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Several theorems about uniform convergence
of the Fourier series

by L. KArApZié (Beograd)

Let f(z) be an integrable and periodic function with period 2=,
and let

(1) f(m)~% + Z QA COSNET + bpsinnz .

n=1

THEOREM 1. If there exists a closed interval {a,b) (—t<a<b<m)
at whose points the following condition is satisfied:

(2) O0<2nd<p—p+2<..<Pn—@p_1+2 < 2r(1—9)
O0<édé<i,zela,d)),

where
@Pan = arg(an+1bs) ,
and if
(3 (%) lax+ ibal < (,f:l) logsrt+ibpal, k=1,2,...,m, for n>n,,
)
. 2 .
(2]:') |a2n-k+1'b2n—k] < (k-:l) Ia’2u—k—1+@b2n—k—1| ’ k= 0, 1, ey N
for n>mn,,
w .

= oo,
el

then series (1) converges uniformly for x e {(a, b).
Proof. If the partial sum of series (1) is written in the form

8(2) = % Z +axcoskz 4 bysinkz

k=1

= %’ + 2 ax— tby (ae®i)* + 9*_;"”’_" (qe-=é)k

ak
k=1
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and if we effect on it the following sequence of the successive transfor-

mations:

(ae?t)k— (aezt)k+1
1— ae* ’

after the procedure shown in paper [1] the following sequence results:

A a6 1\ A i|
(5) Sa@) =3 +35 2, (c—zik_la)k +(e::i.k_;)k] Bn
Ay
=3 +re{ _S_ gy — 2T {Ba}

where

Apoy = Gx—iby— (";‘) (@x_y— ibg_y)a+t ...+ (—1)*"(a,— ib) a*~" |

1 A (n—k+1)zi A" -1 —(n—k4+1)zi
2 [(e—z‘— a)teﬁ +1 + (63‘ a)ke 1)zi ,

Aimy = an—iba— (“77) (@nor—ibas)act oo (— 1P Y@ sr— ibn_ i) @b

The sum of sequence (5), where we consider the relations

T

S 1 ti
arn—’labn—; ff(t)e dt,

-TT

(6) A== [ fO et ap-re-sian,

A;'c_l =% ff(t) (‘e*h‘_ a)k—le—(n—k+l)lidt ,
may be written in the form

(1) Sal@) =~ j 10 [s‘“(”ﬂ)“" 2) | ore {“"".""‘ (""’f‘ “)""}] at .

sin((t— )/2) e —aleF—a

Sequence (7) for a == — ¢*' implies the suin

re {4a-1(e*%)}

(8) Sn(z) = 8a(z)— on

bJ
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where
re {4, _,(¢*')} = a,cosnx + b,sinnw+ ("I l) (@n_icos(n—1)z+

+ bp_18in(n—1)a) 4 ...+ a,co8z+ b,sinz .

So, from relation (56) for a = —e—** and on the basis of relation (8)
we obtain the relation

(9) 8p() = ‘—;—" 4 Z axcos kx -} bysin kx

k=)

a tLWA N Cad Ay_y(e®
=—29+re= = )+Z Biale™) k)ﬂ}

2k
k=1 k=1

If on the closed interval (a, b)> condition (2) is satisfied, according
to van der Corput [2] there exists an inequality

n
| Yewmrai < M5 (0<s<y),
k=1

where M is a number which is independent of ¢, 0 and of x ¢ <{a, b).
If we consider this inequality and hypothesis (3), and if

()=of%)

22n . .
|A2n+r(€)] = O(V_ﬁ lan+"bﬂ|) y r=0,xt1, veda,b).

then

According to the above we may get the following results:

Ap_s e‘") Ia,,—i- 1bp| oo
| . ( - ) p (p = l ]>,
Ak—l(e”‘) |ag+ ibg| oo _ An_—_

2* ( Ve ) ! . I 2 ])'

From these results and on the basis of hypothesis (4) we conclude
that sequence (9) converges uniformly on the closed interval {a, b).

CoROLLARY. If the sequence has positive terms

[@n—1bn— anbn-ll
la»—lan+ bn-1 bn'

(10)

and i8 monolonically increasing and if conditions (3) and (4) are satisfied,
series (1) converges uniformly in the interval (276 --@— gy, 2w(1—3)—g),
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¢ = lim(pp— @n-1) < /2, but if sequence (10) has negative terms and is
fn—oo
a monotonically increasing zero-sequence and if conditions (3) and (4) are
satisfied, then series (1) comverges wumiformly in the interval (2rd+ @,— @,,
21t (1—4)).
Proof. If in relation (2) the following condition is satisfied

0< Po— P < 0o < Prp—Pr-1 < 1t/2 ’

then sequence (10) has the positive terms and is monotonically increasing
because

an—lbu— Qp bn—l

Ap_10n+ bp_1bsn’

t8(Pr— @Pn-1) =

but if
— T2 <1 < . < Pn—Pr1 <0 (p=0),
then sequence (10) has negative terms and is a monotonically increasing
zero-sequence. On the basis of Theorem 1 we obtain the following corollary:
THEOREM 2. If

(11) Ae—r(0n-kr1)=0(1), mn->o00, fork=1,2,..,mn,
where

b
Ap_a(Cp—r+1) = Cn— ( 1 1) Cn-1t oo+ (—1)* 200 g 41

(en = @n—1ibn, n =1, 2, ...), then series (1) uniformly converges for (n/3+ ¢,
5n/3—¢), where ¢ i8 a very small posilive number.
Proof. The sequence (7) for a = 1 gets this form
n-l(c )
Sn(z) = 8a(z)+Te {e-"‘ (e — i)"
From this relation and relation (5) we obtain the relation

Merle) N Dkcrllnrsr) oo ons
8a(2) = - -}-re{Z (e_zil i)" —(rﬂ—l;;‘l e(r—k+izi
k=1

If condition (11) is satisfied, this sequence converges uniformly in the
interval (n/3 + ¢, 5n/3—&).
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