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On the homotopy type of compact polyhedra
by
Peter J. Hilton (Ziirich)

Dedicated to Professor Karol Borsuk

Freyd [1] has recently given an example to show that we may not
cancel summands in the stable homotopy category. More precisely he
constructed an example of two (based) spaces X and ¥ such that

1) v ~YVS, XY,

where ~ is the stable homotopy relation. This example was recalled in
response to a question of Borsuk who asked about methods of construct-
ing compact polyhedra with isomorphic homology and homotopy groups
but different homotopy type. In this paper we generalize Freyd’s
example (1) and prove by entirely elementary argument that it has the
properties attributed to it by Freyd. We then show that the example
provides a ready answer to Borsuk’s question. In order to demonstrate
this we prove the following theorem.

TerorEM 1. Let X, ¥, A, B be compact conmecied polyhedra furnished
with base points, such that

. XvA ~YvB - and A =B,
where =~ is the based homotopy relation. Then
i EX) = m(ZY), all i,

where X denotes suspension.

This theorem may be regarded as a heuristic dual of the theorem
that, for compact connected polyhedra, if XxA ~Y¥xB and A =B,
then the homology groups of X and Y are isomorphic; this follows imme-
diately from the Kiinneth formula. Our proof uses the so-called Hilton—
Milnor formula [2] somewhat in the réle of the Kiinneth formula. The
Hilton-Milnor formula only enables us to discuss suspension spaces.

() This generalization has been observed by Freyd himself. Another construction
is to take the Stiefel manifold Vs (1, 2, 4) and compare it with gmaix gt
(Theorem 1.12 of [3]).
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Thus we do not know whether the hypotheses of Theorem 1 enable ug
to deduce that the homotopy groups of X and Y are isomorphic even
when the spaces concerned are 1-connected.

Now let aemy_1(S") be a homotopy element in the stable range
(i.e., m < 2n—1) of finite order % 1,2, 3, 4, 6; note that this implies
n < m—4. We may then choose an integer I > 0 such that
(2) (%, )=1,

(3) I 5 1 (mod %) .

Bet f=1lo, X= 8"y, e, ¥ =8"vge™ We prove

THEOREM 2. XV8™ ~ Yv8™, X +~X.

Proof. The elements a and £ are each multiples of the other, by (2).
Thus the image of § in m,-1(X) is zero and the image of a in myo(¥) is
zero, whence

8 e g™ = (8t U ™ ve™,
8 g™ o™ = (8" U e™ve™,
8o that
XvA™ ~ Yva™.

Now let f:_ X ~ Y. Since n<m—2, we may assume that f8"C 8"
and then f|S” is a map of degree -1 onto 8™ Then f maps the Puppe
sequence of a to the Puppe sequence of 8 and we have in particular the
commutative diagram

gm 22, gt
(4) |7 |=nem
g 8 Qg
where f i induced by f and has degree 4 1. Then (4) implies that Zp

= 4 Za; but we are in the stable range 80 B = -a, contradicting (3).

Thus X+Y; but an entirely analogous argument shows that S"X52S"Y
for all >0, so that X~7, ’

. TP_EEOR.E].MT 3. Let b bfa any (generalized) homology or cohomology theory
whose coefficients are of finite type. Then under the hypotheses of Theorem 1

MX) > h(Y).
Proof. Since Xv4d ~ YvB and 4 ~ B, we have
(5) h(Z)Oh(4) = h(Y)Dh(B), h(4) = h(B).

By hypothfasis the igopaorphisms (5) are igsomorphisms of graded abelian
groups which are finitely generated in each degree. Thug Theorem 3

follows from % i ind
ahotn gmupS.he fundamental ca,ncella,t‘lon‘ law for finitely generated
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COROLLARY 1. Under the hypotheses of Theorem 1, the ordinary homology
groups, the stable homotopy groups and stable cohomotopy groups of X
and Y coincide.

Plainly there exist spaces X and ¥ of the type described in Theorem 2.
For example, the stable (2p—3) stem contains & Z, summand for any
prime p. Thus if p 5% 2,3 we get an example with m=n+2p—2 and
n > 2p —2. Freyd gives the example of =5, m =9 and « of order 8
in 75(8%), so that we may take I = 3 or I = 5. We remark that if X and ¥
yield an example so do ZX and XY;soindeed do X~ X and XY provided
we remain in the stable range.

If we grant Theorem 1 we have immediately available spaces which
provide an answer to the question of Borsuk. For if X and Y are two
spaces satisfying the conditions of Theorem 2, then the homotopy groups
of XX and XY are isomorphic by Theorem 1 and the homology groups
of X and XY are isomorphic by Theorem 3; but XX~ 2Y by Theorem
9. An explicit example, then, is furnished by

(6) IX = 86, IV = 85U 0,

where a e my(8¢) is of order 8.

It remains to prove Theorem 1 and the rest of this paper will be
devoted to this purpose. We are working in the category of based compact
connected polyhedra. Within this category there is an addition given by

(M P+Q="PvQ
and a product defined by
(8) PQ=P#Q=PxQPv@.

With respect to these operations we have the following laws:

P+Q=Q+P, (P+Q)+R=P+(@Q+E),
(9) PQ=QP, (PQ)E= P(QR),
P(Q+R)=FPQ-+PE,
where the equality sign stands for natural topological equivalence.
Moreover, the operations (7), (8) are compaitible with the based homotopy
relation: if Py ~ Py, @, =~ Q,, then

(10) Py 4+Q, = P+, Py = Py
Finally we have the connectivity relations
conn.(P +Q) = min(connP, conn@),

conn (PQ) > connP +conn@ +1 .
From (9) we infer the lemma, '

(1)
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Lemuma 1. If X +4 = K, then
XrnAn+(mK1n—1A%+1+ ('rg)Km—nAma +) = K™A" (’r;b)Km—zAnJrz o

Proot. Intuitively we expand (K—A4)", bring the negative terms
over o the left and multiply through by A" This yields the formula of
Lemma 1 but does not give a rigorous proof since we have no subtraction
operation. However it is clear from the manner of obtaining the formula
that if we substitute X +4 for K on both sides of the equality sign we
will obtain an identity, using only the laws (9). We could, of course,
obtain Lemma 1 also by arguing by induction on m.

With this preparation. we return to the proof of Theorem 1. We
choose a fixed but arbitrary positive integer i and seek to prove that
m(EX) 2 mi(ZY). We observe that the conclusion certainly holds if
connAd > i—1, for then connB > i—1 and

2 ZX) 2 my( ZXV EA) = my( XYV ZB) = mi( 2Y) .

Thus we may argue by downward induction on connd = connB. Now
Lemma 1 may be condensed to

(12) X A 4P Ky A) = Qun( K, A);
similarly if we write ¥ 4B = L then
{13) Y"B" 4 Pyn(Ly B) = Qua(L, B) .

By (19) we have Py (K, A) = Pun(Ly, B), @uu(K, A) ~ Quun(L, B). More-
over, it is plain from (11) that if we confine attention to m, » > 1, then
(14) conn Py, (K, A) > connd .

Thus we may invoke the inductive hypothesis to infer
(15) a( ZX"A™) o w( ZY™BY

Wg now in.voke the Hilton—Milnor formula (Theorem 4 of [2]).
According to this formula we have an expansion '

(16) a(ZXVZA) o2 m( ZX) D TA) @ D £TY)
i

where each T; has the form

(17) Ty= X™4A",

Eh: number of factors of a given form is given by the Witt formula;
tu we need not s.top to make this number explicit, since we propose
0 compare (16) with the corresponding expansion

(18) 7 ZY v ZB) = a( ZY) @ ZB) @ D ZTy)
i

m,n=1.

my,ny =1,
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where each Uj; has the form
(19) U= T™B",
Now ZXVZEA is a l-connected compact polyhedron so that its

homotopy groups are finitely generated. Thus (16) is a direct sum de-
composition of the finitely generated abelian group @,

G~ m(Z'.X) ®G,,

m,,n,-}l,

and (18) is a direct sum decomposition
H o~ m(2Y)OH, -
But G =~ H since ZXvZA ~ XYV 2B, and G, == H, by (15) and the

fact that A ~ ZB. Thus the cancellation law for finitely generated
abelian groups implies that

m(2X) o2 mi( 2Y)

and the theorem is proved.

Added later: A more refined argument enables us to show that m(X) o2 my(X)
for any X, ¥ constructed as in Theorem 9. Thus we see that Freyd's complexes
X = Sfuge® = Sfusae®

have isomorphic homotopy groups but different homotopy types. The details are con-
tained in a forthcoming paper, On the Grothendieck ring of compact polyhedra.
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