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Concerning the convergence of iterates to fixed points
by

J.W. KITCHEN, Jr. (Durham, N.C.)

This paper is devoted to a generalization of a theorem of Ostrowski
(12], p- 119) concerning fixed points.

One of the earliest and most useful fixed point theorems is the Picard
fixed point theorem (alias contraction principle) which states that a con-
traction mapping f of a complete metric space into itself has a unique
fixed point. The theorem goes on to say that if » is any point of the metric
space, then the sequence of iterates of % under f,{f*(»)}, converges to
this fixed point. The theorem proved here is concerned with the fol-
lowing question: given that a mapping f has a fixed point x*, when is it
true that iterates (under f) of nearby points converge to £*? Such a ques-
tion is clearly of interest in numerieal analysis since many numerical
problems can be reduced to the problem of locating fixed points. In
Ostrowski’s work f is taken to be a function of class C* throughout an
open set in R". The proofs involve rather elaborate calculations with
matrices and make heavy use of the Jordan canonical form. In this paper
R" is replaced by an arbitrary Banach space and the regularity assump-
tions on f are somewhat weakened. The price for so strengthening and
generalizing Ostrowski’s result proved to be small; in fact a more trans-
parent proof was made posgible, the key to it being the well-known
gpectral radius formula.

TarorEM. Let f be a mapping whose domain and range are subseis
of & Banach space X. Suppose that

1) a*eX is a fized point of f;

9) f is differentiable at z*;

3) the spectral radius of the derivative of f at =* is less than one.

Then there ewisis & netghborhood N of x* such that

im f*(2) = =*

for each zeN.


GUEST


248 J. W. Kitchen

Proof. Without loss of generality we may suppose that z* =g,
Since f is differentiable at #* = 0, we can write
(@) = T(@)+1(z),
where T' is a bounded linear transformation of X into itself and

ng@H/HM! =0.

The transformation 7' is (in the terminology of Dieudonné [1]) what
we have called the derivative of f at 4*, and so, by assumption [T, < 1.

Case 1. Suppose that 7)< 1. We pick a number r such that
Tl <7< 1. Since :

lim b (@)l = o,

there exists an &> 0 such that

I (@)l < (1 —1) fj]
whenever |zl < e Let N be the sphere {eX: |la| < e}. We shall now
prove that N has the required properties.

By a simple argument involving the triangle inequality one can
show that for each zeN s

IF @)l < R,

where B = ||T[|+1—r. Since 0 < R <1, it follows that N ig }-invariant.
Consequently, if ge¥, » then its entire sequence of iterates {f"(»)} is also
contained in N, and we get by induction on the Inequality displayed
above
If* (@) < B"|ja].
Since R™ -0, it follows that () converges to 0 = z*,
CASE 2. General case. By the spectral radius formuls

1> 1T, =,]:"_)II;HT"HI’"-

Thus, there exists an integer m such that IT™|< 1. We can now
apply Case 1 to the function f™ (By the chain rule, /™ is differentiable
ab o = 0, and T™ is its derivative at the point.) Hence there exists
a sphere M about o* = 0 such that

a) M is f™invariant,
and

b) for each ze M,

i (7" (z) = lim f" () = o,
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Sinee f is differentiable at 2* = 0, it is continuous there and we
can therefore find a sphere N about #* = 0 such that N, f(¥), /2(¥), ...,
F™YN) are all contained in M. Since ||f™(2)|| < ||z for each e M{ we
conclude that for each ¢ N the sequence of iterates {f"(z)} is entirely
contained in 3. Also, sinee f is continuous at #* = 0,

Lm f™*+ () = Gm f(f™(z)) = f(0) =0
N—>00 . N0
for each weN. More generally,
lim f™+%(z) = 0,
Tr->00

if zeN and k is one of the integers 0,1,2,..., m—1. Th'e fafzt that each
of these m different subsequences converges to «* = 0 implies that the
entire sequence {f"(x)} (obtained simply by interlacing these subsequen-

ces) converges to z* = 0 also.
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