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A simple elementary proof of M(x)= ) u(n) =o(z)
n<e

by
M. Xavmckr (Warszawa)

The proof starts from a very simple deduction of
(1) M(x)log*w

- — Z M( )log2p+ Z

PLE PP

®
M »@,—)logplogp'—\-() wlog ).
(pp ' (@lo

On the basis of (1) and Selberg’s theoren the inequality

@) (3 ()] 1°g;w < f ]M(-;f) logtdi+ o (wlog*®)

is arrived at. Finally it is shown that this inequality is self-contradic-
tory if M (x) 5= o(w).

The proof of R(z) = y(x)—a = o(x) by Selberg (as presented by
Hardy and Wright [2]) passes through similar stages in relation to R ().
After a deduction from Selberg’s theorem of

R(x)log2w
=7 2 ( ) (m)log n+ 2 (;%l—) A(m) A(n)+ O(wlogw)
new Tne®

on the basis of this and Selberg’s theorem the inequality

IR (@) 2 ” ( )

i arrived at. Next it is shown (by using Selberg’s theorem again) that
this inequality i self-contradictory if R(s) # o(x). Starting from (1) it
iy possible to apply the argument of Selberg’s proof to M () rather
than to R(») because this proof is based solely on those characteristics
of R(») which this function shay§ pyith. M (m).
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logtdt-- O (wlogx)


Pem


M. Kalecki

w

Our proof, however, uses certain specific characteristics of 2 (x)
which render it much simpler(}). In this respect it shows a certain af-
finity to the proof of M (2) = o(#) by Postnikov and Romanov (as pres-
ented by Gelfond and Linnik [1]). This proof uses Selberg’s theorem
in order to obtain the inequality

| M (2)] logw <

Next it is shown that this is self-contradictory if M (x) =0 (). It secms,
however, that our proof is somewhat simpler and more “natural®. We
shall now proceed with its presentation.

LeMMA 1.

(1) M(x)logx

= _ZM( )log2p+ 2 ( :;,)logplogp'—k()(mlogm).

LT PP'SE

M(:i) . + O (xlogloga).

Proof. We have

pim)loghn = u(n) (3 A@) = pln) D) A2n)+p(n) 3 A@AW)
an djn dag’|n
Hence
p(n)logn
n<w
log2p P
= — M( )10g2p—|—0(m —— ( ,)'10 logp’ -
Z; )22 = MZQ | logwlogp’
ri<a
logplogp’ logplogp’
+0(= — =+ 0 —
()2 T <>2Z e
ep'sT AT

:ZM( )1og2p+2 ( >logp10gp+
< I<E
2 22 | oo )210&20 2 E?E?“,

1
+0@)+0() > "jp
p’<—— “‘<-—

»'<z

(). After this paper had been completed I came across the paper of
Nevanlinna [3], who simplified the proof of the ocontradietion involved in

(R (@) 252 <f z(2)

ing some ana,logy to that applied by myself in proving the same for (2) it M (s) 7 o (x):

logtdi+O(zlogw) if R (x) 5 o(x) applying & method bear-

hm@

Hlementary proof of M(m) = 3 p(n) = o(x) 3
N
and bearing in mind
Z,u(n)(logzm—logm) = O(wlogx),

n<e

we obtain

M (z)logis = —Z.M( )1og2p+ ZM

< joag=<d

el

1
Proof. We obtain from (1)

@ @
<2[G) (53]

<

@

—|logplogp’ - O (zloga).
(pp) gplogp’+ O (zloga)
LEMMA 2.

(2) | M (x

logtdt-+o(xlog2e).

| M (@)|log2® log2p -+ logplogp’ + O(xlogx).

Let us form a sequence y; = a(1 —|—B)i log o where ¢ is an arbitrary constant
0 <i<kand ¥ and a are determined as follows

)

10gm-—1oglogm] x
3 =2l - B = =
®) ’ [ log(lte) I (% eylogs — O
We have for y; <t < ¥y,
o e u() o) xfg) ol
t Ys Yi  Yi 1
Hence

| M ()| log?

—

<

o<k

( Z log?p -+

logp 1ogp’) +
W <PEY) 11

YL<OD KUy

“f3) ol
Yi Yu
-+ O (vlogm).

Taking into congideration the theorem of Selberg in the form

Dlog*p+ D logplogp’ = 2ylogy-+0(3),

PEY POV

we obtain

logplogp' = 2ey;logyi+ O (ys)
Vi <PP'<Upp

log?p+

V<PV
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and, bearing in mind that according to (3)
logz—loglogaz—loga
- log(1-+ &)

e 32

o<i<k

H

we have

|.M () log s+ &0 (q«]oguﬁ) 40 ({« l()gm) .

Applying (4) we obtain

oef2) [

and, bearing in mind the arbitrariness of ¢,

Vi1

Vi1
logy; -+ eO(mlogm)) = f
;i

logidi -+ O (em) f

1;.;

1¢ L
Rl

t . @
M (@) 8 < M(ﬂ> logtdi+ O (ew) 8 ro (—F-log'.n)
Yp=alogz ¢ Yg=aloga ’
x X
@ z
= flM (-t—) logtdi+ O (exlog?a) = f ‘M(T) logtdt-o(xlog?a).
1 1
LeMMA 3.
S zlog?n
(5) flM( )logtdt <ga-n—2=,

1

where g = limgup| M (2)/2| and A s a constant >0 if g > 0.
Proof. Denoting «/t by w we have

o

1
‘We shall show that

z

’ o @
M(w)|log ——5 <
fl (w)ilog -~ < g

1

@
z dw
logtdt = fM log — .
ogidi = o | 1D {w)log =

log2x
(L—24) —

We can write

!‘(” = Y 1og & Mnt1)—Mn)
vn<U V<N "
. M(n) z M (u) @ M(v) @
_2 n(r1) 8w TOWT T Tl — = loe

hm@

Blementary proofof M (%) = 3 m(n) = o(x) 5
n<a
where u <z, and taking into consideration that

u(n) z ,u(ﬂ 2 X1 u(n)
—= —_— log =
n log n 2 " + U Z n

n<u nguU n<u

O(l)-—l-()(log%)

we arrive at

b @\ M(n)
0(1°g%‘)+0(1°g7) = 2 wetD

VKU

b & a
og— + Ollog— |- O (log —
f’n l (Ogu)l— (ngv)

and thus obtain

z dw
wlog | =

M (n) @ @ bt
- —log— 0 (log--) ‘ < alog—
vy n(n+1) n v v’

where o i8 a definite positive constant. )
Let us now form a sequence z; = b(1-+h)logw, where b is an arbi-
trary constant, 0 <7 <j and j and b are determined as follows:

(8)

. logw—loglogw )
j= [_L_EL] o).

log (L4 h)

Let us denote the maximuwm | M (w) Jw| for z; < w < 2¢,, by my If M (w)
does not change the sign in the interval 2, #;,,, then according to (7)

—_—
T (1+h)loge

Fi1
(©) [

%

mn

o dw
M (w)|log — —5- log —-.
()l log w8 2

If, however, M (w) does change the sign in this interval, |1 (w)| has to
pass through all integers 0 << s < my2; and

f | M ()| drw = 5.

| M (w)|emtt
Thus
s ' i)
w dw o
f M (447)\10{: tz. - m;f log -~ - '--k)g- WWWWW Z ([miz]—8)
2 ~1|1 ~f|1
LI
¢ dw  mis}
log . 20 e .
Imlwi o8 wow 2z§|l ‘log 24 ( o)
log(1-+h) ) ma o
= M, |log — log (1 + h) = e 10 14+0(1).
f( e T (L)~ g log (1+o0(1))
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For h>1 and m; <1 the expression in the last line is an increaging
function of m; because 1 < (14 h)*log(1+h).
Thus we can write

Zi+1
. 2 dw x dw g*--o(1) »
(10) J M(w )110€‘“4;)‘- {g+o( f log 'q';';v‘—*"(“:ij;'j)" "g”z‘;;:,

where g = limsup|M () /®].
It i3 now easy to show that the expression on the right-hand side

exceeds alog hd if b is sufficienly large. Indeed,

2
o log(1+47) 9*+o(1) ®
1)) (log — 4 =224 - )
{9+ ))(ngm +— )log(1+h) 2(1+h)=1° .
1
> log(g-+o(1) ((1—M)10g(1+7b) Srol)
’ 210g. % 21 )
E
g-+o(1) _gtol), @
= B (10g(1+h) (1—|—h)2)10 P

whereas if & is sufficiently large
[ g°
—{log(1+ h) — ——— .
e +m - ) >
Thus aceording to (9) and (10) we have with a sufficiently large b

[t S

4.1
_ logw—loglogz—logh
log (14 h) !

a:(lw

@ dw
f 1M () log = =2 < g+ 0(1
w w

Since according to (8)

we have

: dw log?s +0(1)) log?
| ()] log =3 < 1(g_ lg-+o(1))log*a
J nconos 75 < o) (B3 - g

log2a
<gu-n-—2Z,

where 1 is a constant > 0 if g > 0, which in view of (6) proves the lemma.

hm@

Blementary proof of M(w) = X p(n) = o(n)
<

<4

TusorEM. We have

(11) M(x) = o(x).
Proof. According to (2) and (5) we have for g >0
@) ET < g1 TEL o atogia).
Hence
2 < ya—n+o)

which involves a contradiction because ¢ = limsuyp | M (@)
which proves the theorem.

Jo|. Thus ¢ = 0,
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