Ungleichung

D, fudlp () < + o0

besteht. Die Existenz einer absoluten Basis hat fiir (F)-Rdume weit-
reichende Konsequenzen, weil man den linearen Raum der zu den Ele-
menten gehorigen Koeffizientenfolgen sehr einfach beschreiben und to-
pologisieren kann. Man darf sich deshalb auf die Betrachtung von
gewissen Folgenriumen beschrinken. Insbesondere zeigt sich, daB alle
Banachriume mit absoluter Basis zu dem Folgenraum I! isomorph sind.

Es erhebt sich folglich die Frage, ob es tiberhaupt (F)-Riume mit
absoluter Basis gibt, deren starker topologischer Dual ebenfalls eine
absolute Basis besitzt. Als Hauptergebnis der vorliegenden Arbeit werden
wir beweisen, daB dieser Sachverhalt gerade fiir nukleare Riume eintritt,

Bine Binfithrung in die von A. Grothendieck [4] begriindete Theorie
der nuklearen lokalkonvexen Riume findet man in meinem Buch [7],
aus dem auch die Bezeichnungen und Definitionen iibernommen werden.

() In (¥)-Réumen sind die Linearformen f, automatisch stetig. Vgl. [2].
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