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Toroidal decompositions of z**

by
R. B. Sher (Athens, Ga.)

1. Introduction. Some attention has been given to the problem
of determining under what conditions certain upper semicontinuous
decompositions of I® have decomposition spaces which are topologically
equivalent to B Some of the examples of decompositions given in the
literature have been toroidal decompositions of EB. See for example [3],
[4], [8], and [10]. This paper considers such decompositions.

Much of the work included here is motivated by two papers of
R. H. Bing, [4] and [8]. In [4] Bing constructs a homeomorphism between
the sum of two solid Alexander horned spheres and a certain decomposition
of §® which arises from a toroidal decomposition of E°. He then shows
that the sum of the solid horned spheres iz homeomorphic with §° by
showing that the toroidal decomposition of E°® has a decomposition space
which i3 homeomorphic with #%. One might glance at his construction
of the toroidal decomposition and describe it intujtively as being obtained
by iterating an imbedding of two linked solid tori which circles a solid
torus once. In [8] he iterates an imbedding of two linked solid tori which
circles a solid torus twice to describe a decomposition of E? with a countable
number of nondegenerate elements whose decomposition space differs
topologically from E°. In Sections 3-5 we shall study decompositions
of E® which are suggested by these two examples.

Armentrout and Bing have recently described in [3] an example of
a toroidal decomposition of E* into tame arcs and points whose decom-
position space is not homeomorphic with E3. The collection of tame
arcs in this example is not a continuous collection. Keldy$ has an-
nounced a proof in [12] that with toroidal decompositions of E* into
tame arcs and points, the collection of arcs must fail fo be continuons
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if the decomposition space i3 mot homeomorphic with E3. Tt is not
known if there is a decomposition of E? into straight line intervals and
points whose decomposition space i3 not homeomorphic with F2 An
example of a decomposition of ES into straight line intervals and
points appears in [8]. Neither this example nor the one presented
by McAuley in [15] is known to yield B RFach of these sug-
gested examples is described by cubes with at least three handles
rather than by solid tori. In Section 6 we show that toroidal decom-
positions of E* into straight line intervals and points have decompo-
sition spaces which are homeomorphic with Ze.

Bing proves in [8] that the toroidal decomposition he describes does
not yield E°. He proves more than this by showing that some points in
the decomposition space do not have small neighborhoods whose bound-
aries are 2-spheres. Recently, Lambert has shown in [13] that any toroidal
decomposition of E® that does not yield EP® has this property.

2. Definitions and notation. A collection G of disjoint closed
subsets of a metric space 8 is said to be upper semicontinuous it for each
g € G and open set U D g, there exists a positive number r such that gCU
if g« @ and o(g’, g) < r. Such a collection @ is said to be an upper semsi-
sontinuous decomposition of § if each point in § is in some element of G.
If the elements of G are continua (ie., compact and connected), & is said
to be monotone. We shall be concerned here only with monotone upper
semicontinuous decompositions of E2, Euclidean 3 -space. If @ is an upper
semicontinuous decomposition of E3, the decomposition space of @,
denoted by E?/@, is the space whose points are elements of @, and whose
open sets are those sets U for which U’ = () gis open in E®, The projection
map P: I'>B|G is defined by P(e)= g if and only if o ege@. Wo
denote the union of the nondegenerate elements of G by Hg.

If Z is a collection of point sets in E?, we denote | J X by Z* An

upper semicontinuous decomposition & of B is said to f;zes toroidal if and
only if there exists a sequence Zyy Zy, ... such that (1) for each t, Zy is
a finite collection of disjoint solid tori in E?, (2) for each i, Z¥,, C Int Z?,
and (3) g ¢ @ if and only if g is either a component of 4 = Z¥ ~ Z¥n ...
or a point of E*—A. By virtue of Bing’s approximation theorem for
2-manifolds in 3, we may suppose that each solid torus in Zy,i=1,2,..,
is polyhedral. We refer to the collection Z; as the collection of solid tori
at the ith stage in the construction of G.

It M is an n-manifold with boundary, we use Int M to denote the
collection of points of M which have neighborhoods whose intersection
with M are homeomorphic with E®, Fuclidean n-space. We denote
M-Int M by BAM. It K is a compact connected 2-manifold in 5,
we also use Int K to denote the bounded complementary domain of K
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in BP, bub this should cause no confusion. The statement that ab is an
are means that ab is an are from the point a to the point b. We use the
notation M, ~ M, to indicate that M, and M, are homeomorphic spaces.

3. Preliminary results. In this section we discuss the concept
of the winding number of a simple closed curve (or a solid torus) imbedded
in the interior of a solid torus. This is not a new concept and is discussed
in a modified form, for example, in Chapter VII of [16]. We include
a discusgion here since our formulation leads to a convenient way of
obtaining the results of Sections 4 and 5. The proofs of the.theorems
stated in this section are straightforward but tedious, and will not be
included here. ) .

Suppose that J iy a polyhedral simple closed curve imbedded n the
interior of a solid torus 7', and D, and D, are disgjoint polyhedral memdl(fnal
disks of T in general position with respect to J. We may denote the points
of J A (Dy v Dy) by @y, @y, ..., & in such a way that J = e, v ga, v .o v

L
U 1 O I O G 20 I @4 0441 mod (n+1) Tails to intersect kUO{ak} (i=1,..,n).

Consider the sequence obiained from the sequence 0y .. 0 by replaci_ng
each a; by the letter p if a; € D, and by q if a; € D,. This sequence, which
consists of a finite number of p’s and ¢’s, will be referred to as a charac-
teristic sequence of J with respect to D, and D, and will be denoted by
0(J, Dy, Dy). For a given J, there is, of course, more than one way to
choose such a sequence. We note that, since D; and D, are in general
position with respect to J, C(J, Dy, Dy) has an even numb.ex.- of terms.
Let X be the collection of all sequences which have a finite ‘number
of terms, each of which is the letter p or the letter g. An equivalence
operation of Type I on A ¢ X will be the hlterchange'of the letters ?a.a;nd q
in 4. An equivalence operation of Type II on A will be the addition or
deletion of the adjacent pair of letters pp or qq in A. Sequen'ces A,BeX
are said to be equivalent, written 4 ~ B, if 4 can be obtamed. from B
by a finite sequence of Type I and Type II equivalence operations. We
denote the empty sequence by {0} and we ha,ve,_ for examp’le, ppeq ~ {0}
Tt is easily seen that ~ is an equivalence relation. Let X’ be the subset
of X consisting of those members of X with an even number of jcermj.
If we denote by [.4] the equivalence clags, under v, that contains 4,
we note that the equivalence classes of X' are 1?',,: [{0}],' E.l= [pq],
By = [papql, .., Bn = [pgpq...pq(npairs)], ... We define the winding num-
ber of A eX’, written W(4), to be ¢ if 4 ¢ By. .
TamorEM 1. Suppose that J is a polyhedral simple .cl.os.ed curve ;/mi
bedded in the interior of a solid torus T, Dy and D, are disjoint polyhe lr)a
meridional disks of T in general position with respect to J, C(J ,Dld, 1)2)
and C'(J, D,, D,) are characteristic sequences of J with respect to D, and D,.

Then O(J, Dy, Dy) ~ 0'(J, Dy, Dy). -
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DEFINITION. Now let J be a polyhedral simple closed curve imbedded
in the interior of a solid torus T and let D; and D, be disjoint polyhedral
meridional disks of 7 in general position with respect to J. Let O (J, Dy, D,)
be a characteristic sequence of J with respect to D; and D,. We define the
winding number of J with respect to Dy and D,, written W (J, Dy, D,),
to be W(C(J, Dy, D,)). It follows from Theorem 1 that W(J, D, D,)
is independent of the choice of C(J, D;, D,). The following theorem shows
that W(J, Dy, D,) is independent of the choice of D, and D,.

TrrOREM 2. Suppose that J is a polyhedral simple closed curve im-
bedded in the interior of a solid torus T, Dy and D, are disjoint polyhedral
meridional disks of T, Di and Dy are disjoint polyhedral meridional disks
of T, and Dy, D,, D1, D; are in general position with respect to J. Then
W(J’ Dy, D,) = w(J, D{y Ds).

Henceforth we shall simply refer to W(J,D,,D,) as the winding
number of J in T and write W (J, T) or just W (J) where there is no chance
for confusion.

CoroLLARY 1. If J 48 a polyhedral simple closed curve imbedded in
the interior of a solid torus T and h is a piecewise linear homeomorphism
of T onto itself fized on BAT, then W(J, T)= W (h(J), T).

We may think of a polyhedral solid torus as a closed neighborhood
of a polyhedral simple closed curve, which we shall refer to as the center
of the solid torus. We denote the center of the solid torus 7 by Cen(T).
If T is a solid torus, we shall refer to any simple closed curve which is
equivalently imbedded in T under a homeomorphism fixed on Bd7T to
Cen(T) a8 a central simple closed curve of 7. If 7" is a polyhedral solid
torus imbedded in the interior of a polyhedral solid torus T, we define
the winding number of T" in T, written W(I", T), to be W(Cen(T"), T).
‘Wenote that if J is a polyhedral central simple closed curve of 7', W (1, T)
=W, D).

TeEOREM 3. Suppose that T, T' and T" are solid tori such that
I"CIntT" CI'CIntT. Then W(I",T)= W(T",T')-W(T', T).

Remark. The above definitions and theorems consider only the
polyhedral case. The more general case can be handled by using polyhedral

approximations. We do not do this here since the polyhedral case suffices
for the material considered in this paper.

4. The (m,n)-spaces. When we speak of linking simple cloged
curves, we refer to homological linking. A complete development of such
linking is given in Chapter XV of [1]. Using this concept of linking, which
is somewhat more general than that used by Bing [6], we note that Theo-
rem 3 of [7] still is valid.

Suppose that J; and J, are linked polyhedral simple closed curves
imbedded in the interior of a solid torus 7' , D1 and D, are disjoint polyhedral

im© Toroidal decompositions of Wb 229

meridional digks of T' in general position with respect to J, and J, such
that (1) W(Jy) =0, (2) Jo ~ (Dyw Dy) =@, and (3) J, containg arcs A
and B such that (a) 4 is an arc from p, to g;, B is an arc from p, to qs
where {py, ¢:} C Dy, {2, 8} C Dy, (b) (Int4d v IntB u J,) lies in a com-
ponent € of T'— (D, v D,), (¢) J;— (4 v B) containg no are with both
endpoints on I (¢ =1 or 2) whose interior lies in 0, and (d) if p,q, is
an arce of Dy, pa¢, i8 an are of Dy, then J, links each of the simple closed
curves A v p1gy, B v Pygs.

If (1)-(3) are satisfied, we say that Z: Jy,J, is a linked chain of
simple cloged curves in 7. If X is an arcin ¢ from a point of 4 (or B) to
a point of J, such that (Int K) ~ (J; v J,;) = @, K is said to be a connecting
arc from A (or B) to J,. Suppose a; e 4, a,¢B, by, b, eJ,. Let a,a, be
an arc of Jy, b b, be an arc of J, and a,b,, a,b, be disjoint connecting arcs.
The simple closed curve J = a;a, v a,by v b, by a; b, is said to be a counting
ourve for Z. We define the winding number of Z in T, written W(Z, T),
to be W(J, T). .

The disjoint polyhedral simple closed curves J, and J, are said to
be simply linked in T if (1) Jy and J, ave linked in 7T, and (2) there exists
a 2-sphere 8 such that (J; v dJ,) CIntS, SCIntT. Z: Jy, oy dpm (m> 2)
is said to form a linked chain of simple closed curves in T provided J;
and J; are simply linked if and only if either [i—j|=1 ({,j =1, ..., m),
ori=1and j = m, or ¢ = m and j = 1. Suppose that J; and J, are simply
linked simple closed. curves in the interior of the golid torus 7, and §
is a 2-sphere ag above. If K is an arc from a point of J; to a point of J,
such that K CIntS and (IntK) ~ (J; v d,) = @, K i§ said to be a con-
necting are from Jy to J,. Let Z: Jy, ...,Jpm (m > 2) be a linked chain,
let @i, biedi (=1, ..., m), let ab; be an arc of J;, and let abit1ymoam
be a connecting arc from Jy t0 J(s+1)moanm Such that (Inbasdytymoam)
NZ*=@ (i=1,..,m). The simple closed curve J = a;b, v ab,v
U oo U @by U ap b, 18 8aid to be a counting curve for Z. We define the
winding number of Z in T, W(Z, T), to be W(J, T).

It is not difficult to show that if Z: Jy,dy, «v, Im (m > 2) is a linked
chain of simple closed curves in the interior of the solid torus T, W(Z, I')
is independent of the choice of counting curve for Z.

The collection Z: T, ..., T of disjoint solid tori in the interior
of a golid torus 7 is gaid to be a linked chain of solid toriin T with winding
number W(Z,T)=mn if Z': Oen(T,), ..., Cen(Ty) is a linked chain of
simple closed eurves in T with W(Z', T) = ».

Let T, be a golid torus in B Let Z: Ty, ..., T (m > 2) be a linked
chain of solid tori in T, with W(Z, T,) = n (n = 0). We refer to the m
solid tori in Z as the solid tori at the first stage. Let Zi: Ts1y ooy Tim Do
a linked chain of solid tori in 7; with W (Z;, T4) = n, Zi: Tijsy ey Tijm
be a linked chain of solid tori in Ty with W(Zy, Tiy) = 7, Zixt ... and
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§0 on. We have m* solid tori at the kth stage and we define an upper
semicontinuous decomposition @ of E* by taking as elements of G the

m m
components of A= (T~ (.U1 Ti) ~ (.jUIT,-,-) A ... and the points of
1= 1,7 ==

F3—A. The collection @ is a toroidal decomposition of E?, and the space
EP|G will be referred to as an (m, n)-space. We note that under this
definition the space described by Bing in [4] is a (2, 1)-space and the
one described in [8] is a (2, 2)-space.

A criterion for certain decompositions of E® to yield E® appears
in [2]. We state it here for completeness.

TeEOREM 3 of [2]. Suppose that @ is a point-like decomposition of
BB such that P[Hg] is a compact 0-dimensional set. Then E3|G is ho-
meomorphic to B if and only if for each open set U in E* containing Hy
and each positive number ¢, there is o homeqmorphism h from E® onto BB such
that (1) if # ¢ U, h(z) = o and (2) if g is any non-degenerate element of @,
(diamAfg]) < e.

Remark. The above theorem is valid if P[Hg] in the hypothesis
is replaced by CLP[Hg]. By Theorem 10 of [2], if Hg is definable by
3-cells-with-handles, the hypothesis that @ is point-like may be replaced
by the hypothesis that @ is monotone. It is in this form that we use the
theorem.

THroREM 4. Suppose that E3|G is an (m, n)-space and m << 2n. Then
B°|G ¢& B,

Proof. Using the notation above, let D! and D2 be disjoint polyhedral
meridional disks of T, and let h be a piecewise linear homeomorphism
of T, onto itself fixed on BT, such that for each integer j (j =1, ..., m),
k(B4 Ty), and (D' v D?) are in general position. We shall show that some 7T
(=1, ..., m) has the property that the image, under h, of each of its
central simple closed curves intersects both D! and D2 We may Suppose
then that h(Ts) has meridional disks D} and D? such that D! is a subdisk
of D (j=1, 2). By repeated use of this fact it follows that any homeo-
morphism of T, onto itself, fixed on BdT,, carries some element of G
onto a set that intersects both D! and D2 Hence, by Theorem 3 of [2],
IG5~ BB,

Suppose that there exist central simple closed curves Jyy ey I
of Ty,..., T and a piecewise linear homeomorphism % of T, onto itself
fixed on BAT, such that for each integer i (i = 1, ..., m), either h(J:) n
AD'=0 or k(J:) nD*= @. We also suppose that D' and D? are in
general position with respect to each h(Ji). Then B, = b~ (D) and
B, = h7(D?) are disjoint meridional disks of Ty in general position with
v ?spe](.at to J;, «ydm and J intersects at most one of the pair E,, H,
i=1,..,m).
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Cage 1. m > 2. Theorem 3 of [7] guarantees the existence of arcs
Ayy ooy Am such that (1) A, is a connecting arc from Jy t0 J(ir1ymodm,

(2) (@640 A (T =, and (8) i (BroB) =0 (i=1, ..., m). We

use the arcs 4y, ..., 4m to construct a counting curve J for Z’: Jy, .., Jm
which is the sum of m arcs, disjoint execept for endpoints, each of which
intersects at most one of the pair F,, E,. Each of these arcs can contribute
at most one letter to the reduced characteristic sequence C(J, B,, B,),
but by hypothesis, C(J, B, B,) ~ pq...pq (n pairs) where m < 2n. This
is a contradiction.

310 A /320\ ‘71/:
I/\
G —— =
Y
! 1
A 8
o 8 o o0 o ... o0 o
Fig. 1

Case 2. m = 2. The proof in this case is similar to the alternative
proof Bing suggested in [8] to show that his (2, 2)-space is not E°. Let D,
and D, be disjoint meridional disks of 7', as in the definition of the linked
chain Jy,J,. Let § be the universal covering space of T, and denote the
copies of Jy, J5, Dy and D, in 8 by J%, J&, D¥, and Di (1 = 0, +1, +2,...).
A portion of § is shown in Figure 1. We can now use Theorem 3 of [7]
to construct ares 4 and B such that (1) 4 is an arc from a point p of J}
to a point ¢ of J3, B is an are from a point r of J3 to a point ¢ of JT,
(2) A and B miss the copies of E, and ¥, in 8, and (3) A and B project
onto disjoint arcs of T. Let = denote the projection map from 8 onto T,.
Let € be an arc of J, from w(p) to =(s) and D be an arc of J; from =(g)
to m(r). Let J be n(4) v m(B) v 0 v D.J is a simple closed curve in Int T,
which is the gum of two arcs w(4) v D and =(B) v C, one of which misses B,
while the other misses H,. Since W(J, Ty) = W(Z, T,) = n, this implies
n < 1, contrary to the requirement that 2 = m < 2n. ,

CoROLLARY 2. Suppose that G is a toroidal decomposition of B® generated
by the sequence of collections of solid tori Zy, Z,, ... Suppose further that
for each T e Zy the collection of elements of Zi lying in T is a linked chain
of m(T) solid tori with winding number n(T) in T and m(T) < 2n(T). Then
BB|G & BB, .


GUEST


e
Haig

232 R. B. Sher

We wish now to state and prove a theorem which will provide
o gufficient condition for an (m, »)-space to be homeomorphic with Ez,
The theorem will be stated in more general fashion, for an arbitrary
toroidal decomposition of E®, and the result for (m,n)-spaces will be
stated as a corollary. We will make use of the following lemma.

Levua 1. Let G be a toroidal decomposition of EP. Suppose that if T
iz any member of the collection of solid tori defining @ and n is & positive
integer, there exist disjoint polyhedral meridional disks Dy, Dy, ..., Dy of T
and a homeomorphism b of T onto itself such that (1) B|BAT = I, and (2)
if g @ and g C T, h(yg) intersects at most one of the disks Dy, ..., Dn. Then
BG ~ B°. ‘

Indication of proof. Let T be a member of the collection of
solid tori defining @ and &> 0. Using the hypothesis of Lemma 1 we
can construct a homeomorphism %, of 7' onto itgelf such that (1)
he|BAT = I, and (2) if g € G and g C T, then diamh,(g) < &. Such a homeo-
morphism may be constructed by choosing an appropriate mumber of
meridional disks of 7T, applying the homeomorphism % of the hypothesis,
and then spreading the disks around 7 while pushing the elements of @
toward the center of T. It follows from Theorem 3 of [2] that B®/G ~ BB

‘We now introduce some notation which will be used in the proof
of Theorem 5. Let 4 denote the canonical solid torus in #°® obtained by
revolving the disk D= {(#,y,2) 2+ (¥—22<1,2=0} about the
@-axi§. We may think of A as being the union of the disjoint disks D xt,
t €[0, 2r) where D x t is the disk obtained by revolving D about the x-axis
through the angle 7. We refer to the disks D xt as cross-sections of 4 and
we denote Dxt by D;. If 0 <r <8< 2w, the section of A determined
by Dr and D,, which we denote by S(r, s), is tL[J ]D,. Every solid torus

€[r,8

is a homeomorphic image of A. If T is a solid torus and f is a homeo-
morphism from A onto T, we refer to the disks f(Dy), t € [0, 2x), a8 cross-
sections of T' and we denote f(D;) by f(D).

DEFINITION. A collection Z of solid tori imbedded in the interior
of a solid torus T, is said to be simple in T, if there exist disjoint polyhedral
meridional disks F; and B, of T, such that if T ¢ Z, (1) either T ~ E, = @
or TnBy=@, and (2)if T~ B+ (i=1 or 2), T ~ By is the sum of
two disjoint meridional disks of 7.

T.HEOREM 5: If (.1) G is a toroidal decomposition of E* defined by the
collections of solid tori Zy, Z,, ..., and (2) for each T € Zs, the colleotion of
elements of Zirq which le in T is simple in T, then B®|G ~ EP.

P.roof. Let T be a member of some Z; and let « be a positive integer.
We wish tq show the existence of disjoint polyhedral meridional disks
Dy ey Dy 6f T and a homeomorphism % of T' onto itself such thatb (1)

icm°®
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BBAT =1I,and (2)if ge G and gC T, then h(g) intersects at most one
of the digks Dy, ..., Dn. It will follow from Lemma 1 that BB3|G ~ BB

Let Z}.1 be the subcollection of Z;y; consisting of those elements
of %1 which e in 7. By hypothesis, Ziy, is simplein 7' Thus there exist
disjoint polyhedral meridional disks B, and B, of T' such that if T eZi,
(1) either " A By=@ or I" ~n By = @, and (2) if T"~F; # 0 (j=1 or 2),
T ~ By is the sum of two disjoint meridional disks of I". We may suppose
that B, and H, are cross-sections of T under a homeomorphism f: 4 T,
that By = f(D) = f(D)y, and that I, = f(D),.

We may suppose that there is a positive number d <1 such that
i 0 <t < 6;,and 1" is an element of Z},, which intersects f(D)y, I' ~ F(D)s
is a pair of disjoint meridional disks of 1" which are cross-sections of 1.
Tt Z).. denotes the subcollection of Z.. consisting of those elements
of Z;, which lie in T", Z{,» is simple in 7". Thus there exist disjoint poly-
hedral meridional disks F, and F, of 7" such that if T € Ziq, (1) either
T AR, =0 o0r T AF,=0,a0d (2)if T ~F;# G (j=10r2), T"n Iy
is the sum of two disjoint polyhedral meridional disks of 7"'. There is
a homeomorphism of 7" onto itself fixed on BA 7" that pushes the inter-
gection of Z%, with F, onto one component of I' ~ f(D), and the inter-
section of Z}%, with F, onto the other component of 1" ~ f(D)q- We may
suppose that there ig a positive number "8, < 6, such that if 0t 4,
and 7" is an element of Z}., which intersects f(D)y, " ~ f(D) 8 & pair
of disjoint meridional disks of I'’ which are cross-sections of T,

By following a procedure indicated by the above paragraph we can
adjust the solid tori in T through the (¢4+n—1)st stage so that they are
nicely imbedded in 7 neaf f (D),. In other words, we may make the following
assumption: It Z is the collection of golid tori consisting of those members

of HUlZ, which lie in T, there is a positive number § such that (1) it
J=

i+1 i
TyeZ either T, mf(S(’O, 6)) =@ or Tynf(D)= 0, and (2) if Tf“ Z
and T, ~ f(81(0, 8)) # @, then for each t¢[0, 6], To A F(D) is a pair of
disjoint meridional disks of Tj.

Now let t, ..., -1 be positive numbers such that 0 =1 <ty <..
<ty = Sandlet ty = 1. Let D; = f(D)y (=1, ey 0)- Let T, be a member
of Z},, which intersects f(S(0, 8)). One can use the techniques of the l?roof
0f Temma 1.2 of [10] to construct a homeomorphism of T, onto itself
fixed on Bd T, which takes each solid torus in T, at the (i+n—1)st stage
onto a set that intersects at most one of the disks Dy, ..., Da-z. If We
apply such a homeomorphism to each element of Zj., that m.tersects
f(8(0,8)), and extend the composition of these homeomorphisms as
the identity on the rest of 7, the resulting homeomorphism of T onto
itgelf satisfies the requirements set forth in the first paragraph of the

proof.
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COROLLARY 3. In the notation above, if ESG is an (m, n)-space with
Zﬁ..,k simple n .T,;j,__],, then E‘\’/G ~ BB,

5. Examples. In the previous section it was shown that if B)g
is an (m, n)-space with m < 2n, then BB/G % EB. In this section we show
that if m > 2n, there exist (m,n)-spaces M; and M, such that M, ~ ¥s
and M, 3+ E°.

ExameiE 1. If m and n are monnegative integers with m > 2 and
m = 2n, there exists an (m,n)-space M, such that M, ~ IB.

Construction. The case m = 2, » = 1 i3 covered in Bing’s paper [4]
on the sum of two solid horned spheres, 50 we may suppose m > 2. Let T,
be a solid torus in #* and let D,, D, be disjoint polyhedral meridional
disks of Ty. We may construet polyhedral simple closed curves oy, ..., Ja,
in Int T, such that (1) J; and Jy are simply linked in T, if and only if
li—kl=1(1,k=1,..,2n), (2) Js ~ (D, v D,) consists of a pair of points
of D, if i is odd, and (8) J: ~ (D, v D,) consists of a pair of points of D,
if ¢ is even. See Figure 2, where 0, and 0, are the components of To—
—(Dyv Dy). I m = 2n, we link J; and J,, by adjusting the part of Js,
in €. If not we construct polyhedral simple closed curves ont1y ey Im

o
ij
2
i @
A\
Ton
O,

Tig. 2

in €, such that (1) J; and J, (3,k=1,...,m) are simply linked in T,
if and only if either |i—k| = Lori=1and k=m, or i=mand k= 1.
Thus Z': Jy, ..., Jm i8 a linked chain of simple cloged curves in 7,. We
may construct connecting arcs for Z’ which miss (Dy v D,). This shows
that W(Z’, T,) = n. If we expand each J; slightly to get a solid torus 7
we obbain Z: Ty, ..., Ty, a linked chain of solid tori in T,, such that
W(Z,'To)=n and Z is simple in T,. Let Z: Loy ey Tom (=1, ...y m)
be a linked chain of solid tori in T; imbedded in T as Z is imbedded in T,,
let Zy: Tipy ooy Ty be a linked chain of solid tori in T'y; imbedded in T';;
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as Z ig imbedded in T,, etc. This construction yields an (m, n)-space
which we denote by M,. If follows from Theorem 5 that M, ~ E°

BxAMPLE 2. If m and n are nonnegative integers with m >2 and
m > 2n, there exists am (m,n)-space M, such that M, 5% BP.

Construction. Let T, be a solid torus in B3 A polyhedral simple
closed curve J imbedded in Int7T, is said to have property P(k) with
respect to T, if & is a positive integer such that for any pair (.)f. disjo%nt
polyhedral meridional disks D; and D, of T, in general position w.1th
respect to J, C(J, Dy, D) has either pg...pq (k pairs) or gp...qp {k pairs)
as a subsequence. In the following paragraph we construct, for any non-
negative integer j and any positive integer %, a polyhedral gimple closed
curve in IntT, with winding number j and property P(k) with respect
to Th.

£ £

£y N Ka
— (_\KZ
Ky %

Fig. 3

Let B, and F, be disjoint polyhedral meridional digsks of T, and
denote the components of Ty— (B v I,) by C;and 0,. Let Kl,‘Ka, ey K?M,
be disjoint polyhedral arcs such that (1) K¢ has each of 1'ts endpo@ts
on B, and Int K, C €, (i = 1, 3, ..., 2k—1), (2) Ky has each of 1ts.endpomts
on H,, and IntK;C 0y ({ =2, 4, ..., 2k), (3) K; has one en('lpomt on El.,
one endpoint on H,, and IntK:C 0y (i=2k+1, wey 2k+7), and (4) if
K, e {Ky, Ky, ooy Kopa} and Kq ¢ (K, By ooy Koshy E, and K, are linked
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in O, in the sense that if K is an arc in B, joining the endpoints of K,,
I is an arc in ¥, joining the endpoints of K,, K v K, and L v K, are
linked in T,. Now let ¥y, ..., Naxy; be disjoint polyhedral arcs in C1(C,)
such that (1) one endpoint of Ny is on E; while the other lies on F,
(i=1,..,2k+5), (2) IntN;CC, (¢=1,..,2k+j), and (3) N; joins
one endpoint of K; to an endpoint of K (ir1ymod @r+s)- We let J = (I Ky) v
u (IJ Ni). Figure 3 shows J in the case j=38, k= 2.

Let m, be the least odd integer which is not less than m, and let J
be a_simple closed curve in IntT, such that W(J, T,) = n and J has
property P((my+1)/2) with respect to T,. We expand J slightly to obtain
a polyhedral solid torus 7" in IntT, with J as its center. Inside 7" we
imbed a linked chain Z: T, ..., Ty of solid tori smoothly, in the sense
that there exists a counting curve for Z which is a central curve of 7.
It follows from Theorem 3 that W(Z, To) = n. See Figure 4, where m = 3,

To

Fig. 4

nt_—l, and Ty, T,, T, are shown as simple closed curves. We iterate
th1s_process, imbedding Tuy ey Ty (i=1,...,m) in Ty ag Tiyeiy T
are imbedded in T,, etc. We denote the (m, n)-space obtained ,in ,this
'wa,y by M,. T D, and D, are disjoint polyhedral meridional disks of 7' and %
i3 & homeomorphism of T, onto itself fixed on Bd Ty, then some 7'; has

icm°®
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the property that the image, under h, of each of its central simple closed
curves intersects both D, and D,. It follows, as in the proof of Theorem 4,
that M, F* E-.

6. Toroidal decompositions of Z? into intervals and points.
As wag pointed out in Section 1, there has been some interest in the
study of decompositions of E® whose only nondegenerate elements are
straight line intervals. In this section we show that if @ is a toroidal
decomposition of I® such that each element of @ is either a point or
a straight line interval, then E°/G ~ EP°.

LeMMA 2. Suppose that G is o toroidal decomposition of B® into straight
line intervals and points, and that T is a member of the collection of solid
tori defining @ with the property that there is a plane m such that some com-
ponent of m ~ BAT is a meridional simple closed curve of BAT. Then if n is
a positive integer there ewist disjoint meridional disks Dy, ..., Du of T and
a homeomorphism h of T onto stself fiwed on BAT such that if g ¢ G and g C T,
1(g) intersects at most one of the disks Dy, ..., Dy.

Proof. We may suppose that Bd T is in general position with respect
to = and that = is the xy-coordinate plane. By hypothesis, if g ¢ @, then
g ~ m is connected. In fact, g ~ = is either'g or a point of g. This property
is what enables us to prove Lemma 2. There is a homeomorphism f of E®
onto itself such that (1) some component of f(T) ~n= is a meridional
disk of f(T'), saiy D', and (2) if ¢ € &, then f(g) ~ m is connected. The homeo-
morphism f is obtained by pushing components of = ~ BdT which bound
disks on BdT off =, as described in the following paragraph.

Let J be a component of m ~ BdT which is a meridional simple
cloged curve of BA7, and denote by D’ the digk in » bounded by J. We
suppose that the components of (BdT) ~ (Int.D’) are simple closed curves
which bound disks on BdT. Let J; be such a simple closed curve which
has the property that if %, is the disk in = bounded by J;, By ~ (BAT) = J;.
Let B, be the disk on Bd 7 bounded by J;. There is a homeomorphism
of B® onto itself that moves K, onto B, and that moves no element of &
which does not intersect z onto s. By then pushing B, slightly to one
side of m, we reduce the number of components of (BAT) (IntD') by
one. Following this procedure, we remove the components of (BdT) ~
~ (IntD') one at a time to obtain the homgeomorphism f.

Let f, be a homeomorphism of 4 onto f(T). We may suppose that
there is a 6 > 0 such that (1) D’ = f(D), and (2) if 0 <t < Sand ge@
then fy(D) ~f(g) is a connected set. Let Di= fy(D)y where 0=1 <1,
< ... < iy = 8. We shall now construct a homeomorphism &’ of f(T) onto
itgelf fixed on Bdf(T) such that if g @ and g C T, h'f(g) intersects ab
most one of the disks D, ..., D,. The disks Di, ..., Dn required in the
conclusion of Lemma 2 will be D; = f"(Dj). We also denote by &’ the
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homeomorphism of E® onto itself obtained by extending &’ to the identity
outside of f(T), and we let k= fT''f.

Suppose that 4 is an integer so that T is a solid torus at the th stage
of the construction of G@. We may suppose that the boundaries of the
golid tori in f(7T') at the (¢41)st stage are in general position with respect
to OD;-. We majy further suppose that if T" is one of these solid tori,

thexi T” intersects no more than one component of f(T) n X ts, 4= 1, ..., n,
This follows from the fact that if ¢ € @ and ¢ C T, then f(g) ~ = x ¥ is con-
nected, i=1,...,n. We may remove simple closed curves in (Bd7T') A
B n
A (Ln)l);) which bound disks on BdT’ from | JDj in a manner similar
1
to ﬂlla;b used in the construction of the homeomorphism f. If Bd T’ has
a longitudinal simple cloged curve J on some D} we can find & homeo-
morphism of 7" onto itself fixed on Bd 71" which pulls all of the nonde-
generate elements of G in 1" so near J that their images could not intersect
U D;. We suppose then that 7" ~ (| D) is the sum of a finite number
i#f 1
ogfé meridional disks of T'. We adjust the solid tori in f(T') at the (¢4 2)nd
stage inside the solid tori at the ({+1)st stage in a manner similar to
the way in which the solid tori at the (¢+1)st stage were adjusted in 7,
and we perform similar adjustments through the (i--n)th stage. We
suppose then that each solid torus in 7' through the ({4 n)th stage inter-

sects ODG in a finite number of meridional disks. See Figure B.
1

0. wOpy Oy

Fig. &
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Let T' be as in Figure 5. Let A,,.., A, be the components of
T A (f('T)ﬂfu(S('O, 6))). Each 4 is a section of 77, and if 7" is a solid
torus at the (¢+2)nd stage inside 7', then T does not intersect both
end cross-sections of A;. We may identify an orientation of 7' which
we refer to as “clockwise’. There exists o homeomorphism 7] of 7" onto
itself fixed on Bd T" and fixed on the part of £,(S(0, 8)), between D} and D,
that takes each solid torus in 7" at the (i-+2)nd stage onto a set which
intersects at most one of the disks D] and D). We think of ki ag being
obtained by slipping the solid tori at the (- 2)nd stage inside 7" in the
clockwise direction keeping the counterclockwise end of each A fixed.
The intersections of the tori in f(7) with D} for 2 < 4 < n—11is not changed
by hi. See Figure 6. For each 1" in S(T) there is a homeomorphism such
a8 ki. We extend the composition of these homeomorphisms as the identity

(@) , 7

T 7T
@j |
i

A (

(4) ATy
)

)

LA

<

4 5

' T 7T

Fig. 6

outside the sum of the 7'’s to obtain a homeomorphism of f(T) onto
itself, which we also denote by %;. The homeomorphism %] is fixed on
Baf(T), fixed between D; and D, and has the property that each
solid torus of f(T) at the (i-+2)nd stage is carried by ki onto a set which
intersects at most n—1 of the disks Dy, ..., D.. We iterate this process
to getb hz, 8o that each solid torus in f(T) at the (i-+3)rd stage is carried
by hshi onto a set which intersects at most n—2 of the disks D!, ..., Dy,
efc., and we let A’ = hyy...h;. Then k' carries each solid torus in f(T)
at the (i-n)th stage onto a set which intersects at most one of the disks
Di, ..., Dy. Thus &' is the homeomorphism required in the first paragraph
of this proof.
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Lemva 3. Under the hypothesis of Lemma 2, if &> 0, there emists
a homeomorphism hy of T onlo iiself fiwed on BAT such that if g « @, gC T,
then diamby(g) < &.

Lemma 3 follows from Lemma 2 and Lemma 1.

TeEOREM 6. If G is a toroidal decomposition of F® imto straight line
intervals and poinis, then EPG ~ I,

Proof. Let T be a member of the collection of solid tori defining G
and let n be a positive integer. Let Dy, ..., Dy, be disjoint polyhedral
meridional digks of 7' labeled consecutively around 7. We shall construct
a homeomorphism % of T' onto itgelf fixed on Bd T such that if g ¢ ¢ and
gC T, h(g) intersects at most three of the disks Dy, ..., Dy,. It follows
that h(g) intersects at most ome of the disks Dy, Dy, ..., Dy, and hence
from Lemma 1 that B3/G =~ IB.

Let Ny, ..., Non be disjoint neighborhoods of Dy, ..., Dy, Tespectively.
Let A be a nondegenerate element of @ in T. There exist polyhedral
meridional disks Dy, ..., Dg, of T in N, ..., Ny, respectively, such that 4

8n
does not intersect §;, the 1-skeleton of the triangulation of | ) D}. Let T4

1
be a solid torus in the collection of solid tori defining @ such that 74D 4
and Tan 8, = @. We may suppose that Bd Ty is in general position with
3n
respect to | J D;. We show that there is a homeomorphism hy of T4 onto
1
itself fixed on BdT4 such that if g @ and ¢C T4, ha(g) intersects at
most one of the disks Di, ..., Dy,. It will follow that ha{g) intersects at
most three of the disks D, ..., Dg,.
8n
Case 1. There is a meridional simple closed curve of BdT4 in | Dj.
=1

Let & be a positive number which is less than the distance between any
pair of disks in the collection Dj, ..., Di,. By Lemma 3 there i a homeo-
morphism hy of T4 onto itself fixed on Bd T4 such that if geGand g CTy,
then diamhy(g) <e. Thus he(g) intersects at most ome of the disks
Dy, ..., Dy, for every g e @ with gCTy.

8
Case 2. There is no meridional simple closed curve of BAT4 in O D;.
i=1
In this case We,_tan find a longitudinal simple closed curve J of Bd T,
n
such that J ~ (Llj D)= 0. Let ¢ be a positive number which ig less than

n
the distance from J to LEJDQ. There is a homeomorphism %y of T4 onto
itiself fixed on BATa such that if g« @ and g C T4, then every point
of ha(g) is within ¢ of J.
There is a finite collection of disjoint solid tori such as T4 whose
interiors cover the nondegenerate elements of G in T, say Ty, ..., T.
We use the fact that Cl(Hpg) is compact to conclude this. As shown in

©
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the above paragraph for T4, there is, for each 4, a homeomorphism 7
of T onto itself fixed on Bd T, such that if g e G and g C Ty, then h(g)
interseets at most three of the disks Dy, Dy, ..., Dyy. Liet b= hyhy... iy

2
be extended to the identity on I'—( J T'i. Thus, for each element g of G
1

in T, no more than one of the Dj’s intersects h(g).
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