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Classification of irreducible factorable polynomials
over a finite field”
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Andrew T. TLowu (Laurinburg, N.C.)

1. Introduction. Let GI'(g) denote the finite field of order ¢ = p",
where p is an arbitrary prime and n 1. A polynomial M (@, ..., )
with, coefficients in G¥(g) is factorable if

m

M@y, eeey an) = [ [ (tiotany b+ onti)

=0
where the a; lie in some finite field GI'(¢"). Ordinary polynomials in
a single indeterminate are inherently factorable, and Dickson (13]) and
Serret ([8]) have classified the irreducible polynomials of degree P" over
GF{g). In this paper we extend this classification to irreducible factor-
able polynomials of degree p"s in Doth the single and multiple inde-
terminate cases. -

The homogeneous and non-homogeneous cases require separate
treatment. Let P(xy, @y, ..., #) be a homogeneons factorable irreducible
polynomial over GF(g). Then (a —a,, al’ —i,, oo, W —ay) factors into
¢ factorable irreducible polynomials of degree s. In addition the decom-

s gms ms (M8 r P
position of P(xi —i, L gy ey 2" ) for m an integer greater
than 1 is determined.

Tn the non-homogeneous case, the substitution o —g for @ in an
irreducible (factorable) polynomial P(x) of a given class of degree p's,
where pts, yields either ¢* irreducibles of the next clasy of degree p's
or p"~1 irreducibles of the first clans of degree p"''s. Additional resulbs
include the demonstration that roots of irreducibles of class m of degree
ps can be expressed ag polynomialg of degree m in a 100 of an irreducible
of the first class of degree ps, and the determination of the number
w(p"s, g, m) of irreducibles over (GF(¢) in class m of degree p"s. The results
for factorable irreducibles in more than one indeterminate are for the
most part direct analogs of the single indeterminate results.

* Supported by National Seience Foundation grant GP-1693.
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The following notation and definition will be used throughout the
paper. Elements of GF(¢g) will, in general, be denoted by lower case Greek
letters, but at times lower case Roman letters will be used to prevent
ambiguity. If in the factorable polynomial M (=, ..., zx) of degree m, 2y
actually appears and has coefficient unity, M is said to be primary.
Irreducible polynomials over GF(g) will be denoted by P(x,, ...,m‘k)
and @@y, ..., o).

2. Some classical concepts and theorems. The following concepts
and theorems pertain to polynomials in a single indeterminate. Most
of the results are found in [2] and [4].

A polynomial of the form

8
f(m) _ Zaiwzﬂ%
im0
is called a linear polynomial. It as # 0, then f(z) is of order s. Ore ([7],
DP. 262, 263) lets f(x) correspond to the ordinary polynomial

8
Flo) = Y wud'

i=0
an‘d proves that given F'(x) one can find a unique linear polynomial g(w) of
minimum order (< s) divisible by F(2). We say that F(x) belongs to g(z).
Let @ () be an irreducible of degree p” over GF (p"). Using the coneept
of linear polynomials, results of Sexrret ([8], p. 301) for » = 1 and Dickson

([3], pp. 384-387) for n >1 imply that Q belongs to

(@) = Zt’ (~1) (:) P

=0

where p"'+1 <1 < p". We say that Q is of the m-th class of degree p",
where m =t—p"", so that 1 <m <p'—p™ L

TEEO%EM 21 Let Q(x) be irreducible of the m-th class of degree p".
Then Q(f:" —w)- 8 the product of p" irreducibles of the (m--1)-th class of
c.legree P’ provided that m < p"—p™ N If m = p"—p"Y then Q(a"—a)
is the product of p"~* irredicibles of the first class of degree ™.

Although Dickson did not give the result, it is possible to calculate
the number of irreducibles over GF(q) in each class of degree p".

THEOR)EIM 2.2. Let w(9", q, §) denote the number of primary irreducibles
of degree p" over GF(q) of class H1<j<p"—p™' Then

Py 4, ) = (g—1)p"@ =01,
Proof. From Theorem 2.1 it is clear that

(21) P 0,9) = @)@ 0™ g, p—p™ ).

icm®
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The theorem follows on substituting, with » replaced by 7—1,

(2.2) w(p" @, 2" =) = (g=1)(p"" )

in (2.1). (2.2) is easily verified by induction on 7.
TarorEM 2.3. The number p(s, ¢) of primary irreducibles of degree
s over GF (q) 48 given by
1 v .
ploy @) == D) pli)d-
8 1f el
DaprNtrIoN 2.1. If a is contained in GI'(¢') but is not contained
in GF(¢), 1 < e <f, then fi8 called the degree of « relative to GR(¢).
We use the notation dega = f.
TuRoREM 2.4, Q (¥) 48 an irreducible polynomial of degree s over GI'(¢)
if and only if . J
Q) = [ ] (o)
. Fea0)
and dega = §.
TroREM 2.5. Let GF(q) denote a finite field of order q. Then

al—gp = B! (2—2).
M[(Q)

TrEoREM 2.6. G (g") is contained in GI(g™) if and only if n divides m.

TUEOREM 2.7. An irreducibe polynomial of degree s over GIF(g) de-
composes into d factors each an irreducidle polynomial of degree s|d over
GF(q") where d = (s, 7).

TuroreM 2.8. Let P be an irreducible polynomial of degree s’over GF ().
Then

ot
Pla" —w

if and only if s|t.

A result ([6], pp. 229, 230) of a different nature which will be required
later is

TEEOREM 2.9. (Lucas’ Lemma). Let

m = Gyt pte byt (0 <4< p),
no= Do-t-byp-teFlp” (0L h <)

(V:) !:l (Z:) (mod.p).

3. Some theorems on factorable polynomials. The following
theorems of Carlitz ([1]) pertaining to factorable polynomials in several
indeterminates will be required.

Then
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TEEOREM 3.1. A factorable polynomial P(xy, ..., a) of degree s is
irreducible over GF(q) if and only “if

1 .
61 - P = o ot Aol )
and =
(8.2) s = [forfry oo fily

where f; is the degree of a; relative to GF(q).

Let, as in [1],

D* (g, D1y enny Tp) = loa1 i =0,1,..., k)

denote the Moore determinant.

THEOREM 3.2. Let 0(t) denote the product of the primary irreducible
factorable P(zy, @y, ..., %) tn homogeneous form of degree t. Then
(3.3) D (@, @y, -y @) = [ J6(1)-

i|s
By considering the degree of both members of (3.3) we obtain

THEOREM 3.3. Let yy(s, q) denote the number of primary drreducible
factorable P(x,,...,x) of degree s over GF(q). Then

1 ; .
vuls; 0) = — X p(@) (@' +g" V4 ).

if=s

Note that for & = 1 Theorem 3.3 reduces to Theorem 2.3.

4. Decomposition of homogeneous irreducible £--*--able poly-
nomials in several indeterminates. Let

8—1

(41) P(gy @1y .00y @) = H(agimo“‘a{lﬂml‘{‘---f|‘a%j'7’lc) ([fos fus ooy ful = 8),

7=0

where f; is the degree of o;, 0 < i <%, be an irreducible factorable poly-
nomial in homogeneous form of degree s over GF(g). Substituting al —a;
for #;, 0 <4 <k, in (4.1) and making use of Theorem 2.5 we have

(4.2) P(w%‘~wo, o —a)

= H[ao o —®o)+...+af (m;;"s——a'k)]

= H[(a%’wﬁ...+afwk)""—(ag’wo+...+a%’mk)]
3=0

§—1

- n H(aomo+ i (Ek+lq7)

2GF(¢%) 7=0

bm@
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The degree fr of 2 18 a divisor of s; hence [fo,fiy.esfi, il = 8.
Applying Theorem 8.1 to the extremc 1'1gh‘r hand member of (4.2) we
obtain

TrmorEM 4.1, Let P (2, @y, ...y @) be an drreducible factomble poly-
nomial in homogmeous form of d(’(]’) ee s over G (q). Then 1’(71/(J — %y, wl -

@y, .0y W —ay) is the product of ¢ drreducible factorable polynomials
- 1y
of deqwa g over GI(q).

Next consider the substitutions aﬂ; —gty fOV 2y, 0 =5

where m is an integer greater than 1. We have

8.1
11 fln"'ol

AU (g Jui0

<k, in (4.1)

l""’ me

1
(4.3)  Paf —ioy ooy X —=2) “h |- AT).
Since ag, 0y -- -y @ are fixed, the degrees of the irreduciblos in this
decomposition are determined by the degree of 1. Tf the degree of A divides
s, then [fy,...,fe,degd] =g and
8.1 ;
[] (o8 ..o ot-of oyt
Jmal)
is an irreducible of degree s by Theorem 3.1. 1f the degree of A is a multiple
ts of s, t|m, we expect an irreducible of degree s to oceur. By Theorem
2.7 an irredueible @ of degree ts over (1 (g) is the product of s irreducible
factors of degree ¢ over GIN¢"), that iy

8.
i i A
(4.4) Q@yy ooy ) =[] (af wot... o wy-27)
faa )
el 81 e
= ”” ao“’ol “lo-f'l”|lq )-
@ ful)

These factors are available in (4.3); hence the irreducible @(@g, ..., o)
can be constructed by Theorem 3.1. Now the roots of an irreducible of
degree t over GI'(¢°) must necessarily be of degree Is velative to GI'(q)
according to Theorem 2.4. Ilence thore ave ty(fy ¢*) clements in GIF(¢™)
of degroee ts. Since ¢ of theso elements are used to form. each irreducible
of the form given in (4.4), thore are u(t, ¢") irreducible polynomials of
degree 1s in the decomposition of (4.3). This proves:

TunoreM 4.2. Let P(2y, @y, ..., 23) be a factorable drreducible poly-
nomial in homo Jeneous fm'm of deqwe s over GX(q). Then for m an inleger
=1, Pl —a,, ..., of —ay) decomposes dnto Zw t, ¢") factorable drre-

ducible polynomials over GF(q), the dot‘ompomtbon containing (4 ¢°)
irreducibles of degree ts for t a divisor of m.

Note that Theorem 4.1 is a special case of Theorem 4.2.
Acta Arithmetlea XII.3
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5. Classification of non-homogeneous irreducible polynomials of
degree p's in a single indeterminate. Before proceeding to a classifi-
cation of non-homogeneous factorable irreducible polynomials of degree
p"s in two or more indeterminates, it is useful to consider the single in-
determinate case. Similar to Dickson’s classification of the Hreduclbles
of degree p" over GF(p") ([4], pp. 28-31), the substitution 2% —g will
Dbe employed; the result however is not so satisfying as Dickson’s in that
not all irreducibles of degree p”s will be included in the classes constructed.

Let

8—1 .
(5.1) Q@) =[[a—d®) (dega=3)

j..
be irreducible of degree s over GF(g). Substituting o —g for o in (5 1)
we obtain

8—1
(5.2) Q% —u) = H(mqs—m——aq7).
§=0
Taking j = 0,
(5.3) 2 —g—a =0
has a root i, ¢GF(¢°) such that
l‘fs = Mh+ta,

2 = 280 = 2,424,

)gps = ﬂ,l~{»—pa = ],17

as the characteristic of the field is p. Thus 1, has at most degree ps relative
to GF(g). By Theorem 2.6 if 1, has a lower degTee, it must be of the form
i, t]s. Now pifs for then 2 o = A, would imply 2¢ = Ay, & contradiction
o A = 1,+a. Moreover since a is of degree s and is a polynomial in 7,,
Theorem 2.6 implies that the degree of ¢ must divide the degree of i;
that is, s|pt. The restrictions t|s, ptfs, and s|pt taken together imply
that t = s, Consequently the degree of 1, is exactly ps.
All roots of (5.3) are of the form 1, +y, y<GF(g"). Hence

i —z—a= [] [o+(h+y)].
Likewise 1R @)
(5.4) —g—a =0 (j=1,...,5-1)

.has' gf’ roots of degree ps. They may be expressed in terms of A, as follgws:
Raising both sides of (5.3), with 1, substituted for #, to the q’th power
we obtain

1 —of = 0.
Therefore all roots of (5.4) are given b-y l‘fi + y, where y <GF(¢°).

icm®
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Thus (5.2) becomes

8.1 -1
‘aw',’ - T, o« 3
(5.5) Q@®—) ]l’{) H(uz +y) = J: {@) Hw ()

Since 4,y has dogl oe p8, any irreducible formed by Theorem 2.4
from the factors of Q(.I"I ~a) a8 dotermined by (5.5) will be of the form

)81 Pl 8es
TR 1) (AT

This provoes

msoriM 5.1, Lel Q (@) be drreducible of degree & over GF(q). Then
Q (o —x) is the product of p™ 1irreducibles of degree ps over GI(g).

We shall agsume in the remainder of this section that pfs.

The irreducibles obtained from ¢ (m""—«-w) in. Theorem 5.1 will be
called. irreducibles of the first cluss of degree ps.

If we now take an irreducible of the first class of degree ps, say,

then

P (@ 1) [I o - —27).

Taking j = 0,
At ey = 0

has a 1006 1,, which can be shown to be of degree ps as before, provided
that p > 2. (1f p = 2, 4, will have degreo p?s; see Lemma 5.1.) Thus

o —w—1y = ﬂ [@-+(Ae+7)]
(il (af)
DB L

(5.6) P (0 ) = Mqh) L [ [0-+(Ag-+9)? 1.

Since A,y is of degree ps relative to GIF(g), the application of Theorem
2.4 ylelds ¢° irreducibles of doegree ps in the decomposition (5.6). These
irreducibles will be called. irreducibles of the second class of degree ps.

We could continue constructing new classes from previous ones
in this manner, but it is convenient at this point to generalize the proce-
dure by using the following lemma:

and
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ToMMA 5.1, Let A, denote a root of the equation

2° —g—Apy_, =0,
where A, = a of (8.1). Then

m

Y

t=0

(5.7)

where 1 is any positive integer.
Proof. The proof will be by induction on 4. Put ¢ =1 in (5.7). This
yields
Agns = 2771—1"“_}“7)1.
which is the hypothesis.
Assume (5.7) holds for ¢ = r, that is,

m
lg:s = 2 (mrr—t) 2.
1=0

Raising both sides to the ¢’th power we have

Pran Zm(m" ) = Zm(m_ ) Gt

t=0 =0

= tgo: (m:t) At gﬂ: (m—(q‘t-f-l)) b= g/: (valjlt) A

This completes the proof of Lemma 5.1.

It is apparent form Lemma 5.1 that for 1 < m < p—1, an irreducible
of class m has a root i, which is at most of degree ps. That the degree
is exactly ps follows from the same argument used to show that i, has
exactly degree ps.

For m = p however (5.7) yields

A
showing that 1, is not of degree ps. In fact

2
P8 .
;\17 - 2}’7

hence A, has at most degree p%s. By an argument similar to that for 4,
it can be shown that degi, = p2s.

If we maintain an orderly procedure of calling A, a root of an irre-
dl}cible formed from the decomposition of one with a root Ay_, on sub-
stituting «” —a for », Lemma 5.1 will give A, in terms of all previous
A’s. Moreover it is easy to determine the m’s at which the degree 'chzmges
with the use of Theorem 2.9. These m's are 1, p, p?, p%...,p", ... . We say

icm®
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that A, i a root of an drreducible of the first class of degree p2s, Az i5 a root
of an irreducible of the first class of degree p°s, and so on. Thus 2,, ..., Ap2_
are all of degree p2s; Ap, ..., A3y are of degree p®s; and in general
Jyr=1y «v.y Apr_y are of degree p”s. Hence there are p*—p classes of degree
p2s, p*—p? clagses of degree p®s, and p'—p" ! classes of degree p"s.

Trredueible polynomials having roots of the form A,4-y, y<GF (¢,
of higher degree than ps are formed in an analogous manner to those
of degiee ps. In particular, irreducibles having roots of the form Ay -y,
yeGF (¢"), are obtained from the (p™t—p"%)-th (last) class of degree
p™'s; there will be p™*' of them for each irreducible of that class. We
have the following theorem:

TurmorEM 5.2. Let Q(x) be an irreducible polynomial over GF(q) of
the m-th class of degree p"s, where pts. Then Q (=¥ —2) is the product of
q° irreducible polynomials of the (m--1)-th class of degree p"s provided that
m < P —p"t If mo=p"—p"Y, then Q(#™ —w) ds the product of p™*
irreducible polynomials of the first class of degree prtls

Tt ig of interest to determine the form of a root A, of an irreducible
polynomial of the mth class of degree ps in terms of a root 1, of an irre-
ducible of the first class of degree ps. The form of 1, is determined as
follows:

As a polynomial in 1y, A, may be written

(5.8) (@;eGF ().

Raising both sides of (5.8) to the ¢*-th power, we have

-1
Ao = oy Ayt oo by AT

(5.9) Ags = “o'l““l(lt“l"a)+az(}~1+a)2+---+%-1(Z1+‘1)p_1-
Substituting (5.8) and (5.9) in
Wty =1
we obtain
P2  P=1

k
Jos0  Jemli-1

Tquating coefficients of like powers of 4., we find that @, is the first
nonzero coefficient. Thus 4, is quadratio in ,, that is

(5.10) Aa = @y A+ agA].

Now A, is a polynomial in 4,, which is itself a polynomial in 4;; hence
Ay may be written

y (J) 4y = 2y,

(B.11) Ay = boFbidte .l BT (BeGR (L))
Also
(5.12) AT = by by (A Fa) e Bpoy (Ao
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Substituting (5.10), (5.11), and (5.12) in
A —dy =12y

and equating coefficients of like powers of 2,, we find that A, is cubic
in 4.

1In general the following theorem may be stated (compare with § 43
of [4]):

TEEOREM 5.3. The roots of every trreducible P(x) of eluss m of degree
_ps, where pYs, over GF(g) may be written as polynomials of degree m in
Ay, o oot of an irreducible of the first class of degree ps.

The following example illustrates that not all irreducibles of degree
p"s are included in the preceding classification:

Let p =2,n =1, =1, and s = 3. By Theorem 2.2 (3, 2) = 2,
that is there are two primary irreducibles P(z) and @ () of degree 3 over
GF(2). On substituting 2% —g for &, P(x) and Q(v) each decompose into
p™1 = 4 irreducibles of degree ps = 6. Since p—1 =1, there is only
one class of degree 6; hence a total of 8 irreducibles of degree 6 are pro-
duced. However (6, 2) = 9, indicating that our classification has failed
to include one irreducible of degree 6.

The missing irreducible can be determined as follows: Let

P(a) = o*+otl, Q(2) =ad+at+1.
From Theorem 2.8 it follows that
(5.13) "~z = [[ Ria),
deg R|s

where the product extends over all primary irreducibles F over GI'(g)
of degree dividing s. Thus

o'—n = R(z),
deg I2(3

with the same conditions, for this example. As the irreducibles of degree
1 are % and x-41 over GF(2), it follows that
8
(5.14) P(2)@(z) = _”_j:i
@Q() = -
When the substitution 2% —z = a* 4+ is made in (p.14) we obtain
25 +a

P(o"+0)Q(a"+a) = (@ o) (@ +ao+1)

Now

o*+o = [[ Ria)
o6

icm®

from. (5.13). Tencoe @® - containg all the irveducible sextics. Therefore
the denominator (:v"w\f‘m)(w“ +-z-41) must contain the missing irreducible
gextic. Since a* o containg no irreducible sextic, o® -1 is the product
of a gextic and a quadratic: 0wl L s (0w -1) (08 2 e L)
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The sextio @ --o°-|-#"}-o*+1 i in fach a primitive irreducible over

GF(g) ([4], p- 41).

6. Classification of non-homogeneous irreducible factorable

polynomials of degree 2"s in several indeterminates. This section
generalizes the work of §5 to k indeterminates. Let

8 -1

61) Qg oy @) = | [ (el b ot taba)  ([forfuy o fil = 9),
[

I

where f; is the degree of o, 0 4o by be an ivru;lucible factorable poly-
nomial of degree s over GI(q). Substituting of —a; for @, 1 <<k,
in (6.1), we have

Qaf —y, oer, @ —ay)
8ol ) .
=[]t @ ~a) ..o o~ ]
Fua
r i i
= [T oyt @ —( oyt o) e ]

Jea0

o i i y
o= [TTT o8 @t -l 25,
fml A

=

where the inner product extends ovir all 4 satistying
(6.2) g == 0,
. S
1 4, is a particular root of (6.2), all roots are given by 4+, yeGF(¢)-
Hence ‘

g1 . ;
0 oy =a0 =[] [Tidlont oottt
el (¢ Tl

Lot # denote the degree of A, relative to GF(g). We show. that
[fusoee fo, B] = ps. Since A8 == Ay, h|ps. But hts for this would imply
¥ = 2, in contradiction to M e dy g = 0, Hence b = pt, t8. I fo =8,
then s|pt a8 «p i§ & polynomial in 4,. The conditions t|s, ptts, and s|pt
imply that h=ps; thus [fy, ..., S, bl =25 i fo#s s then
[f1yoer ful = 8. A8 h == pi, t|s it follows that [fi, vy Jioy ] = 8.

Consequently: p of the factors :

81 J i 7
[ 16 o1+ @i+ (2]

7m0
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are used in forming a factorable irreducible in accordance with Theorem
3.1. We have the following analog of Theorem 5.1:

THEOREM 6.1. Let Q (@, ..., 4x) be an irreducible factorable polynomial
of degree s over GF(q). Then Q(w%a—ml, ceny a:,%s—mk) is the product of p™—!
irreducible factorable polynomials of degree ps over GF(g).

In the remainder of this section we shall agsume that ps.

As Dbefore, the irreducibles obtained in the decomposition of
Qf —az,, ..., #f —x) will be called irreducibles of the first class of degree ps.

If we next take a factorable irreducible of the first class of degree
s, say,

p8-1 X
Py, .., o) = [[ (ot +afoetl) ([ for h] = ps),
=0
we find that
ps-1 p X
Paf —ay, ..., of —a) = ”qs [] [o8 @+ o myt-(hy+9)7 ]
QR (%) 7=0

where 2, satisfies 2°—1,—A, = 0. Let d denote the degree of 1, relative
to GF(g). We show that [fy,..., fi, d] = ps, provided that p > 2. Since
W= lay d|ps. But dfs since AL # A,. Hence d = po, v)s. If b = ps,
then ps|d as 4; is a polynomial in 4,. The conditions ps|pv and v|s imply
that d = ps; hence [fi, ..., fi, d] = ps. If h  ps, then h = pt, 1|s and
[f1s ooy foy B] = ps implies [fi, ..., fx] = s. Since d = pv, 0|3, it follows
that [fi,...,fx, d] = ps.

Applying Theorem 3.1 we see that P(m%s—-ml, ...,m}‘f~mk) decom-
poses into ¢° factorable irreducibles of degree ps. These irreducibles will
be called irreducibles of the second class of degree ps.

Lemma 5.1 can be applied in a manner gimilar to its use in §5 to
prove the following analog of Theorem 5.2:

THEOREM 6.2. Let Q(@y, ..., 1) be an drreducible factorable polynomial
over GF(q) of the m-th class of degree p”s where pts. Then @ (m’{a——wl, cen af
—ay) 18 the product of o° irreducible factorable polynomials of the (m--1)-th
class of degree p's provided that m < p"—p™ If m = p" —p™", then
Q@af—a,, ..., af —x) is the product of p™~* drreducible factorable poly-
nomials of the first class of degree p™'s. \

Likewise the following analog of Theorem 5.3 holds:

THEOREM 6.3. The roots of every irreducible P(wy, ..., wy) of class m
of c'legree ps, where p 1 s, over GF(q) may be written as polynomials of degree
m i Ay, @ voot of an drreducible of the first class of degree ps.

) TB;EORE?\I 6.4: Let py(p"s, g, j) denote the number of primary factorable
irreducibles in & indeterminates over GF(q) contained in the J-th class of

icm®
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degree p"s where p A s. Then
: s L f = 1)—r
Pe(P"85 ¢ §) = wiels, p™¢ I,
where wi(s, ) 38 given by Theorem 3.3.
Proof. From Theorem 6.2 we have

1 ’r—Z).

(6.3) w08, ¢, 5) = ™ g g (" s, " —p

Tt can be proved by induction on r that

(6.4) "/’Ia(pr‘% /B T‘r ”"'prml) = "Plﬂ('\'; q)pmuﬂ‘_l) e
The theorem follows by substituting (6.1), with r replaced by r—1, in
(6.3).

The total number of irreducibles vy (ps, ¢) constructed in all the classes
of degree ps is
(6.5) Bu(p8; 4) = wils, Q@)L+ ")
according to Theorem 6.2, Tt is instructive to take an example to com-
pare y(ps, ) with wi(ps, 0):

Tet k=2, p=2, n=21, and § = 3. From Theorem 3.3, 12(6, 2)
= 670. Substituting we(3,2) =22 in (6.5) and ovaluating yields
2(6,2) = 88.
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