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Upper semi-continuous continuum-valued
mappings onto circle-like continua

by
H. Cook (Athens, Ga.)

In 1930 (therefore, without reference to inverse limits), D. van
Dantzig proved, [3], that an m-adic solenoid is a continuous image of
an n-adic solenoid if and only if m is a factor of a power of n. In this
paper, van Dantzig’s theorem ig generalized in several directions.

DEFINITIONS AND NOTATIONS. Throughout this paper, R denotes the
real line, Z denotes the unit circle in the complex plane, and arg denotes
the usual multi-valued argument function of Z onto E. Denote by ¥ the
collection to which ¢ belongs if and only if y is an upper semi-continuous
mapping of E onto a subset of R which contains an interval of length 2=
such that (1) for each real number %, y(x) is either a point or a closed
interval of length 1 or less; (2) [luby (r)—Iuby(0)}j2= is an integer;
(3) for each real number z,

luby(z -+ 27) —luby(z) = glby(z+2x)—glby(z) = luby(2n)—Iubey(0) .

If p is in ¥, let
W(y) = [luby (27) —Iuby(0)]/2x
and let
M () = {luby([0, 27])— glby ([0, 2=])}/2x .

Denote by & the collection to which @ belongs if and only if ¢ is an
upper semi-continuous mapping of Z onto Z such that, if z is in Z, p(2)
is either a point or an are of length 1 or less. If @ is in @, let B, denote
the set to which the point (z, y) of the plane belongs if and only if there
exist points z and w in Z such that z is in argz, w is in ¢(z), and y is in
argw. For each ¢ in @, each component of F, is the graph of some element
of ¥, let ¢* denote one such element of ¥. For each ¢ in @, let W)
= W(p*) and let M (p) = M(¢*). If ¢, , and @ o @, are in @, there is
a positive integer n such that, for each real number %, [ o g ]%(x)
= <p*(qo*(m)) +2mn. If p isin @ and is single-valued, then ¢* is also single-
valued, and if the integer » is a factor of W (), ¢ has a continuous single-
valued nth root.
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The following theovem can easily be established by induction:
TemorEM 1. If v is in W, m is an integer, and & is a real number,
luby (2 + 2nm) — luby (2) = glby (x4 2nm)—glby(z) = 2em W (y) .

In each of the following four theorems the first statement is proved
and the second is a simple corollary.

TEEOREM 2. If w, and y, are in ¥ and v, is single-valued, ‘Lh({n V1o vy
is in ¥ and Wiy, opy) = W{p)W (). If o and @, are in D and ¢, is single-
valued, then @ o @, is in @ and W(py o @p) = W(p)W (g0).

Proof. Evidently ¢, o @, is upper semi-continuous and containg an
interval of length 2r, and, for each real number z, 1p1(1p2(w)) is either a point
or a closed interval of length 1 or less. If # is a real number,

Tubyy (a4 21)) = Tubyy (pa() + 27 W ()

= Tuby (ya(@)) 4 27 W (1) W (32)
and
by (py(@ +27)) = glbw, (yy(@) -+ 20 W ()
= glb'l’l(%(“”)) + 21 W (p)) W (1) .
In particular,
[uby, (pa(27)) — Tubys (pa(0))] /27 = W (31)W (2) -

Note that Theorem 2 is a simple generalization of Theorem 1 of [1]
and, in the present paper, is used in precisely the same context as was
that theorem used in [1].

THEOREM 3. If vy, v, and g, o v, are in ¥ and vy, is singla-'ualtued,. then
W (pyows) = W)W (o). If @1, @p, and @ o, are in @ and g, is single-
valued, then W (@, o @y) = W (@)W (p,).

Proof. There exists a number # in y,(0) such that y,(x) = luby(y(0))
and s number y in y,(27) such that ¢, (y) = Iubwl(«pg(%)). Now, z-+27W (y,)
is in ,(2=) and

1) vife 21T () — (@) = 2nW () W ()
and y—27W(y,) is in 3,(0) and
2) YY) —puly— 25 W () = 20 W () W (3p5) .

Clearly, if
4= 1!’1(?/)—1P1($‘|"275W(%)) and B= 1/’1(‘”)"11’1@” 27‘7“7(‘/’2)) )
A and B are both non-negative. But, from (1) and (2) it follows that
A+B=0. Then
2mW (1 © ) = 0i(y) ~va(®) = pu(@ 4 20 W () — pa(@) = 2 W (3p2) W () -

@ ©
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THEOREM 4. If v, and Py are in ¥, y, is single-valued, and W () = 0 ,
then M (yp) > M (¥ o). If ¢, and @ are in P, @, is single-valued, and
Wig) = 0, then M () > M (g, o p,). '

Proof. There exist numbers %o and «; in the interval [0, 2x] such
that glb%(%(EO, In])) = glb%”l(’/’z(“’o)) and lub%(%([o: 277])) = hﬂ)"l’l(’/’z (m))a
there also exist numbers #, and i, in [0, 27] and integers n, and #, such
that o(%,) = t,+2nn, and Pao(®y) = £+ 2xm,

Then

ZrM (1 o yy) = Tubyy(py()) — glby, (py(a,)
= lubyy(t 4 2mn,) — glby,(ty+ 2mny)
= Iuby(t;)— glby(f) < 2ndf () -

THEOREM 5. If 9, v, and Yo, are in ¥ and vy, is single-valued, then
M (g o a) = (W (). If @1, 0 and Prog, are in O and ¢, is single-valued,
then M (@, o @p) > [W (). '

Proof. There exist numbers 2, and #; in [0, 2=] and numbers Yo
in (@) and ¥, in pe(w;) such that Y1— ¥ = 2%, Then

27'5]'[('/’1(1112)} = "‘Pl(%)—%(?/nﬂ
= I"/’I(yﬂ"_yl_yo)_"/ﬁ(yﬂ)l
= [pa(%0) + W (p1) —9u(9o)| = 27| W (y)] .

DerinITIONS. If P is a sequence D1y D2y D3y -.. of integers and, for
each 1, Zy = Z, 7" i3 a single-valued element of &, and W(znt') = pa,
then any continuum topologically equivalent to the inverse limit, Z, of
the inverse mapping system {Zn, 70’} (except where otherwise noted,
an inverse mapping system will be assumed to be taken over the set of
all positive integers directed by <) will be called a P-adic circle-like
continuum. If, for each n, a7 is a local homeomorphism (or, equivalently,
(mrthy* is strietly increasing or strietly decreasing) then any continuum
topologically equivalent to Z, will be called a P-adic solenoid, It is known
that, it X' is a P-adic solenoid, then J is topologically equivalent to the
inverse limit of the inverse mapping system {Z,, oj'} where, for each #,

n=Z and, for each number z in Z, oj(z) = 27, It u is a positive
integer and N is the sequence %y %, N, ..., then an N-adic solenoid is
an n-adic solenoid in the sense of van Dantzig, [3]. If P is a sequence
of integers infinitely many terms of which are 0, then P-adic circle-like
continua will be called zero-adic circle-like continua. Tf all but a finite
number of terms of P have abgolute value 1, then P-adic circle-like
continua will be called monadic circle-like continua. Circle-like continua
which are neither zero-adic nor monadic will be said to be poly-adic.
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I {X,, ant and {Ya, on} are inverse mapping systems Wii.]h inverse
limit X, and Y. respectively; my, m,, .. and nl,.nz, are-mcreasing
sequences of positive integers; and, for each ¢,{; is a mappmg of X,,
onto a subget of X, and {yomm™ = o't o {141, then the mapping ¢ of
X, onto a subset K of Y such that, for each point » of X, am(g“(a;))
= Li(mm(x)) is called the mapping of Xo onto K. induced by the sequence {;,
sy ... (if m is an integer, m, denotes the projection of X, onto a subset of
X, and o, denotes the projection of Y. onto a subset of ¥,), )

If f is a funetion, invy will sometimes be used to denote f*.

If P is the sequence pq, Py, ... of non-zero integers and @ is the ge-
quence ¢i, g, -.- of non-zero integers, then ¢ is said to be a factorant of P
provided there exists a positive integer » such that, if »" > », there ig

»’ I3
a positive integer ux for which Hv g: is a factor of 1jﬂ l Pi.

THEOREM 6. If P is a sequence of mon-zero integers, Q is a sequence
of mon-zero integers which is a factorant of P, H is a P-adic circle-like
continuwm, and K is a Q-adic solenoid, then there is a continuous single-

- valued mapping of H onto K.

Proof. Suppose that H iy the inverse limit of the inverse mapping
system {Zn, wn } and K is the inverse limit of the system {Z,, o5’} where,
for ‘each n, Z, = Z, W (") = p, and, for each number z in Z, o"*(z)
= Z™. Let » be a positive integer such that, if »* > », there is a positive

»! “
integer u for which J] ¢; is a factor of [] pi. Let mg, my, my, ... be an
=y =1

increasing sequence of positive integers such that, for each Ainteger

v+7 mj
i=0, [] q;is afactor of [] pr and, for each §j > 0, let £; denote the
=y i=1
747
continuous [[] ¢]th root of wmy and consider it as a mapping of Zyn
=y
onto Z,.;. Then the diagram
g nﬁa
m; K
Ty ¢ Dy e iy
iﬁ iCm lCa ver
Uv+2 a‘”+3
ve1 42 -
Zyiy + Zyyg 4 L1y <

is commutative and the mapping ¢ of H onto K induced by the sequence
1y 8y -.- is a continuous single-valued mapping.

THEOREM 7. If H is a chainable continuum and K is a poly-adic circle-
like continuum, there does not exist an upper semi-continuous mapping f
of H onto K such that, for each point » of H, (&) is a proper subcontimuum
of K.
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Proof. Suppose that ¢ is a chainable continuum, ¥ is a poly-adic
solenoid, and g is an upper semi-continuous mapping of ¢ onto X such
that, for each point # of ¢, g(z) is a proper subcontinuum of . Then X is
an indecomposable continuum. Let ¢ be a subcontinuum of ¢ which is
irreducible with respect to the property that g((') = Z. Then, for each
proper subcontinuum L of ¢, ¢(L) is a proper subcontinuum of ¥ N ow,
if ¢"is the sum of two of its broper subcontinua L; and L,, then g(C")
= g(L)+g(L) = Z, contrary to the fact that = is indecomposable;
thus €' is indecomposable. Therefore, according to a theorem of Bur-
gess ([2], Theorem 7), ¢ is circle-like and, as can be seen from Burgess’
proof of that theorem, there exists a sequence G4, (, ... of collections
of open sets properly covering €’ such that (1) for each n, each element
of Gy has diameter less than 1/n; (2) for each n, each element of Gy is
a subset of some element of @,; (3) for each odd n, G, is a linear chain;
and (4) for each even n, &, is a circular chain. Then, for each even #,
Gnto ciTcles in G, zero times in the sense of Bing [1]; hence, (" is a zero-adic
circle-like continuum.

Suppose that €’ is the inverse limit of the inverse mapping system
{Zn, my} and X iy the inverse limit of the system {Z,, o;'} where, for
each n, Z, = Z, W(n,™") = 0 and, for each number #z in Z, oy ) = Z%*
and |ga] > 1. Suppose that, for each n, there exists a point », of ¢’ such
that 0'71,(9((6'71)) = Zn. There exists a subsequence Tnyy Lngy ... Of the se-
quence &, &, ... which converges to a point « of ¢ and Lmsupg(e,,) = Z,
which, since g is upper semi-continuous, is a subset of ¢(z). But this is
contrary to the assumption that g(z) is a proper subcontinuum of X,
Thus, there exists a positive integer N; such that, if # is a point of ¢,
then cer(g(:zr)) is a proper subcontinuum of Zy,. Then there is a positive
integer N > N, such that, if n > ¥ and #z is a point of ¢, o-n(g(m)) has

N-1

arc length less than 2n/ [] |g:f < 1/3.
i=Ny

Now, for each » > N, there exist (1) a positive number ¢, such that,
if # and y are two points of ¢’ at a distance less than & from each other,
then there is an arc of length less than 1/3 intersecting hoth g(x) and
g(y) and (2) a positive integer M, such that, if m > M, and 2 is a number
in Zp, then invzm(e) has diameter less than &y, For each 1, let ny
= N+-i—1. Let my, m,, ... be an increasing sequence of positive integers
such that, for each i and each number z in Zimgy invam,(2) has diameter
less than ey,. Then, for each i and each number zin Zp,, am( g(invnm,(z)})
lies in an arc of Z, having length less than 1.

For each positive integer ¢ and number 2 in Zimy, let @i(2) be the arc
of Zn, with least arc length containing am(g(invnm(z))); for each ¢, g; is
in @. For each two integers i and j (i< j) and each number z in Zy,,


Artur


238 H. Cook
ow(wi(2)) is a subset of gimmi(2)); thus, oo and @i mn are both
in &,

W(on o) = W(picam), and M (on o)< M (s o ”mi) .

Now, suppose that, for some ¢, W{g:) = 0. Then, by Theorems 4 and 5,
for each integer j > 1,

g
Mps) > M(pi o mimg) = M (03} o 1) = |W (o) > kf!n |gx]
a contradiction. But then, by Theorems 2 and 3,

0= W(p)W (soms) = W(py o 7ume) = W (ot o gs) = W (o2 W (gp,)

and, thus, W(gp,) = 0. Thus we have reached a contradiction and there
can be no such upper semi-continuous mapping g of a chainable continuwum
onto a poly-adic solenoid.

Suppose that 7 is an upper semi-continuous mapping of a chainable
continuum H onto a poly-adic circle-like continuum K such that, for
each point  of H,, f(«) is a proper subcontinuum of K. By Theorem 6.
there is a continuous single-valued mapping % of K onto a poly-adic
solenoid 2*. Then h o f is an upper semi-continuous mapping of H onto 2
and, since each proper subcontinuum of X is chainable, for each point «
of H, h(f(m)) is a proper subcontinuum of X', a contradiction. Thus, the
theorem is proved.

THROREM 8. Suppose that P and Q are sequences of mon-zero integers;
H is a P-adic cirdle-like continuum; K is a Q-adic circle-like continuum;
and f is an upper semi-continuous mapping of H onto K such that, for each
point w of H, f(x) is a proper subcontinuum of K. Then Q is a factorant of P,

Proof. Suppose that @ is not a factorant of P. Then there exigt an
increasing sequence , »,, ... of positive integers and a sequence A, 1, ...
of positives primes such that, for each two positive integers ¢ and g, A, is

yi+1—1 1]
a factor of greater multiplicity of [] ¢; than for P;. For each i,
f=r =1
véta—1 ) i
let gi= []q: and denote the sequence g1, ¢i,... by Q'. Now, Q' is

1=y

a factorant of @, so there is a continuous single-valued mapping » of K
onto X, the inverse limit of the inverse mapping system {Z,, oy} where,
for each m, Z,=Z and, for each number # in Z, dn(2) = am. Now,
hof is an upper semi-continuous mapping of H onto X; for each i,
|zl > 1; and, for each xz in H, f(z) is chainable. Thus, for each point »
in H, h(]‘(m)) is a proper subcontinuum of 5. Let g=nhof.

Suppose that H is the inverse limit of the inverse mapping system
{Zn; 77} where, for each Ny Zn=Z and W(ap*") = p,. Now, as in the
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proof of Theorem 7, it can be shown that there exist increasing sequences

Myy My, ... @DA %y, Ny, ... of positive integers and a sequence @y, @,, ... of
elements of @ such that, for each two integers i and j (¢ < §), o™ ° @7
and giosm are in &, W(oiog)= W(poa™) and M (o] = 95)
< M (@i o 7m)). Now, suppose that W (@) # 0. Then, by Theorems 2 and 3,
for each ¢,

Wig) W (atms) = W (gy o atms) = W (0}t o @2) = W (o)W (gr) -
ni—1

Thus, for each 4, W (p,) is a factor of . I %, a contradiction, so W(p) = 0.

=n1
Then, by Theorems 4 and 5, for each 1,
: ny—1

Mlp) > Mg o mm) > M (o) > |Wio) > [] 4,
j=1

again a contradiction and the theorem is proved.

TEEOREM 9. Suppose that H and K are two solenvids and there exist
an upper semi-continuous mapping f of H onto K such that, for each point x
of H, f(z) is a proper subcontinuum of K, and an upper semi-continuous
mapping g of K onto H such that, for each point @ of K, g(x) is a proper
subcontinuum of H. Then H and K are homeomorphism.

Proof. Suppose that H is a P-adic solenoid and K is a Q-adie
solenoid. Then each of P and Q is a factorant of the other. MecCord has
shown, [4], that if each of P and Q is a factorant of the other, then P-adic
and @-adic solenoids are homeomorphic.
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