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ACTA ARITHMETICA
XITI (1967)

Rectangular arrays and plane partitions *
by
T.. Carurrz (Durham, N. C.)

1. Introduction. Let my, n,, ..., 7, be nonnegative integers such
that n, = ny > ... = 1y and let =, (ny, Ny, ..., 7;) denote the number of
kxr arrays of integers

My Mgy Pag vee Mygy

My Ngy Moy +rv Mgy
(1.1)

N Mgy g+ v e Mg

such that
wENe 20 (E=1,.,k),
= Ny (j=1,...,r—1).

We show that

(1.3) T (Mg y Mgy ooy M) = ,

Ng4r—1
'r—~1+_1~—1)) 1,...,%)

where the right member is a determinant of order k. When k = 2 we are
also able to obtain a fairly simple generating function, namely

(1.4) ”((1"‘37)(1"':'/)""3)45(""'7?/,z)
= }(1-+a)e—p(1—2)(L—ay)+ $(1—a) {1—2(ay +2)+ (zy —2)'}},
where

70 (1, mya"y™ e

Mz

D(x, vy, 2) 22

ol M=l Mo

3
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30 L. Carlitz ) Rectangular arrays and plane pariitions 31
In this connection we remark that the enumeration of two-line arrays . and 7
i ”
5
of the type Z Z Mg == My Nqy < N
- =1 j=1
My My Mg ooo Mg oo Ny It follows that
(1.5) o
g My Mg ..o M
M M2 M : A (1.9) T (B} 0) = 21)’“”‘("”" nya™.
where . . . M=)
Mg > Mg Ny >Ny =0, Mg >Myy 20, 7 =8, Morcover the determinant in (1.8) can be evaluated and (1.9) becomes
” , "

hag been discussed in [2]; see also [3].

(o]
) (1.10) N prp(m, n)a™
In the next place we consider the function 2 Py

W= )

1.6 Ty (Mo ovvy Mg} ) = a’, — __(a)x((”)z- - (@) y . (@ngr (@) ngsa- (Bnprira
(1.6) ) 1 ¥ Z (@)p(@)ps1- - @yt (@n(@)ngre e (@ nprn
where

kor—1 & where
o= 2 Z' m-,‘+2m- (o) = (L—a)(L—a%)...(1— a¥).
=1 /=1 =1

- The right member of (1.10) is evidently symmetric in % and r, as

and the summation in (1.5) is over all n,; that satisfy (1.2). is to be expected. . »

We show that Formula (1.10) is due to MacMahon ([5], p. 243); in MacMahon’s
notation the left member of (1.10) is denoted by GF(%;r;n). As Mac-
Mahon pointed out, (1.10) includes as special cases the generating funec-

=) (=7=1) [ njfr—1 :H (Gy5 = TLyuuny k), tions for k-line and plane partitions; Chaundy [4] has given simpler proofs

(L.7) 7 (g ovny N @)

— gt T

r—itj—1 “of these results. ,
where For a combinatorial interpretation of (1.7), see §8 below.
(L—a")(1—a™Y)...(L— a1 ) )
["] = i . 2. Two-line arrays. Let =, (n) denote the number of one-line arrays
% (1—a)(L—a?)...(1—a") ' I
It we put |fn Ny My v.. m_l| mznz2n2...20.,=0).
ey (05 0) = D mlnyy ey a) It is casily verified that
[ <)
it follows that (2.1) (1) = (”;“‘]1) (r >1).
P ~kn -
1 @) = g ey T3 @
(1.8) T3 8) = 07 tpia (1 - 13 6) Now let m.(n, m) denote the number of two-line arrays
- ’“m"mu"l)[ﬂ_i:-j] (y§=1,.., k).

N Ny Ny oee Mp_y

Now let p.(m,n) denote the number of arrays (2.2) B

(ng) =1,k j=1,...,7) where
that satisty NZN 2N 2 20 20,
| P M =My 22 My 22 0es 2 My =0,
Mg Z Mg 2 ..o 2N 20 (P=1,...,k), = Z = 1, .
: n=m Ny 2= My <7<
”11?”21? ~->'"’k7'>0 (_7 =1,...,’I') = "y j = My ( s )
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Then it is evident that

m k12
(2.8) Ty (1) M) = T (N y M)
'ml=0 nlzﬂ”b]
This implies
n
(2.4) Ty (M, M) — Ay (0, m—1) = 3 (g, m).
ﬂlm'm
If we define m,,,(n,—1) = 0 then (2.4) holds for all m 2= 0.
Clearly
mm,m) =1 (n2=m).
Thus (2.4) gives
"
my(n, m)—my(n, m—1) = Y1 =mn—m+1,
nl:m
80 that

7y (0, M) — ;o (N, M—1) = N — (V;)

Since m,(n, 0) = n+1, it follows that

« 1
(2.5) ma(n, m) = (n+1)(m+1)— ("F7).
In the next place, taking r = 2 in (2.4) we get

2 7 (101, M)
M1=m

y(n, m)—my(n, m—1) =

2{n,+1 (m-F1)— (m'*' )}

{1(;—;—2) (m+1)]l (m41)— ('n——m+1)(”'+])
= ("1 m+n—@t2) (5.
i =) - 17

By (2.1) we have
(2.6)

Ii

Il

Hence

7. (1, 0} = m,.(n) = (n+'r- 1)

r—1

and therefore

(2.7) ﬂ:a(fn" m) = ("";’2) (’m'2|'2) (n-+2) (m+2)
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At the next stiep we get

wioem = (T)E-CF) 0T

(2.8) 2

This suggests the general formula

2.9) mln,m) = ("IN - ()Y s,

r—2 r

Agsuming that (2.

9) holds up to and including the value r, we have,
by (2.4),

i1 (11, M) — 741 (my M—1)

S ) - () )

R B R e
= (")) =GR

It follows that

sy =, 0 = (*T() =) = ) ().

In view of (2

I

1l

.6) this reduces to

o = () (7427 (35
This completes the proof of (2.9).
It follows from (2.9) that

a0 S = () TR
and :
ey 3 St m =) - 05) 65)

3. Generating functions. Put

Z.Q‘ Zwlﬂ;(n’ m) o y"

D, (2, y) =
MmO W

Acta Arithmetica XIIL1 3

(3.1)
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It follows from (2.4) that
1= Dyl y)

= (”r—}-l(“; 'm')_ Topi1 ('”’7 7’7’"1)) mn‘.l/m"," Y Z/ T g1 (""’7 'm’) (m:’/)m
m=0 ﬂ:’l‘)ll N0
o0 -] n 0
=333 mlng, myay™ —y Y i (my m) (zy)"
M=0 Ne=M Ny=M M=
o0 00
= (1—ax)™* 2 a(n, m)a™y" —y V Ty 1 {00y 100 ()™,
M=0 N=m P U
80 that
(3.2)  (A—a)(1—y) Py, y)
~
= Q. (2, y)— (L—x)y Zn,_l,l(m, m) (ay)"™  (r 2 1).
M=0
If we put
(3.3) Dz, y,2 Zz(f) %y,
re=l
then by (3.2)
(1—”;)(1“?/)([)(“; Y, z)

Prm

= 0=2)(1=9)ePs(m, )5 ¢ Bula, y)—

0

=)
o)y 3 Beiatm, m) oy .
=1

My
Since

@y (2, y) = (1”@)—](1—“7?/)_1;

this reduces to

(8.4) (L—a)(L—y)—2) D(z,y,2) =s—(1—n)y
Now by (2.9)

m(m, m) =‘ (m;&-jl— 1)2 _ (m

o0

Peal el

;j:r; 1) (m—l—:—« 1)

_ N mtr =11 1 e e
(m+1)’m’r'(r~1)! N ’mw( r )(r«l)’
for all'7 > 1. Thus
(3.5)
g; gm(’l’n, m)(zy)"e" = zi‘ g’ﬁrﬁ(m+:+1)(1n;]:l'r:-{»1)({v?/)7nz,

r=0 M=0

00
2 2 e (i, m) ()™ &

bm@
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On the other hand
1—u—v—{1—2(u-+v)+(u—0)}

=Ll—u—v—{(1—u—0) —dup}t

4uw &
- (1—40—1;)—(1~u,_@){1_ T__u%}

oo

r=0

(4uw)”
,0)27‘— 1

(1—u—

(ant
ri(r41)!

(uw)*+?
(1 —u—0)**t

(27:— s) ()

27 +8+4\ [s+5), 5,9

() (7)o
o min(m,n) |

=9 Zwm.u,un»u 2 B (27)! (m—[—n) (m—i—fn-2r)

rl(r--1)00 2r m—1

xin(m,n)

NN ) re=0

(’Wb—l—’/b)' (m—f—n-l— 1)

amH gttt
Hn+1)1) m+1 '

=22 v

M, MmO

Comparigon with (3.5) yields

00 00

(3.6) 2wy Z an(m,m)(m]/)mz'

Pl M=l
= 1—gy—2— {1—2(ay+2)+ (ay—2)'}.

Hence (3.4) becomes

o((L—a)(L—y)—2) B(z, ¥, 2)
= }(L+0)2— 3L — ) (L—ay)+ } (1 —2) {1 — 2 (wy +2) + (ay — )"},
For example, when y = 0, (3.

(3.7)

7) reduces to

D(n,y,2) =
which agrees with (2.6).

1—o—2’

35
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When y =1, (3.7) reduces to

wzzm: 5] Z”: e (n, m)a"2"

r=1 N=0 M=0
= }l—a)—3(1+z)2—1%

Tt can be verified, by expansion’ of the right member, that (3.8
agreement with (2.10).

(3.8)

YA +2) {L—2(2+2)+ (2 — 2}
) iy in

4. Three-line arrays. Let m,(n, m, k) denote the number of arrays

N My Ny een Mgy
(4.1) m oMy My .. My
Eoky ks v kpn
such that
MMy 2Ny .. 2y =0,
MMy My 2= Z My =0,
zkh2kh2...2ka.20,

Then clearly

(4.2) mn,m, k) =1 (nzm=hk),
(4.3) n,('n,m,O) = gy (1, M)
and
k m %
(4.4) Tpy (My My k) = 2 (Mg y Mgy By)

kym=0 my=ly fy=my

If we take r =1 in (4.4) we get

Ta(M, My k) = 22 Zl—ZZn My 4-1)
k1:° my=ky By=my Fy=0 my=ky
= D{m—mtnm+n— ("5 + (%)}

Foy=0
= G+ m+ 1)+ 1) — (T )= 1) (*F
This can be written as follows:
1) % 1)

(”“)@: (7
203
("3

v ()
)

eft)

(4.5) Ta(m, m, k) = (n=zm =k).

hm@
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Taking r = 2 in (4.4), we get after a little manipulation
(739 (") (1)
2 3 4
ma(n, m, k) = (%—'1-2) (7"';-2) (k—;Z)

Nals

(4.6) (n=zm=k).

This suggests the general formula
+r— l)

n4r—1 m-i—r—l
r—1 r4-1

(
@ w5 ) 7
|
f

nz=zmz=k).

ntr—1 m+r—1 k-tr—1
r—3 r—1
Agsuming that (4.7) holds and making use of (4.4), we get
09 ml+7—l ml~|—r——1 kyr—1
" m 7 ( 1
Ty, m, k) = Z (rj:) (ml;lfr 1) (’ml+1'1— 1) (k vk )
Fey=d my=ky
n-tr m1+r-—1 mﬁ-r—l ky 41—
(3) = ) )(7_1)
n+r\ (m4r Iy +r—1 ky+r—1 N +\ [k+r
& r r+1 r4+1 r-1 r +1 r+2
_ 'rb—i-r m+r ey +r~—1 kl-l-'r-—l n+ry (m+r\ [k+r
- r—1 r—1 r r+1} "
Jeg=
1=0 n-r\ (m4or kl-l-v—l Toy 4-r—1 n--r\ [m4-r\ (k47
-2 r—1/ 7\ r—1 r—1 r—2] \r—1 r

Thig evidently completes the induection.

It follows from (4.7) that
-1 w+ry [ndr
r—1 r<4-1/ \r+2

- —1 NA+ry (ndr
2 r r+ 1)}
nAr—1 (n+r 07
r—3 r—1 r
In proving (4.8) it is convenient to sum first with respect to m.
A more symmetrical result can be btained for the function

» »

Ty (D) = 2 2 2 ape(n, m, k).

k=0 M=k Nomm

(4.8)

k3 n
Z Z R (0, My k) =

h=aQ Mok

(4.9)
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) 6
(4.10) myr () = (ff f) (p;ﬂ) (‘f“) :
(E5) B 7

Tndeed it is evident from (4.4) and (4.9) that

We find that

0 (P) = Ty 1 (P, Dy D)

5. The general case. Let m.(ny, %;,...,n;) denote the number
of arrays

Ny Mgy Mg oev Mypa
Mg Mgy Mgg +or Ngpy
(8.1)
N Wy Mg +++ Miep—1
such that
NS0y BN 2. e 20 (J=1,2,...,k),
Ty Mg S eee = Npy Mgy 2Ny = =M (8=1,2, ,'r—l)

Then we have the recurrence

ko N1 ny

4
(8.2)  ppy (g, gy eeny g) = Z Z 2 (Mg y Mgy o nvy M)+
mk=0 mh_1=m,c ml-mnl

Also it is evident that

(8.3) T (Nyy Moy ooy ) =1 (Mg 20y 22000 2 Ng).
We may write (5.3) in the following form.:

62

This is the case r =1 of the general result

("f?”."l )’ (6,5 =1,2, ..., k),

(h.4) T0 (Mg ) My ooey Ng) =

(6, = 1,2, ..., k).

(5.5) T (M1 Nay ooy Mp) = Py |

where n, = 1y, = ... = N

We assume that (5.5) holds up to and including the value » and apply
(5.2). Then exactly as in the case & = 3, we first sum with respect to m,.
Thus the first column of the determinant becomes
(”1”)—(’”2“.‘1) (6=1,2,..,%.

r—i r—1

Reclungular arrays and plane partitions 39
Adding the elements of the second column to those of the first, the latter
becomes
Ny 47 . .
(1}_@.) (i=1,2,..., %)

Next summing with respect to m,, the second column becomes

(T’ff;:fl) - (”ﬁsj’;’f) (i=1,2,...,k).
Adding the elements of the third colamn to those of the second, the latter
becomes
(T"_’ﬂ;:fl) (G=1,2,.., k).
Copbinuing in this way we ultimately get

nr+1(”1) Ny ovny M) = ‘(ﬁ;:f )} (i,j =1, 2y k).

Thus completing the induction.
If we define

. T 1”1 'm]‘;__
(h.6) g ( E 5’ 2 7o (My mz, cevy M),
My =0 m2=0 Mpp=0

it iy evident from (5.2) that

(5.7) T () = Tpp1 (0, Ny vy M),
Since ([6], p. 257)

n-r
r—i+4/ i

F=1,,k
it (k1)1 Cndn)ln+r+D(nfrB—1)!
e+ (r+E—1)! nl(n+1).  (n-k—1)!

it follows that
(h.8) 7t 0 ()

12t (k1)1 (npr Dt (k-1

P D)L S (A — 1)1

The right member iy evidently symmetric in %k and r.

6. The weighted case. Put

(6.1) T (Nyy o evy s Za ,
wherc
Lk ore1 I
el el P |
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and the summation in (6.1) is over all ny in the array It is easily verified that

~x[J 1
Ny Mgy Mg ove Myp—a (6.7) Zai L[J] - [;:il]
(6.2) Mg Mgy Ngg «vo Ngpr =k
P It follows that
N Ny Mz Nrep—1 oy —
3 H ’
such that ) m
. n-+ 2 my + 1T\ [my -+ 1 2 my 41 41
My 2N 2 2 200 (=1, k) = "% Z“ml{([ 2 ]"[ "2 ])[ "1 ]*([ 1 ]*[ " ])[M12 ]}
and MI;('
Ny Mg e, 2Ny My BNy = 20y (J=1,...,r=1) — gpim Z mn{[”+2][m1+1] [" 2][ ]}
The parameter a is arbitrary. =0
It is evident from the definition that — g {["+ 2] [m+2] [%-f- 2] [m 2]}
2 2 1
(6.3) (i, ooy iy ) = A" (> ).
o s . The general formula is
Also it is easily seen that
ny Nh ny ntr—1 m-+r—1
@
(6.4)  Fey1(Nyy.enymp;a) = n1+...+m.,2 Z Zn,(ml,...,mk;a). (6.8) m(n, m; @) = @+ [ r—1 ] [ r ]
Mp=0 Mp_ymMy,  Mymsty [n+r— 1] ['m,-)-'r— 1]
To begin with we take ¥ = 2. Then, by (6.4), we have r—2 r—1
Indeed, assuming the truth of (6.8), we have
(6.5) Tppr(ny My @) = a® Z (M, My 0

) Mey=0 Tymily m n [
In particular we have, by (6.3), Ty, M @) = A" N r—1
m + P [nl—l—r— 1] ["”'1 +'r—1]

Ny +r— 1] a[m1+r~— l]

r

. a™— g+l =0 M=y r—32 r—1
7y (n, m; @) —-a‘“"z Z "'1’”’”1—@"""'2 ™ —— -
Ty B, o 1—a n [n +r] [m1 e 1] . I:ml fr— 1]
. M M 7 T
gt (] gEme 1 — g™mt = @ a
— e 25 | —1[n+r s m]+r—1 my+r—1
e i e P
L g™l L gl 1— @™y (1 — g . N my+r—1
B S ] | FE
—a l—a (L—a)(1—a") =@ Za 1
e a,_.l['n,—l—r] [m,-l—r—-l]
- aln+m{[n-1-l] [m+ 1] _a[m,-l-l]} 1= r—1 1
1 2 ! i
where . w7 g [m+7r nr m+r
b | OO T [ i e
. = . —i[nr m 1" -7 M-
k (1—a)(1—a%...(L—a" a [T_l [ , ] [,_1] [ N ]
In the next place
P m o In the next place, for the three-line case, we have first of all

atnymie) = 357 guem [ 1]t 1] [t ])

gm0 mimmy (6.9) w(n, m, k; a) = a™"™* (n > m=k).
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Then
& o (e, By @)
k m " k K T
nytmgpky 2 gk ([P 1] oy
2@ D D -]
ky=0 My=ky ny=my k=0 Mmy=aky

= S (BT el )

_ FZE- 1] ['m ixl 1] [Ml- 1] _ “[Mz— 1] [Ml- 1] —a [ln { 1] [m; 1] — “s[/‘”’ j‘ 1],
so that
[n-{— 1] [m;wl o [70-; 1]
(6.10) qg(n, m, k; @) = a®"™E 1 [m+ ‘1] I [ln+1

Continuing in this way we get

[fm;i:i-l— 1] a[m—f-;«w- l] a [Ia -:“rl Tl]

(6.11)  me(n, m, k; a) = o™+™t¥ [n—HW 1] [m“'""]“ 1]' a,[IH'T”" 1] .

r—-2 [ I

wr—1 W= — 1 T -1 1
a[ r—3 ] [ r—2 ] [ 1 ]
We shall omit the proof of (6.11).
Comparison of (6.8) with (6.11) suggests the following general vesult:

a‘i(/l—/)(i--a‘w[ nykr-1 ]‘

6.12 T (Myy oeey gy @) = @™
( ) 72 19 s T @) Y )

(B, =1,2,...,k),
where ag usual we assume that ny = ... 2 .
For » =1, (6.12) evidently agrees with (6.3). Asswumning that (6,12)
holds up to and including the value 7, we have, by (6.4),
(6.13) g ™ Tt (M ey T @)
nk ﬂk__l 'ILl

—_ . a™t ot g,

I .1_;)[ iy - 1 ”
=0 Mp_ =M My =ty o 1
ierfor g the summagion with respect to m,, the first column becomes,
Y (6.7),

“Himl)w)([ﬁ;{l]“ [mzz—-ki:jll]) =120 8).
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The second column is

RICEICS 3)[%_4;’;11] (i=1,2,..,k.

Thus multiplying the second column by &~ * and adding to the first, the
latter becomes

1) (T + : ¢
RIS 4)[ - ’"1] (t=1,2,.., k.

r—i-4

We now perform the summation with respect to m,; the second
column. becomes

a;(i-ﬁ)(i_s)([/ig;:é] _ [?Z,a_-l;”_'l:‘zl]) (1 =1,2,..., k),‘

which finally gives

ai(i-z)(w'—s)[ﬁzifg] (i=1,2,..., k.

Proceeding in this way we find that the jth column becomes

a,*(i“’)("*j—”[ ”ff”’j] (i=1,2,..., k),

r—i+4
so that (6.13) reduces to
(6.14) @™ g, (R .ey g @)

HE=9)E-1-3) [ﬁ j;]” (4, =1,2,...,k).

Now multiply the ith row of the determinant on the right of (6.14)
by a'! and divide the jth column by &', so that the value of the deter-
minant is unchanged. The exponent of ¢ becomes

Yi——j—38)+(t—1)—(j—1) = §(i—j)(i—j—1).

Therefore (6.14) becomes

gHi=n-i-n [ -+
r—i+tj

(i,§=1,2,...,k)

. T
Wr-}-l(“‘la ey Mg 0) =@ it U

and the induction is complete.
If we define

(6.15) T @) = Z T (Mg +ovy s B),
N KMy T

then it is evident from (8.4) that

(6.16) A () = e (M 2y W5 a).
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Hence 7, (7; a) is evaluated by means of (6.12):

(0.17) (0 @) = [ XA ] 2 ]

(z’,»j =1,2,..., k).
We remark that the right member is a polynomial in a.

7. Applications to partitions. Let py,.(m) denote the number of
kxr arrays of integers

(7.1) (ng) (E=1,2,..,k5=1,2,..,7),
such that :
(7.2) Mgy Z Mg = Z04p 220 (1=1,2,...,k),
“ Mg 2 Mgy = By =0 (j=1,2,...,7)
and ’

k r
(7.3) 22%1'1 = M.

Also let py,(m,n) denote the number of arrays (7.1) that satisfy (7.2)
and (7.3) and in addition n;, <n. Thus Prqa(m, n) enumerates parti-
tions of m in which the parts do not exceed n, while Drr(m) enumerates
partitions in which the size of the parts is unrestricted.

Comparison with (6.1) and (6.15) immediately yields

(7.4) T (N} @) Zpk, (m,n)a

Me=0

Thus (6.17) furnishes the generating function for p; ,.(n, m). Since Fpep (1) @)
is a polynomial in @, there is no question of convergence.
If =1, we have ‘

Té"plrn m) =[’n+1‘]

This is of course a familiar result. When & = 2 we get

jpz r(ny m)a™ = [nj-r] ’ [:hi_ﬂ = [’”'+'r] ["“l- "] g:._.:@(‘]_:_m(ﬁ":g:)‘
= [n-l—r] [n+¢] r flr—1 1= (L —a )

r—1 r

_ l—a [n-}-r-]—l] [n+r+1].

I r+1

When %k = 3 we find after a little manipulation that

.%,pa ~(m,n)a (1(1 a’fﬁ;‘((ll— “?H) [%+r] ['n+'r+ 1] [n+r+2]
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This suggests the general formula

(7'5) Zm‘pk,r(my n) a™
m=0
1—a)td—a .. (1—a") A [ntr ke
= (1___a,r+1)k-1(1~af+2)kw2.'-(1_ar+k—l) [%T ][ +r+l] [ + "; 1].

If we put
(@ = (L—a)(1—a?)...(1—0a"), (a)y =1,
(7.5) becomes

(7.6) Zp,”(m, n)a™
M=0 .

- (@)1(@)ar .- (@)1 i (a)n-;.r (a')n+r.|.1 e (a)n-}-r»|~k—1 ]
(@)r(@)rs1 - (@)pgrma (@n(@gs- (@i
The determinant occurring in (6.17) is a special case of a determinant

evaluated by the writer in [1]. We shall however give a direct proof of
the identity

@) Dby r,m) = e By (Ol Dnsris - Dnirsies

(@) (@)p1-- - (@) ypr (@) @y - (@i
where
| Hi-d)(—1-1)[ n+r Coe _
Dk, r,m) = ia,( it PN GG = 0,1, 1),
Clearly D(k,r,n) is identical with determinant in (6.17).
If we put
Wk, r) = | ar¥6-D [ﬂ (4, =0,1,...,k—1),
we get
D(le,r, )W (kyr) = legl (3,5 =0,1,...,k—1),
where

H
—1)[4 A (1= 8) (h— 8 — Ny
oy = Zaw 1) [z] &) (e l)[n+ij_j]_

8=l
Thig reduces to
= gHt-y| T+
oy =a [ nti |
Thus

D(k,r, n)W(k,r) = (i,§=0,1,...,k—1)

ag,«i(i-:)["b—i*"‘-H]
n-1

(@)nr(@)nyrire s (B)norptooy
(@) (@ny1- -+ (Dpirmr

M=)

b
(@)r—14s
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80 that

(“)nq—r(“)n-;-r-u- o ("')n.l,m.lc_a ol
(@) (@)ng1- e (@ngren
where C(k, r) is independent of »n. Taking n = 0 we get

(a),(a

D(k,r,n) = k,r),

o1

Ok, r) = —E .
. (k1) (@) (@pier- o )r-;uth
and (7.7) follows at once.
It iy evident from the definition that
(7.8) . pk,r('m’y n) = Ap'r,lc('mw n).

1t is easily verified that the right member of (7.6) is algo symmetric in %, 7.
Up to this point the parameter ¢ hag been arbitrary. We now assume
that |a| < 1 and let 7 — oco. Then (7.6) reduces to

- m (“)1(“)2---(“)15—-1
9 = .
79 %””WW (@ (@ (@ 5t

Clearly pj.(n, m) is the number of k-line partitions of m in which the
largest part does not exceed n.
If we let n — oo, (7.9) becomes

(7.10) Pk,m(m) a” = (1“ a/f)n-min(j,k)'
Finally, when k& — co, we get
o o
(7.11) D Palmya™ = [ (1~ a7
=0 F=1

Clearly piq(m) is the number of k-line partitions of m and Doy (M) 18
the number of unrestricted plane partitions of m.

8. We can also give a combinatorial interpretation of m,(ny, ..., ng; a),
namely

'
(8.1) T (Myyony My @) = @1t 22)7’(’”“ Mgy ooy M) @™,

Mwal
where p,(m;ny, ..., ) is the number of k x arrays (6.2) satisfying
(¢ = 17 2’--"j)’
ey Py 2. Z2ny (f=1,2,...,7r—1)

(8.2) Mo >y 2 e 2 My
>

-
Ny =>...

together with

k r—1

(8.3) L > Sng=m.

t=l Jml
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Thus (6.12) furnishes the generating function

(8.4) De(my 0y, oovy ) @™ =
M=

iY==y [ nj+r—1
r—i4j—1

(6, §=1,2,..., k).
Put
DMy Mgy ooy B) == Poo (M5 Ny ooy M)y

8o that p(m;ny, ..., n;) is the number of arrays satisfying (8.2) and (8.3)
with r infinite. Then (8.4) reduces to

w =A==
(8.5) Pl g, oy " = e | (i, = 1,2, ..., k).
mZ:O R i (a)nﬁi--j ’ ’ ’

For example, when % = 2, we have

o 1_4_“111.;.1_'_“%24.1
Zp(m; Nyy My) A = —

M= (a’)nl -1 (a)n2
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