206 : . H, Delange
et que les d, sont détermindes par le fait que l’on & pour tout HeRF

Sl Sun) =[] =21 327

gez®

Comme dans le cas d’une seule fonetion, cette égalité peud ausm
&tre établis par la méthode utilisée ici.

Regu par la Bédaction le 14, 2. 1969
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A statistical density theorem for I-functions
with applications
by
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§ 1. Introduction

1. In the last years many interesting results in the analytical theory
of numbers have been obtained by the so-called “large sieve” method,
e.g. new statistical density theorems for L-functions {2, [1] and the
mean value theorem of Bombieri [2] ((1.6) below) concerning the distri-
bution of primes in arithmetical progressions.

We shall in this paper combine the large sieve with the method of
Rodosski {9] and. prove two statistical density results (Theorem 1) for
L-functions. The estimate (1.4) is most effective for “high” reetangles
and seems to be of a new type. As an arithmetical application of this we
shall prove an analogne of Bombieri's theorem, concerning the primes
in & “short” interval (Theorem 2). Finally we call attention to the conse-
quences of Theorem 2 to some prime mumber problems.

2. Let X 21,T =2, az §, and let y be a character (modg). Denote
by N{«,T,q,y) the number of zeros of the function Z(s, y) in the
rectangle '

(1.1) l—a<o<l, H<T

In the statistical theory of L-functions the main problem is to find an
estimate for the sum :

(1.3) D (e, T,q,7)

g<X xmndg
where the asterisk denotes summation over primitive characters only.
Bombieri has in [2] proved that the sum (1.2) iy (1)
A(l-a)

(1.3) < (X XT) T o,

() We use the following notation: e, ¢,. ... denote pesitive absolute constants;
e and A4 stand for positive constante, the former arbitrarilty small and the latber

arbitrarily large, which need not be always the same. Further, -as usua.l we Wﬂte
e(a) == 7Y, gy(a) = P,
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and Barban [L] has given other estimates of about the samc type. But
all these are inconvenient for large values of 7. We ghall eliminate the
factor T in the first of the following estimates:

TaeorEM 1. For the sum {1.2) we have the estimales
A==
(1.4) (X7T%  log (X+1), |
(1.5) (X°T%) © Tlog(X4-T).

3. Ag an application of hiz density thecrem, slightly stronger than
(1.3), Bombieri proved a result conecerning prime numbers which (in
a little rough form) rans as follows:

1.6 msxX max
( ) 2 z5 (@,0)=1

p(2, q,-w)——)* <w10g

qga;lﬁws
To formulate our theorem, let ¢ be a constant such that
(it w) <

for t - co and 0 < w < 1. It can be proved that ¢ <!, the best result
heretofore obtained being ¢ < L (see [6]}

THEOREM 2, Lef w22,y > 2,y = o’ where 0 is o fized number from
the interval 0 << 0 << 1. Then ‘

-

(1.7} 2 max max
q{tmﬁ <l (a,9)=1

ylztz,q, a)— vz, q,a)— *“‘(*‘5“ <J10g

where
| | 4ef4-26—1—de

©(18) E

Recently Gallagher [B] has proved (1.6) without using zecos of
L-functions. But it seems to us that it is more difficult to prove Theorem 2 .
by some similar method.

4. HEstimations of the type (1.6) and (1.7) arve important e.g. in the  ~
applieation of Belberg’s sieve method to prime number problems such
a8 the twin-prime problem and Goldbach’s problem. By the method
[7] it can be dedunced from {1.6) e.g. that there is aun infinity of primes
p such that p+2 hag at most 3 prime faciors. One may ask how the
primes of this kind are distributed. Now Theorem. 2 offers a possibility _
for obtaining such results, It can be proved e.g. R 4
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THEOREM 3. For every positive integer r = 8 there ewists a real number
Bir) with 0 << 0(r) << 1. sush that for = sufficiently large in any interval
(&, ©-1-a70) there emists a pair (p,p+2) such that p-+2 has at most ¥ prime
factors. We . have
14+4e
24 4e

o(r)< +¢ '

if r=r(e).

The question about #{r) remains open for r < 7.
§ 2. Preliminary lemmas
5. We state first o lemma which follows easily from the considerations

carried out in [9].
LzmvA 1. Let X 21,y >1, {5051, T 22,

(2.1) £ = e, yTX"log X,
22) = X uld

dlr

g5y

Let further 4 = [logz]+1,
. . ]
23) 1= Y[ ¥ anlog"nx(%)n"“‘ﬁizdadi.

g X ymodqd a T Mgn<aM

Then for the sum (1.2) we have the estimate

(2.4) ' < log™zmax max log’”MI (v, M},

l<rh v Mg

‘We shall also need some facts &bo_ut the divisor function ¥(n).
Lemma 2. We have v{n) & n*; further, :

(2.5) 2 " ¢ logea,
(2.6) D tz('n,) < slog3w,
RE
{2.7) 2 z(n) & 1*loga.
. TLREL 28

Three first properties-are well-known, and (2.7) can be proved by
the method of [10]. '
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6. The large gieve method we shall apply in the form of
Lmyma 3. Lat dy, n = H-+1, ..., H+K be arbitrary complex numbers,

and let
HiE HiK H{j'f
S(a) = dye(na), Sy = doyin), Z = |dn)2.
(a) n—‘;-‘}-l 1 ’ n;%:-l ’ ni}-l
Then ‘
2 *
(2.8) S(ﬁ)‘ QXHEZ, D) D IS < (XK
<X (&,4)=1 q <X gmedy

For & simple proof, see [4].

§ 3. Proof of Theorem 1

7. We show first that (1.5) follows immediately from Lemmas 1, 2,
and 3. For by (2.2) we have |a,| < (n}, and using Lemma 3 in (2.3) we
find that

M
I, M) < <T(X2+M M"log"M D’ v*(n).

=M
Choosing y = X* and using (2.8), we establish (1.5) by Lemma 1.

8. Next we turn to the proof of (1.4). Ohoosing in Lemms 1
{3.1) y=XT, 2= (c,X"TlogX)",

we congider one particular I(», M) with integral M. Let first ¢ be a fixed
numnber from the inferval « << o <<1. Obviously

det T M
(3.2) =[] Z anlog'ny (m)n="~"I" at
-7 =M
M . =M
2 n, bnm (m)x(%a),
!’L_].MM ”21=M
whera
r . (T for  my == n,
(8.3)  bany = [ (mynofit </ M
" _{, HTe .n:un(T,— ) for  ny ¥ my,
|70y~ Py |

(3.4) dy = a,n""log"n.

Statistical density theorem for L-functions 211

Let z(y) = 2 x

following 1dent1t1es 15 well- -known, and the second is a consequence of it:

T(x)x(n.) = 2 xla) e (aymy), ;_(X—)Z(%z)= 2 2(@) 6 — agns).

(%1 q)=1 {dg,q)=1

eq(a) be a Gaussian sum. The first of the

On multiplying these, multiplying the resulting identity by b
and finally summing over », and n,, we obtain by (3.2)

T, = 3 Y Ao gbayny 3 1(8)%(a1) e(aymy— agmy).

Ty g o)

ALTg

Further, summing over all characters (modg), and taking into account
that J, 2= 0 and that for a primitive character {z(y)|® == q, we get

(8.5) DT < 3 Y by S e{alng—ny)).

xmodg W mg {#,g)=1

9. Now we set out to estimate the sum on the right of (3.5). Tet

(36) Y=X M,=M-TF, My = M+ 7T, = M4+27,
and define the intervals
{(3.7) B:rvgn<v+Y, v=M, M +1,..,2M,

LEMMA 4. Let ny and n, lie in the intervals H, , and H,, , respectively.
Then

. TY
(3.8) By g = Buyyy+0 (mm (T’ W))

Proof. By (3.3) the lemma is trivial for |- v,
lyy—wy| = 4 > 2%. Then we have fo prove that

< 2¥, say. Let now

(3.9) By g by K TT A7,
To see this, we remark that
(R fma)” — (i)™ = (rfrg) " — (11 fp) " HO(TTM ) TAMT,
log™ (ny/ny) = log™ (3, s) +O(TMA™?) L MA™Y,
whence, by (3.3), the estimate (3.9) follows.

10. Next we consider the sums

Z dnld bﬂl fig 2 Ga(a’(ﬂl"'ﬂz))s

Moy, vzgzM nyeH,, figeH,, (a,d)=1

(3.10) T, =

and assert the crucial
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Levma 5. We have
31, < Pt Nog" M.

g X

Proof. Using (3.8) in (3.10), we get first
(3.11) 2 T,
<X

:22 Buy vy E Z { Z dnleg(cml)}{ 2 dﬂzeg(—ang)}+R,l

v ¥y ¢<X (2,0)=1 n]_sﬂ_vl ) ﬂ,stVZ
where

(312) R <€ M ¥log"M ¥ (1) 7 (1) X

MMy vy <20 nl‘Hvl ngsH,.z

. Vi
® min (T, WI% v l) Z E;S‘,,.!,nl_n2 )
1 ]

=X
and

Sgm =D og(am)
(@g=1

is & Ramanujan sum. It iz well-known that

S = Eﬁ(g)m Vs,

d|(a,n) dlig,n)
whence .
: x° for mn=20
(3.18) D18yl <€ | ’
‘ d=x Xt(n) for a0,

To estimate the term R, we subdivide first the pairs (%1, 7g) into
groups such that #,—#n, is a constant A’ for each group. Bach pair oecurs
at most ¥ times, whence by (3.12) and (3.13) obviously

. My My
ELXTM ™ og"M } min(T, TY|A41™)e(A) 3 v(n)r(ntA')+
h At My . . . =My ' -
. Ar4p

‘ My
X VTH log" M D) 1¥(n).
N o _ it
Using (2.5) and (2.6), we obtain the further estimate '
R <XYsTM}—2alog2v+5M+X2 YZMI—M'TlOgZV'l'sM.

But M >y = TX°, whence by (8.6) I'YX < M, and we find indeed
that B is not “too large”.
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To egtimate the main term in (3.11), we apply Lemma 3. First, using
Schwartz’s inequality, we get

{3.14) 2 T, <22 |b"1”'2i{ 2
=X

vy T WX (2L0)=1 n<H,,

X{ 2 Z I Z dnﬂgqﬂ(a'2nz)l2}llz+R.

g X (29,03)=1 ﬂstv‘]

513t}

i

Now 1;; expressions in the brackets are by Lemma 3 and (3.4} (note that
Y=X)

LY D 1 <YM *log" M D *(n), §=1,3.
ﬂ"iEHV,,: ﬂi(H,,_i
Hence '
(815)  Y'T, <€ YM~*log"M By, ] X
<X Ay 12 M -
><( 2 172(-;21})”2{ 2 rz(ng))m+12.
nlsH,,l ﬂgeH,,z

Writing v, = »,+ 4 and using (3.3), we see that (3.15) takes the form
M

2 2M
DT, < YM-log”M 3 min(T, Mialh) 3 [ Y Am)) " x
<X Ad=—My v=My el

% ( b #(%2))”2+R
‘ ety +4
My

| o -
< YM-*og”¥ Y min(T, M4 22 > ) x

Ad=—My ¥ =My HIEH,,I

Lt
(2 Pw) R

vy =D nst',1+A

< Y2M2(1—U)10g2v+4M+R’
and the proof of Lemma 5 is complete.

11. We can now complete the proof of Theorem 1. We state first
LevMA 6. We have '

(3.16) - 3TI, < PHINogh N,

. a=X yxmody

- Proof. Comparing (3.5) and (3.10) we find that each pair (ng, n,),
oceurring in (3.5), occurs exactly Y’ times in {3.10). In (3.10} there are
also some further terms, eorresponding to pairs (ny, ny) Wwith at least
one of the numbers 7., %, not lying in the interval [M,2M]. Let, for
example, M — Y < n, < M. We estimate the contribution to the sim




214 . M. Jutila

2 T, of the pairs with », fized and n, running over the interval
o X .
[(M,, M.], and get by {8.10) the estimate

T | D ey Brymg] D 180y -
Ty g=X
Writing #, = n,+ 4, we see that the above expression is by previous
arguments
My
Yz'r(nl)M‘”"logg’M{X’Tr(nl)—[— D MXA (0, A)‘L‘(A)}

A=—¥
A0

LY TH 7 (n,)log” M+ ¥ X M7 (n,)log” L.
We separate two cases: 7' << X and T > X, Tn the first case we goti, sum-
ming over #,, using (2.7), and noting that z(n,) € X, M » 7X y ¥ =X,
the estimate on the right of (3.16). The second case is clear. So Lemma
6 follows by the above remarks from Lemmga 5.
Now by (3.16) and (3.1)

1
I, M) = 3 37 [ d,do < MH-Fog™su
g5X xmodg o
1—a

| € (XX log”t(X+1),
and Lemma 1 completes the proof of (1.4).

12. We state a corollary of (1.4) which is useful in many problems.

LeMMA 7. We have for T <€ X, X > X,, and for a suitable constant
a with 0 < a<1

(3.17) D N(1l—log™®X, T, q,z) =0

2modg
Jor all modules from any interval Q < q < 2Q with Q < X, with exception
of Qlog™2X modules at most. ' .
The proof proceeds in a well-known manner, using (1.4), Siegel’s
theorem and Satz 6.2, p. 295, of [8]. For the constant « may be taken
e.g 345 by [8]. Usually it is essential only that a < 1,

§ 4. Arithmetical applications

13. We prove a lemma from which Theorem 2 is an immediate conse-
quenee, '

LEMwMA 8. For all modules ¢ from any interval Q < ¢ < 2Q with Q < o,

with. ewception of Qlog™“1n modules at most, we have

(41)  maxmax 'y(w+2, g, a)—p(®, ¢, 8)~ —0r | € I log~2g.

Ry (Gl | - o (g E ®(4q)

icm
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Proof. For @ < exp (log"*® #), say, the lemms is clear since then (4.1)
holds for all modules, with a possible exception of the “exceptional”
modules (see [8], p. 321). _

Now let us suppose that @ > exp (log"*z). We start from the well-known
estimation , )

42)  |pl@te, g, 80— 9o, g, 6)— |
- e 7{0) |

Ly o) D) D T wloghs,
xmodg [PI<T : :

where ¢ = 8- yi runs over the zeros of L(s, y) (see [8], p- 321). We exclude
the same modules 8 in Lemma 7, and for the remaining ones (3.17) holds,
For the non-exclnded modules we use the density estimate

def ] 11—

= > N(4,T, 4, ) <" T*(T+ P "log® (¢T)

Ny(a)=
xmodg

(see [8], . 299). By this

(4.3)

1— log“lf’.\‘x
(4.4) Z Dt = [ aaN,(0) €loga,
ro T ¢
if
(4.5) Q‘*T"f(T-F Q) € a'=",
‘We choose
(4.6) T =y lga't,

s0 that ' > ¢, Then (4.5) it satisfied it g < o/, where § is given in (L.7).
By (4.2), (4¢.4), and (£.6), this completes the proof. :
J4. Proof of Theorem 3. Let {a,},n =1,..., N, be a sequence

of positive integers, and denote by N, the number of the a,’s which are
divisible by m. Let 7 ;

where f(m)} is a mulfiplicative function. Liet ¥ be such that
D) IR(m)| < Nlog™* ¥,

Let further max a, < N***, and define = = #y~". Then, by [7], among
l<psV
the numbers a, there are at least
N 1—
0.03 J(p}p

T ylogN A 1—1/p
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pumbers with at most & prime factors, where k depends on 7, and k — oo
when 7 - co. Bg. & =8 if 7 7.02.
We take now {a,} = {p+2},f(m) = mg~'(m), where p runs over
the primes in the interval [z, 2+y]. Then N <<y, ¢ = 67",y = p67% and
1 6+ 4c

7=

f deb+20—1—do

When 0 — 1, then v — 6+ 4e+ 2 << 7.02. So 6(8) < 1. The second assertion
of Theorem 3 follows also immediately.

15. We remark finally that Theorem 2 is applicable to several other
problems. T.g. it is possible to estimate the differences between “short”
gaps between prime numbers, along the lines of the paper of Bombieri~
Davenport [3]. Also it can be proved that every large even number is
representable as a sum of twe almost equal integers, one of which is
2 prime and the other has & finite number (< 8) of prime factors,
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Wie ich erst nach Drucklegung von [2] bemerkte, ist der Beweis
von Satz 5 unrichtig. Die Abschitzung von der dritfletzten Zeile zur
vorletzten Zeile auf p. 6 ist grob fehlerhaft. Es soll hier ein neuer Beweis
gegeben werden, der lediglich eine kleine Zusatzvoraussetzung, nimlich
0 < m < Fo(w) < M auf B verlangt. Da die Eindeutigkeit aus bekannten
Bétzen der Hrgodentheorie ohnedies folgt, werden wir Teil (b) von p. 7
an, neu beweigen.

Wir zeigen alzo: Eg sel f,(2) gegeben mit

t<mg fu(w) <M,
[fo(@)—So(y) < N llo—yll.

Definiert man rekursiv

forr(®) = D fs(Va) 43(2)

“so gilt

|fo(w)—ae(®)] < ba(s)
WO 6 = { folz)dr und b = b(f,) eine Konstante ist.

Zuuaoh%t folgern wir:

(a) fo(w) p—'Zfﬂ(Vi'cl g )/-1!.::1 ns(’ﬂ).

(b} |fe(w)—Fs(y)| < Ny|lp—y| mit einem passenden N, > N, una.b—
hingig von s. Der Beweis ist in [2] aul p. 7.

(¢) Da 0~ < o(@) = € ist 0y 0(w) < fo(#) < 6p0(w) und daber 0 < m,
< folow) < M, gleichmifig in s mit m, <m < M < M.

(d) gfa(w) dw = :3f fo(@)dr = a

{e} Aus (¢) folgt nun

gofs(m) < fs |.t(93 < Gofe(w

mit 0 < g, < @, gleichmifig in ¢ und ¥,




