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The paper deals with the existence of solution of the Cauchy problem
for an overdetermined system of the form

(1) ' z%zf"(X,Y,z,zy) (»=1,...,p),

where X = (2, ..., @), ¥ = (Y1, ---3Yn)y 27 = (Zyy .-+ &,). Our con-
siderations will be based on the following lemma which can be easily
derived from a theorem due to PL§ [1]:

LEMMA. Let the functions g(z, Y,2,Q,A4) and w(Y), where @ =
= (qyyerey@n)y A = (Ayy-.ey Ay), be of class C* and bounded together with
their first and second derivatives in the strip

D
|| < a(A), Y, z,Q arbitrary, Z |2 £ < 00,
pn=1

a(A) being a continuous function of A. Suppose the inequalities
gl <A(), gl < Bla), o) <T(4),
Gy s 19zl s 190}y \Guial o 19l s |9u0,) < L(A),
o <D,y oyl <J
hold true, where A, B, C, L are continuous functions of A. Put
M (A) = 2D+ A(A)min (4a(4), (B(4)+ L)),
B(A) = min (a(A), {4n(1+nd) (1431 (A)PL(A)+ B(A) (1 +20)]} 7).

Under these assumptions the Cauchy problem for the equation with
parameters
2 =g(@, Y, 2,2y, 4)
and with initial condition
2(0,Y) = (YY)
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admits a unique solution w(x, Y, A) depending on parameters A which
s of class O with respect to (x, Y) in the strip

2| < B(A), Y arbitrary,

Yy
and for A satisfying the inequality Z |4,] < a, and has continuous deriv-

atives u, , Uy, . The derivatives Uy, satzsf y the mequalzt_/ [y, | < M (A).
Moreover, for every finite B, such that 0< By < nunﬁ( ), the following
property holds true:

(2)  w,uy, Uysuys Ua,y Uy, are bounded in the strip

D

|@| < o, Y arbitrary, ZIA#I < a,

u=1

the bounds depending only on B, and on the bounds of ¢ and w and
of their first and second derivatives.

Now we formulate the main theorem of our paper.

THEOREM. Let (X, Y,2,Q), v=1,...,p, be of class C', bounded
together with their first derivatives for

»
0
(3) E |, — 2, < a< 400, Y¥,2,Q arbitrary,
=]

and satisfy the inequaliiies

(4) fl<4, IfI<B, Ifil<C

Suppose, further, that the first derivatives satisfy with respect to all
variables a Lipschitz condition with the constant L and that the compatibility
conditions

n D
(5) Fo AL+ Y Fyfoy - Fiws) = Fo+-Fof + 3 fi(foy+ Faan)

hold true in (3).
Let o(Y) be of class C, bounded for arbitrary Y, and satisfy the
inequalities

(6) loy,| < D.

Assume finally that wy, Satisfy a Lipschitz condition with a constant
J. Put

M = 2D+ Amin(4a, (B+ L)),

f = min (a, {4n(1+nd)[(1+ ML+ B(1+2J)1} ).



AN OVERDETERMINED SYSTEM OF DIFFERENTIAL EQUATIONS 121

Under these assumptions there ewxists a unique solution z(X, Y) of
system (1) satisfying the initial condition

(7) dX, V) = oY) (X = (2, ..., ),

which is of class O in the strip

0
(8) o, —2,| < B, Y arbitrary.

D

Il
—

U

Proof. Uniqueness follows from a general uniqueness theorem
(see [2], §42). Now, to prove the existence, observe that there exist
sequences of functions f"(X, Y,2,Q), o"(Y), r =1,2,..., which are
of class €2 in (3) such that

(9) | f" and " converge, together with their first derivatives, to f* and o
and to their respective derivatives, uniformly in (3).

Moreover, the functions f” and «" can be chosen so as to be uni-
formly bounded, together with their first and second derivatives, and
to satisfy (4), (6) and

(10) Frrls 1Faly Uiy gy el S Iy ] < J.
We consider the approximate system
zm,,:.]wr(X7 Y,z,2y) (v=1,...,p)

and its transformed equation, obtained by Mayer’s transformation

0
1) X =X+ Ax (A=(ll,...,)lp)),
By — gr(m’ Y, 2,2y, 4),

where
D
0
gr(mr Y,2,Q,4) = Zﬂ,ﬂf”r(X+Am’ Y,z Q).
. P

For equation (11) consider the initial condition
(12) 2(0, Y) = o' (Y).

Now, we easily check, by (4), (6) and (10) satisfied by f” and o',
that for every fixed r» and for A satisfying the inequality

vy
A=Yl <a,
p=1

g" and o satisfy all the assumptions of the Lemma with

~

a(d) =ar™', A(A) =214, B(A)=1iB, C(A)=i0, L(A)=AiL
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Moreover, ¢, o" and their first and second derivatives are uniformly
bounded. Now, since in our case we have

M (A) = 2D+ A (A)min (1a(4), (B(4)+ L(4))™")
= 2D+ AAmin(42"'a, (B4 L)~ 17Y)
= 2D+ Amin(4a, (B+L)™Y) = M,
B(A) = min (&(A), lan(1+nd) [(14 2T (4)) L(A)+ B(A)(1+2J)]}—1)
= 2"'min (e, {4n(1+nJ)[(1+M)2L+B(1+2J)]}7) = A7},

we conclude, by the Lemma, that for every » =1,2,... and A satis-
fying the inequality

»
(13) A=Y hl<p

there exists a unique solution #"(x, ¥, A) of (11) and (12) which is of
class C? with respect to (x, Y) in the strip

(14) |z| < BA~', Y arbitrary,

and has continuous derivatives wj ,wy; ('), while the derivative u,
satisfies the inequality [u{,@.] < M. Notice that, by (13), we have

1< minpi™?,
A

and hence, by (2) and by the properties of functions ¢" and " listed above,
we obtain that the functions «"(1, Y, 4) and (1, ¥, A) are uniformly
bounded and equicontinuous in the strip

D
(15) DIk < B, Y arbitrary.
p=1

Therefore it follows by Arzeld’s theorem that there is a subse-
quence r, 80 that
(16) limw's(1, Y, 4) =u(Y,4), lmwug(1,Y,4) =u, (Y, 4)
8—00

8—00

uniformly in (15). It follows that the derivatives u, of the limit function
u(Y, A) are continuous in (15). We will show that the derivatives u,
are continuous too and satisfy in (15)

(17) w, (Y, 4) = f(X+4, ¥, (¥, 4), ug (¥, 4)).

(*) The approximate functions /" and «" were introduced just in order to guar-
antee this regularity of w”.
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Indeed, for fixed »,r and A satisfying (13), put
p(@, Y) =wuy (2, Y, A)—af (R
for (x, Y) in (14), where

R = ()014—/190, Y, (z, Y, A), uy(x, ¥, A)).

If we take advantage of the fact that «" satisfies (11) and u,,,, y Uy s
uy ;, are continuous, then a simple computation shows that

(18) Zz £ (R)p+ Zz Z R)%,ﬂrw‘zlwlv(m, ¥,
p=1

=1 k=1
where

(@, ¥) = 7 (R) - 127 (R (B) + Zfs,:(R)m;(RHf:’uzk]—

— | Fr R+ £ (R (R) + Z Far(R)Lfir(R)+ feru, 1}

By the compatibility conditions (5), by (9) and by the inequality
upl < M, we get
(19) 7w (@, V)| < &,
where ¢, is a constant so that
(20) lime, = 0.

r—>00

Finally, by inequalities (4) satisfied by the functions f”, by (13)
and (19), we get from (18)

Pzl < BBgl+ BC Y Ipu,| + Pe
k=1

n (14). On the other hand, since u'(0, Y, 4) = 0" (Y), we have
(0, Y)=0
by the definition of ¢. From the last two relations it follows (see [2], § 37)

that in (14) we have

ol 2 eB (P —1) if B0,
151 e, 1] if B=0.

In particular, for # = 1 we have
0
Wi, (1, Y, A)—f"(X+A4, Y, u"(1, ¥, A), u¥(1, ¥, A))
eB '(efP—1) if B#0,
Ber if B=0
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By (9), (16) and (20) it follows from the last inequality that the
sequence u; (1, Y, A) is uniformly convergent and hence we get in the
limit relation (17) and the continuity of u (Y, A). On the other hand,
since in (11)

gz, Y,Q,0) =0,
and since u'(x, Y, A) satisfies (11) and (12), it follows that
W'z, ¥,0) = o"(Y)
whence, by (9) and (16), we obtain in the limit
(21) w(Y,0) = w(Y).
Now, put
2(X,Y) = u(Y, X—X).

Since u(Y, A) was of class ¢! in (15), the function z(X, Y) is of
class C' in (8) and, by (17) and (21), it satisfies (1) and (7), which com-
pletes the proof.
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