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Fundamental retracts and extensions
of fundamental sequences

by
Karol Borsuk (Warszawa)

In order to extend some standard notions of the homotopy theory
onto arbitrary compacta X, ¥ lying in the Hilbert space H, I introduced
in [2] the notion of the fundamental sequence from X to Y, defined as
an ordered triple f = {fx, X, ¥} consisting of X, Y and of a sequence {fx}
of (continuous) maps of H into itself satisfying the following condition:

For every meighborhood V of ¥ (neighborhoods are wnderstood here
always in the space H) there ewists & neighborhood U of X such that

folU = fura/U in V. for almost all k.

The set X will be said to be the domain, and the set Y—the range
of the fundamental sequence f.

Setting ix(@) = @ for every point @ <H, we immediately see that
for every compactum X C H the triple {ix, X, X} is a fundamental se-
quence ix, called the fundamental identity sequence for X.

It ¢ is a point of a compactum X C H, then setting c(z) = ¢ for every
point © « H, we get & fundamental sequence ¢x = {¢, X, X} called a con-
stant fundamental sequence for X.

Let us observe that if % is a closed subset of a compactum X C H,
and’ Y is a closed subset of a compactum ¥ CH, and if f= {fx, X, X}
is a fundamental sequence, then f={f , X, T} is also a fundamental
sequence. -

Two fundamental sequences f= {fy, X, Y} and g= {gx, X, Y} are
said to be homotopic (in symbols: f ~ g) if for every neighborhood V
of ¥ there exists a neighborhood U of X such that

fe/U ~ g¢/U in ¥ for almost all k.

The fundamental sequences from X to ¥ may be considered as a gen-
eralization of the maps of X info ¥, and the clagses of all homotopic fun-
damental sequences from X to ¥ (called fundamental dlasses from XioY)
may be considered as a generalization of the homotopy classes of maps
of X into Y. .
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It is known ([2], p. 242) that every fundamental sequence
f={fs, X, Y} induces a homomorphism

I*i Hn(x, QI) »->H7,,(Y, QI) ’

where H,(X, %) denotes the nth homology group (in the sense of Vietorig
or of Cech) of X over the group of coefficients 9, and the homotopie
fundamental sequences induce the same homomorphism,

It #, is & point of a compactum X C H and Yo I8 a point of a com-
pactum ¥ C H, then a sequence of maps Jer (H, @) —~(H, y,) is said to
be a pointed sequence from (X, @) to (¥ y Yo) if for every neighborhood V
of ¥ there is a neighborhood U of X such that

Jef(Uy m0) = fura/(U, @) in (V,y,) for almost all k.

We denote this pointed sequence by {fos (X, ®), (X, o)}, or shortly by f.
Manifestly every pointed sequence from (&Xy ) to (¥, 4,) is also a fun-
damental sequence from X to Y.

Two pointed sequences f = {fi, (X, 2,), (¥, y,)} and g — {98, (X, @,),
(Y, y,)} are said to be homotopic (in symbols: f =~ ¢) if for every neighbor-
hood V of ¥ there exists a neighborhood U of X such that

Jel(U, a9) =~ gu/(U, @) in (V,9) for almost all %.

One proves ([2], p. 253) that each pointed sequence f = {fi, (X 1 %0)y (X, 900}
induees a homomorphism -

fot (X, @) > 7a( X, %) for m=1,2,..,
where m,(X, x,) denotes the n-th fundamenial group of (X, x,), which is
an appropriate generalization of the nth homotopy group (see [2], p. 251).
-In the present note T consider the concept of the extension of a fun-
damental sequence, which Dermits the introduction of some generalizations
of many notions and results of the theory of retracts.
The author acknowledges his gratitude to Dr. A. Lelek and to

Dr. H. Patkowska, who read the manuseript and made several important
Suggestions.

1. Restriction and extension of fundamental and of
pointgsd Sequences. Let X, X’, ¥ be compacta in the real Hilbert
space H and let X CX’'. Let ug consider two fundamental sequences.
I={f X, T} and f'= {f{, X', ¥} (which in particular can be pointed
soavences {fi, (X, a0, (Y, )} ond {ff, (X', a), (T, 90)}). Wo say that
T is a restriction of J"to X, or that f’ is an estension of f onto X’ if

Je(@) = fi(z) for every point # ¢ X and % = 1,2, ..
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It is clear that for every fundamental sequence f’ = {f;, X', ¥}
and for every compactum X C X’ there exist restrictions of J' to .X..In
faet, one of them is the fundamental sequence {ft, X, Y}. The question
of the existence of an extension is more delicate. First let us prove that.

(l.i) If two fundamental sequences f = {ft, X, Y}, g = {ge, X, ¥} satisfy
the condition fu(x) = gu(x) for every point @ ¢ X and for k=1,2, ...,
- then f ~g.

Proof. Let V be an open neighborhood of Y. Then there exist
a neighborhood U of X and an index %, such that
(1.2) fi/U 2 fo/UmV and gx/U ~gs/U In V forevery k> k.

It follows, in particular, that ¥ is a neighborhood of the compact .setr
Fro(X) = gy (X). Since fr,(®) = gr(w) for every point » e X, there exists
a neighborhood U,C U of X such that

1.3) ; Teol Uy = grof Ug I V.
The inclusion U, C U and the homotopies (1.2) and (1.8) imply that
felUs = fr]Us = gro/ Uy = /Uy in V. for every k=K,

and consequently f = g. . .
Now let us consider a compactum X contained in a compactum

X'CH and let j: XX be the inclusion map. Moreover, let
f=1{ft, X', Y} and f= {fx, X, ¥} be two fundamental sequences. Con-
sider the homomorphism

< Jut Ho(X, W) —>Ha(X', M)
induced by fhe map j and the homomorphisms
for Ha(X, M—>Ha(Y, W) and fi: Ho(X, W) >Ha(Y, %)
induced by the fundamental sequences f and f’. Let us prove that
(1.4) If f' is an ewtension of f, then fe=Tedw-

Proof. Setting ji(z) = @ for every point ¢ H,.we g(ﬁ: a.fmll('ia.men?l
sequence j = {ji, X, X'} such that the composit19n Jij= {fk]k,fxny }
satisfies the condition ffji(z)= fi(z) for every point me II: (I)n :,;Z:
by (1.1) that f ~ f%j and consequently ([2], p- '242) ‘j* = i‘i* I:eh i
to observe ([2], P 242) that the homomorphism j, coincides with the
homomorphism j, induced by the map j.
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Hence by (1.4) we obtain the following

(1.5) TemorEMm. Let X, X', Y be compacta in H such that X CX'. If
a fundamental sequence f from X to Y has an extension onto X',
then the kernel of the homomorphism fi: Hu(X,)—>Ha(Y,U)
induced by f contains the kernel of the homomorphism j,: Hn(X, U)—
> Hy(X', %) induced by the inclusion map j: X—X'.

By an analogous argument we infer that if w, ¢ X C X' and y, ¢ Y*

and i f={fi, (X, m), (¥, %)} and f' = {fiy (X', @), (Y, 90)} are two
pointed sequences, then

(1.8) If f' 4s an emtension of f, then the induced homomorphisms f,:
(X, ) 7l T, yo) and fui ma( X', @) >l X, Yo) satisfy the con-
dition f, = fujs, where j, denotes the homomorphism of mwa(X, w,)
into Ta(X', @) induced by the inclusion map j: X->X'.

As an immediate consequence of (1.4) and (1.6), one gets the following

(1.7) TrEOREM. Let X, X', Y be compacta in Hy XC X', e X, yge ¥
and let f = {fr, (X, ), (¥, Y0)} be a pointed sequence. If f has an ex-
tension f' = {fi, (X', @), (¥, Yo}, then the kernels of the homomorphisms
of the groups Hu(X, W) and wu(X, 1) into Ha(X', ) and mw.(X', x,)
respectively induced by the inclusion map j: X—X' are contained
in the kernels of the homomorphisms of these groups induced by f.

2, Weak and fundamental retractions and retracts. Let X
be a closed subset of a compactum X' C H. A fundamental sequence
r= {re, X', X} is said to be a fundamental retraction of X' to X if ru() = o
for every point # ¢ X. Thus the fundamental retractions of X’ to X are
the same as the fundamental sequences from X' to X, being extensions
of the fundamental identity sequence for X.

If ) ¢ X, then a pointed sequence 7= {ry, (X', #), (X, o,)} is said to
be a fundamental retraction of the pointed compactum (X', x,) to the
Pointed compactum (X, x,) if rg(2) = for every point z ¢ X, that is if r
is an extension of the pointed identity sequence for (X, w,). i

Let us observe that

(21) If r= {re, }?', J_K} is a fundamental retraction and {ni} i8 a sequence
of indices with glm'nk = oo, then seiting rf = ry, for k=1,2, .. we
. get a fundamental retraction of X' to X.

Ifr= {/'r;,, X, ;X} and v’ = {ri, X', X'} are fundamental retractions
then 71" = {ryri, X", X} is & fundamental retraction.

If r = {re, (J'Y’, {co), (X:, @)} 98 @ fundamental retraction and {nx} is
a sequence of indices with limng = oo then setting ri= Ty, for k =1, 2,...,

k=00
one gets o fundamental retraction of (X', x,) to (X, ).

(2.2)

(2.3)
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(2.4) Ifr: X'—>X,andr’: XX (or 1: (X7, o) (X , ) amd 1': (X" ) >
(X', @) are fundamental retractions, then 7 1’ is @ fundamental
retraction.

A fundamental sequence f: X—>X, is said to be a h-fundamental
sequence if there exists a fundamental sequence g: Y—~X such that the
composition f g: YT is homotopic to the fundamental identity sequence
iy. Replacing in this definition X and Y by pointed compaeta (X, )
and (¥,y,) one gets the notion of a pointed h-fundamental sequence. Let
us observe that

(2.5) Buvery fundamental retraction is a h-fundamental sequence.

Tn fact, r = {rg, X', X} is a fundamental retraction then setting
gr = i: H—~H for every k= 1,2,.., one gets a fundamental sequence
g={gx, X, X} such that rg = {Tufr, X, X} 18 homotopic to the fundam-
ental identity sequence ix= {4, X, X}. Hence r is an h-fundamental
sequence. The same argument holds also in the case when compadta X
and X' are pointed.

1t there exists a fundamental retraction of X' to X (or of (X', @) to
(X, #,)) then X is said to be a fundamental retract of X'(X, ) is said
to be a fundamental retract of (X', m,), respectively).

A closed subset X, of a compactum X C H is said to be a fundamental
neighborhood retract of X, if there exists a closed neighborhood W of X,
such that X, is a fundamental retract of the set W ~ X.

1t r: X'—X is a retraction of a compactum X' C H, then there exits
a map f: H-~H such that f(@) = r(x) for every point 2z e X'. Setting
re(w) = f(a) for every point % € H, we get a sequence of maps re: H—H
such that r = {rg, X', X} is 2 fundamental retraction of X' to X. Hence

Fwery relract of a compactum X'CH is a fundamental retract of
this compactum.

By an analogous argument one shows that

(2.7) Every neighborhood retract of a compactum X' CH is a fundamental
neighborhood retract of this compactum.
(2.8) Tvery fundamental retract of a fundamental retract of a compactum
, sa fundamental retract of this compactum.
Moreover,
2.9) If v'={re, X', X} is a fundamental retraction of X' to X and X"
i is @ compactum such that XCX'CX, then r={re, X", X}
is a fundamental retraction of X' to X.
Tet us show that the notion of the fundamental retract belong to

topological invariants. More exactly, let us prove the following
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(2.10) TumorEM. Let X', X' be two compacta in the Hilbert space H and

let b be @ homeomorphism mapping X' onto X'. Then the set ¥ = h(X)

is a fundamental retract of X' if X is a fundamental retract of X'.

Proof. Consider a map a: H-»H such that a(z) = h(x) for every

point # e X', and a map f: H —H such that g{y) = h~Y(y) for every point.

y ¢ Y'. Now let us assume that there exists a fundamental retraction
r = {ry, X', X}. Setting

si(y) = arpB(y) for every point y e H and k=1,2, ..,

we get a sequence of maps sz: H—H. Let us show that {sn, X', ¥} is
a fundamental sequence.

Consider & neighborhood V of Y. Since ¢(X) = ¥, the set U == a=(V)
is & neighborhood of X. Since r is a fundamental sequence from X’ to X,
there exists a neighborhood U’ of X’ (in H) such that

@11y 1)U’ = 1o U7 in U for almost all k.

Since p(¥')= X', the set V' = p~U’) is a neighborhood of ¥’ (in H).
Tt follows by (2.11) that

7BV’ = rpqafV in U for almost all & ,,
whence also

argf|V =~ arp V' in ¥V for almost all % .

Thus we have shown that s = {sz, ¥’, ¥} is a fundamental sequence.
Moreover, for every point y ¢ ¥, we have

Bly)=h"y) e X,
‘whence

ref(y)=By) =hy) and sp(y) = ahNy)=hh M y)=1y.

It follows that s is a fundamental retraction of ¥’ to Y.
By an analogous argument, we get the following

(2.12) TueorEM. Let (X', @), (Y, y,) be two pointed compacta in H and
let h be a homeomorphism mapping (X', w,) onto (X', yo). If (X, wy)
is o fundamental retract of (X', @), then (Y, y,), where ¥ = h(X),
18 @ fundamental retract of (X', y,).

(2.13) TeEOREM. If 7 i8 a fundamental retraction of X' 1o X, then the
homomorphism 1, of the group Hu(X', W) into the group Hn(X, W)
induced by r is an r-homomorphism.

__ Proof. Since the fundamental identity sequence ix = {ix, X, X}
induces the identity homomorphism for every group Hu(X, %), and
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since 7 is an extension of ix, we infer by (1.4) that the composition 7,j,
of the homomorphism r, and of the homomorphism j, induced by the
inclusion map j: XX’ is the identity. Hence the homomorphism j«
is right-inverse to the homomorphism f,, and we infer that 7, is an
-homomorphism.

{2.14) CoROLLARY. If X isa fundamental retract of a compactum X' C H,
then every homology group Ha(X, ) is isomorphic to a factor of
the group Ha(X', ).

By an analogous argument we infer by (1.6)

{2.18) TEEOREM. If 1 is @ fundamental retraction of (X', @) to (X, @)
then the homomorphism 1, of the group m.(X',m,) into the group
(X, @) induced by 1 is an 7 - homomorphism.

(2.16) COROLLARY. If X is a fundamental reiract of & compactum X' CH
and zy e X, then for m>1 the group ma(X,u,) 8 isomorphic to
a factor of the group mn(X', %) :

3. Fundamental retractions for plane continua. Let B de-
note the Buclidean plane which we consider as identical with the subset
of the Hilbert space H consisting of all points of the form (2, %,, 0,0, ...),
and let p denote the projection of H onto E? given by the formula

P(wly Ly D3y )= (15 @ay 0,0, )

TLet us prove the following

(3.1) TEEOREM. Let X, X' be two continua lying in B* such that X CX’.
X is a fundamental retract of X' if and only if no component of
the set B*—X is contained in X'

Proof. First let us assume that there exists a fundamental retraction
7= {ry, X', X} of X’ to X and let G be 2 bou.uded_component of the
set F—X. Then there exists in the boundary F = G—@ of G a 1-di-
mensional true cycle y (over the group t of integers) homologous to zero
in @, but not homologous to zero in X. If we denote by (y) the element

of the group Hy(X, N) with the representative y, and by (p)’ the elem.ent
of the group H,(X', ) with the representative y, then the homomorphism
st Hy(X, M) Hy(X, N), induced by the inclusion map j: X—>X', as-
sings (y)’ to (y). Since the homomorphism f.: Hy(X, ®)—~H(X, N)
induced by the fundamental identity sequence i for X is the identity and 7

is an extension of 4, we infer by (1.4) that ()=r ((2)’). It follows that

ya0 in X'. But y~0 in @, whence @ is not contained in X’. It suffices

To observe that also the unpounded component of F?—X is not con-
tained in X', in order to obtain the first part of Theorem (3.1).
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Now let us assume that no component of the set 72— X is contained -
in X', The collection of all components of the set B*— X is finite or coun-
table. We shall consider only the second case, because the proof in the
first one is analogous, but simpler.

Let us arrange the components of 72— X in a sequence Gy, G, ...
Where Gy # G for ¢ # j and @, is the unbounded component. Since no Gl
iy contained in X', we can select a point

aeG—X'  for every i=1,2,..

I‘g is clear that for every k=1, 2, . there exists in I* a sequence of
disks Dy, Dg,, ... with mterlors Dko,Dk,I, . satisfying the following
conditions

(1) XC Dy, a1 e Dy C Dy C G for i =1, 2, ...

(2) if @ e Gy~ Diy, then o(w, X) < 1/k;

() i © e Gi—Dyy, then p(z, X) < 1/k for i=1,2, e
(4) DryD Drino, Dit C Dpans for i=1,2,

By (1) we can assign to every kyi=1, 2

an open disk Uy,
C Drs— X’ such that K "

aeUps  and  UpiD Uppas for k,i=1,2,..

Now lest us consider a disk D C B? such that

X' UD,CD
and let us set VD CD

k I
.Ak: D—UUk,i, Bk‘:Dk.O— U'Dk:l'
= =1
11;1 1ts clear that A, By are compacta (even curvilinear polyhedra) such
b
XCBCAyCH, X'CAr, ByuCB; for b=1,2,..,

and that for & sufficiently large the distance of ev int o
i8 arbitrarily small. Y poine of B from X

Moreover, there exist for % — 1,2,.. a retraction

8k Arp—By
such that

Se(Dkt—Ukg) = Dyg—Diy  for i = 1,2,..,k,
and & map $: B*—~H such that

So) = sa(0)  for every point e 4,

S ~Dio)C Dyo—Do  and  5u(Uso)CDpy  for i=1,2,..,k

icm°®
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One can easily see that there exists a homotopy gx: 4xX<0,1>—>Bs
such that

or(®,0) = su(@) , @u(e,1) = Sk(z) for every point z e Az

and
ge(z, 1) =2 for every (z,t) e X x<0,1).

Let us show that setting
’rk=§kp for k=1,2,...,

we get a fundamental retraction r= {ry, X', X}. Fﬁst let us observe
that for every neighborhood U of X (in H) the inclusion By C U holds
for almost all k. Moreover, it is clear that the set

Vk = (.Ak) C’/’k (Bk)
is a neighborhood of the set X’ (m H) for every k=1, 2, ... Setting
v, 1) = ge(p(#),1) for every (z,t) Vi x<0,1),

we get a homotopy
Yi: Ve X<0, 1> —>B};

joining the map 7:/Vr with the map 7x4./Vi and satisfying the condition
yr(®,t)=o for every point v ¢ X .

Hence 7 is a fundamental retraction of X’ to X and the proof of Theo-
rem (3.1) is complete.

4, A special kind of fundamental retraction. Let us prove
the following

(4.1) TEEOREM. If ¢ is o fundamental retraction of a compactum Z C H,
then for every sequence {Vi} of neighborhoods of Y such that each.
neighborhood of Y contains Vi for almost all &, there exists a fun-
damental retraction r'= {r%,Z, Y} ~r satisfymg the condition
r{y) = y for every point yeVy, k=1,2,

Proof. Let r = {rx, Z, Y} be a fundamental retraction of Z to Y.

*First let us prove that

(4.2) There ewists a sequence of indices n; < Ny < ... Such that limn; = oo
=00

and that (ni—1)-o(y, ra(¥)) <1 for every point y € Vi.
Since 7i(y) =y for every point y ¢ ¥, and since for each neighbor-
hood V of ¥ the inclusion Vi CV holds for almost all %, one can easily
see that there exists a sequence of indices 1 <k, < %, < ... such that

1 . = e .
(4.3) ey, muly)) < - i yeVy with j>Fn.
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Setting
ni=1 for i<k,

m=m+l for lbm<i<hni,m=1,2,..,

“we get & sequence of indices n; < 7y < ... such that limn; = oo, Moreoirer,
=00

the inequality (7.” —1)-o(y, raly)) <1 is obvious for i < k;, because then
W= 1. If ky < @ < b1, _then n; = m+1 and consequently (4.3) implies
that for every point y e V;, the relation

(m—1)-¢(y, 7nfy)) = m- @[y, rmss(y)) <1

holds. Thus the proof of (4.2) is finished.
Now let us set

M6(y) = y—rmly)

Tn particular, A(y) =0 for every point y ¢ Y. Thus one gets a map
At Ve—H such that (nx—1)-[Ax(y)] < 1 for every point y ¢ V. It is clear
that 4 can be extended to a map 14 H—H satisfying the condition

for every point y e 7y .

(ne=1)-14&(¥)| <1 for every point y ¢ H .

Setiting
(Y} = rus(y) 4 2(y)
‘one gets a sequence of maps v4: H->H such that

{4.4) 1Y) = () 4+ Aly) = y

for every point y « H,

for every point y e Vy .

Since limny = oo, we infer that {rnxy Z, ¥} is a fundamental sequence

k=0

‘homotopic to 7, actually, a fundamental retraction of Z to Y. Moreover,

7 7 1
olriv), TualY)) = |A(y)| <m for every point y ¢ H and & > %, .

It follows that the sequence {rx} is obtained fr
ollow om the sequen
an infinitely small translation. Hence nence fu} by

ZI:{"'L:Z’Y}:{T"mZyY}—N-Z- a

Thus we have shown that ¢ is a fundament i
us 7 al retraction of Z to ¥
satisfying by (4.4) the condition of Theorem (4.1)

5. Fundamental retracts and ext
ension of fund
Sequences. Now let us prove the following amental

{5.1) THJ:‘,ZOREM. If X is a fundamental reiract of X', then for every
Sun, amsnta,l sequence f={fy, X, Y} there ewists q Sfundamental
sequence f' from X' to ¥ which is an extension of f.
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Proof. Let r = {rz, X', X} be a fundamental retraction of X’ to X.
It suffices to set _f’ = _fz in order to obtain the required extension of _f

(5.2) THEOREM. Let X, X’ be compacta such that X CX'CH, and let ¥
be a fundamental retract of a compactum X' C H. If for a fundamental
sequence f= {fx, X, X} there ewists a fundamental sequence f’ =
{ft, X', Y’} such that fi(x) = fr(x) for every point = ¢« X, then there
emisis also a fundamental sequence f from X' to Y which is an
extension of f. -

Proof. It is clear that there is a sequence {Vi} of neighborhoods
of ¥ satisfying both of the following conditions:

(1) If V is a meighborhood of X, then Vi CV for almost all k.

(2) fe(X) CVy for every b=1,2,..

By Theorem (4.1), there exists a fundamental retraction r' =
{rk, ¥’, X} such that

rily) =y for every point y Vs, k=1,2, ...

Setting f = r'f’ = {rift, X', ¥}, we get a fundamental sequence such that

for every point x e X,

rifi(@) = rifel@) = fu(2)

because fr(#) = fx(®) € fl(X) C V. Hg;;\ce f is an extension of__ I

6. Fundamental absolute retracts and absolute neigh-
borhood retracts. A compactum X C H is said to be a fundamental
absolute retract (shortly X ¢ FAR) if it is a fundamental retract of every
compactum X' C H containing X. If for every compactum X’ such that
X C X’ C H the set X is a fundamental neighborhood retract of X', then X
is said to be a fundamental absolute neighborhood retract (shortly X e FARN).
Bvidently every FAR is an FANR, and every ANR is an FANR.

It is clear that

(6.1) Hvery AR-set lying in H is an FAR and every ANR-set lying in H
is an FANR.

Now let us prove the following
(6.2) TEEOREM. Hvery fundamental retract of an FAR-set i8 an FAR-set.

Proof. Tt T, is a fundamental retract of ¥  FAR, then there exists
a fundamental retraction r = {rx, ¥, X,}. Let ¥’ be a compactura such
that ¥,C ¥’ C H. Since ¥ ¢ FAR, there exists a fundamental retraction
#= {fs, Y v X', X}. Setting 7" =y = {refs, ¥ v Y, Y,} we get (by (2.2))
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a fundamental retraction of the set ¥ v ¥’ to ¥Y,. It f.ollows by (2.9)
that {refx, ¥', ¥,} is a fundamental retraction, whence Y, ¢ FAR.

(6.3) CorOLLARY. FAR-sels are the same as fundamental retracis of the
AR-sets lying in H.
In order to obtain (6.3) from (6.2), it suffices to observe that

(6.4) For every aompactum X CH there exists an AR-sets X' such that
XCX'CH.

_ .In fact, the convex hull X’ of X is a compactum ([4], p. 7) con-
taining X. The convexity of X’ implies ([3], p. 358; also [1], p. 85) that
X' e AR.

If we recall that a disk is an AR-set, we get from (6.2) and (3.1)
the following

(6.5) CorROLLARY. Every non-emply continuum X CE* which does not

decompose B? is an FAR-set.

The following proposition is useful for the sequel:

(6.6) Buery compactum X C H is the intersection of a decreasing sequence
of ANR-sets lying in the convex hull X' of X.

Proof. Let K(z,¢) denote, for every point # ¢ X and every ¢ >0
the set of all points y ¢ H such that o(x,y) < e Since X is compac{
there exists for every n =1, 2, ..., a finite system of POINtS Gy, Gy ’
wey Onk, € X such that X is contained in the set n

Y= iQ [K((am,«;, %) ~ X’] .

Setting
a=YnYynun,,

we obtain a decreasing sequence of compacta X, X5, ... lying in X’ such
0
that X = Ql Xn. It is evident that X, may be represented as a finite

union of sets v:fhich are common parts of the set X' and of a finite system
of closed balls in H. We infer, by eagy induction, that each X, is an ANR-
set. Thus the proof of (6.6) is finished.

(6.7) TomOREM. Buwery fundamental retract o i
an FANR- :
FANR - set. / e a

Proof. If ¥, is a fundamental retract of ¥ ¢ FANR, then there. ‘

exists a fundamental retraction r — {re, ¥, X,}. Let ¥’ be a compactum
such that ¥,C Y’ CH. Since Y ¢FANR, there exists a closed neigh-

icm

TFundamental retracts 67

borhood V of ¥ (whence also of ¥,) such that ¥ is a fundamental
retract of the set V ~ (Y v Y'). Since Y, is a fundamental retract of ¥,
we infer by (2.2) that Y, is a fundamental retract of the set.V ~ (¥ v ¥'),
whence also (by (2.9)) a fundamental retract of the set V ~ ¥’, which is
a neighborhood of Y, in the space Y'. Thus the proof of the first part of
Theorem (6.7) is finished.

COombining Theorem (6.7) with proposition (6.6), we get:

(6.8) CororrLARY. FANR-sets are the same as fundamental retracts of

© ANR-sets lying in H.

COROLLARY. For every X e FANR there exists a polyhedron P such

that every group Hu(X,W) is an r-image of the group Hn(P,A).
Proof. By (6.8), there exists an ANR-set Z such that X is a fun-
damental retract of Z. By Theorem (2.13), each group H,(X,%) is an
r-image of the group Hx(Z, ¥). Moreover, Z e ANR implies ([1],)p. 106}
that there is a polyhedron P such that every group Ha(Z, %) is an r-image
of the group Hu(P, ). It remains to recall that every r-image of an
r-image of a group is an r-image of this group.

Applying Theorem (2.15) and (6.8), we get by an analogous argument

the following

(6.9)

(6.10) COROLLARY. For every X « FANR and for every point z, ¢ X, there
exist a polyhedron P and a point age P such thal every group
tn(X , @) 48 an r-image of the group (P, ag).

(6.11) CororrArY. All Betti groups of an FANR-set are finitely generated
and almost all are trivial.
(6.12) CororLLARY. All fundamental groups of an FANR-set are finitely

generated.

Tt follows by Oorollary (6.11) that every connected FANR-set
lying in the plane E* C H decomposes B into & finite number of regions.
On the other hand, it is clear that every continuum X lying in E* and
decomposing F? into a finite number of regions is contained in a polyhedron
P C E* such that no component of the set B*—X is contained in P. Hence,
by Theorem (3.1), we obtain the following

(6.13) CororLARY. A continuum X C B is an FANR-set, if and only if
F?—X has a finite number of components.
(6.14) TeEEOREM. If Y is an ANR-set lying in the Hilbert space, then

every fundamental neighborhood retract of Y is an FANR-set.

Proof. Since ¥ ¢ ANR, there exists a neighborhood V of ¥ and
a map ¢: H—>H such that

¢(V)=7Y and ¢y)=y for every point ye Y.

B*
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Let ¥, be a fundamental neighborhood retract of ¥. Then there
are a closed neighborhood V, of ¥, (in H) and a fundamental retraction
r={rx,Von ¥, ¥,}. To this neighborhood V, there exists a closed
neighborhood V; CV of ¥, such that the set (V;) lies in the interior of V.

Consider now a compactum Y’ such that ¥,C Y'C H, and let us
seb = rpp: H—H for k=1, 2, ... In order to finish the proof of (6.14)
it remains to show that

’

={r, Vin X', Xy}
is a fundamental retraction. .

Since ¥, C ¥, the equality @(y) =y holds for every point 4 ¢ Y,.
We have 7i(y) = y for every point y ¢ ¥, and k=1,2, ... In order to
show that 7’ is a fundamental retraction of ¥y ~ ¥’ into ¥,, consider
an arbitrary neighborhood W if ¥,. Since r is a fundamental retraction
there exist a neighborhood U of the set ¥V, ~ ¥ and a homotopy ’

wi: U X<0,1>—-W
such that yi(w, 0) = (@), yu(w, 1) = re41(x) for every point ze U.

Since ¢(V;) Lies in the interior of V,, there exists a neighborhood U,
of the set ¥V, ~ ¥’ such that :

p(U)CVyonYCU.
It follows that the formula

(@, 1) = pelp(2),4]  for (z,%) ¢ Uy x<0,1>

defines a homotopy #: U x <0, 1> W joining 7% with #7.;.

Thus we have shown that ¢’ is a fundamental retraction and the proof
of Theorem (6.14) is finished.

(6.15) Remark. Let us observe that not every fundamental neighbor-
" hood retract of an FAR-set iy an FANR-set. In fact, let 4 be
t]}e set consisting of points a, = (1/n, 0,0, ...) Wwith » = 1,2,..
- aﬂ?d of the point @, = (0, 0, ...). Let L, denote the segment (in H)
with endpoints @, and b= (0,1,0,..) for n = 0,1,2,... One

can easily see (by (3.1)) that the set X — GLt is an FAR-set
=0

and A is its fundarhental neighborhood retract (even a neighbor-
h00(_1 retr'act). However, 4 is not an FANR-set, because its
0-dimensional Betti number is . infinite.

-7. FAR-sets and FANR-sets and extension of fundamental
sequences. By Theorem (1.3), in general not every fundamental
sequence from X to ¥ has an extension onto a given compactum X' CH

conta,mmgf _X..Now let us cousider some cases in which the existence of
an extension is engured. - : o
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It follows by Theorem (5.1) that

(7.1) If X ¢FAR and X' is o compactum such that X C X' C H, then
every fundamental sequence from X to ¥ can be extended o a funda-
mental sequence from X' to Y. :

and

(7.2) If X ¢ FANR and X' is a compactum such that X C X' C H, then -
there s a closed neighborhood Z of X such that every fundamenial
sequence from X to ¥ can be extended to a fundamental sequence
from the set Z n X' 1o Y.

Now let us prove the following proposition:

(7.3) If X and X'D X are compacts in H and if ¥ e FAR, then every
fundamental sequence from X to ¥ can be extended to o fundamental
sequence from X' to ¥.

Proof. Let = {fs, X, Y} be a fundamental sequence. It is clear
that the set

Z=7Yn ’Qlfk(m)

is a cofnpactum lying in H. By (6.4) there exists in H and AR-set Y'DZ.
Then there is a map ¢: H—~H such that

p(H)CY' and ¢(y)=y for every point ye Y.

Setting fi = @fe for k=1,2,..., we get a sequence of maps fi: H>H
with values in Y’. Since Y’ e AR, all these maps are homotopic in ¥,
and we infer that f = {fi, X', ¥'} is a fundamental sequence. Moreover,
if weX, then fu(z)ef(X)CZCY and consequently (@) = ¢fu(®)
= fu(®).

Since ¥, as an FAR-set lying in ', is a tundamental retract of ¥’,
we see that all the hypotheses of Theorem (5.2) are satisfied and we infer
thait there is a fundamental sequence f from X " to ¥ which is an extension
of f. Moreover, let us show that

(7.4) If X and X'D X are compacta in H and if Y ¢ FANR, then for

every fundomental sequence f={fy, X, ¥} there is a closed neigh-
borhood M of X such that f cam be extended to a fundamental sequence

from M ~AX' to X.
Proof. Let ¥’ denote the convex hull of the set Z =Y ukglfk(X).
Since Y ¢ FANR, there is a closed neighborhood N of ¥ such that ¥

is a fundamental retract of the set N ~ ¥'. Evidently N eonta..ins a
neighborhood N, of ¥ which is the union of a finite number of balls (in the


GUEST


70 " K. Borsuk

space H). Since Y’ is a convex compactum, we can easily see that the se
Y"= Ny~ Y is an ANR-set which is a neighborhood of ¥ in the space
Y'. It follows that there exists an index &, such that

fe(X)C X"  for every k>, .

Since ¥ ¢ ANR, there exist a neighborhood V, of ¥ and a map ¢: H--H
such that

(Vo) CY" and o(y)=y for every point y ¢ ¥’
Let us show that setting
fi=fe for k=1,2,..,k and fi=qgfs for k >k,

one gets a sequence of maps fi: H —H such that there is a closed neigh-
borhood M of X such that {fi, M ~ X’, ¥} is a fundamental sequence.
In fact, since V, is a neighborhood of ¥ D ¥ and since {fx, X, ¥} is
& fundamental sequence, there exists a closed neighborhood M, of X
such that

Sl My = fra/My in V,  for almost all % .

If we recall that ¢(V,) C X", we infer that ofy/M, ~ fir/M, in ¥ for
almost all k, and consequently the homotopy

fil My ~ frdf My in V

yolds for every neighborhood V of ¥’ for almost all k. It follows that
if M is a closed neighborhood of X contained in the interior of M,, then
{fiy M ~ X', ¥} i3 a fundamental sequence. Moreover, if #¢X then

Ji(@) = falw) for every point x ¢ X and k=1,2,..,

because fi=fi for k< and fu(») ¢ fi{X) C ¥, whence fi(w)= ofe(m)
= fr(z) for &k > k,. ‘

The inclusion Ny C N implies that ¥''C ¥ ~ ¥’. As we have already
shown, {fi, M ~ X', ¥} is a fundamental sequence, and consequently
[fis M~ X', N ~ ¥'}isalso a fundamental sequence, being an extension of
the fundamental sequence {fs, X, N ~ ¥'}. Since ¥ is a fundamental retract
of N~ Y, we infer by Theorem (5.2) that there exists a fundamental
sequence f from M ~ X’ to ¥ which is an extension of f. Thus the proof

of (7.4) is achieved.

8. Topological invariance of FAR and of FANR. Let us prove
the following

(81) TEmOREM. If X is an FAR-set, then every set ¥ C H homeomorphic
to X 4s also an FAR-set.
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Proof. Let h: XY be a homeomorphism. It is clear that there
exist two maps f: H—H and g: H—H such that

f(#) = h(x) for every point w ¢ X and g(y) = h~*(y) for every point y ¢ ¥ .

00nsiderA a set AY ¢ AR such that ¥ C ¥ CH and let us denote the seb
X ug(Y) by X. Since X ¢ FAR, there exists a fundamental retraction

r = {ry, X, X}. Let us show that {frzg, ¥, ¥} is a fundamental retraction.

Let V Dbe a neighborhood of Y. Then U = f~X(V) is a neighborhood
of X and since 7 is a fundamental retraction, there exists a neighborhood U
of the set X such that for almost all % there is a homotopy

[ U xX<0,1>->U
satisfying the condition:
gr®@, 0) = r6(@) , @u(@,1) = rirafw) for every point zeU.

Since g(¥)C X , 'we infer that ¥ = ¢4 1) is a neighborhood of the set Y.
Tt follows that setting

By, 1) = rg(y),1)  for every (y,1) eV x0,1>,
we get a homotopy Jx: 14 % <0, 1)U satisfying the condition
My, 0) = r%g(y); Sy, 1) =rrsag(y) for every point y V.
Since f(U)CV, we infer that fix: ¥ x<0,1>—V is a homotopy
satisfying the condition -
Bxy, 0) = freg(®);  fOuy, 1) = fringly) for every point y<V .

Thus we have shown that {frrg, ¥, ¥} is a fundamental retraction.
Hence Y is a fundamental retract of the set ¥ e AR, and we infer by
Theorem. (6.2) that y ¢ FAR.

(8.2) Tmmorem. If X is an FANR-set, then every sel YCH homeo-
morphic to X is also an FANR-set.

Proof. Let X, 17,]”, g, b, b be as in the proof of Theorem (8.1).
Since X ¢ FANR, there exist a closed neighborhood M of X and a fun-
damental retraction r = {ry, M ~ X, X}.

Let V be a neighborhood of ¥. Then U = f7XV) is a neighborhood
of X and since 7 is a fundamental retraction, there exists a neighborhood U’
of the set X' = M ~ X such that for almost all % there is a homotopy
o U’ %<0, 1> U satisfying the following condition

ou(@, 0) = (@) ,  pr{@, 1) = Tin(@) for every point weT’.

Now let us set ¥ = gM)n Y. Evidently ¥’ is a neighborhood
of ¥ in the space ¥. Since g(¥)C X, we infer that ¢(¥)C X' and con-
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sequently the set V' = g=1(U’) is a neighborhood of the set X’. It follows
that setting :

By, 1) = pelg(¥), Y (¥, V' x<0,15,

we get a homotopy 9% V' x<0,1Y—~U. By an analogous argument
to that used in the proof of (8.1) we show that fds: V' x<0,1>-V ig
a homotopy joining the maps frig/V' and fre.ig/V'.

Hence {frrg, ¥', ¥} is a fundamental retraction. Since ¥’ is & neigh-
borhood of ¥ in the space ¥ ¢ AR, we infer by Theorem (6.14) that
Y ¢ FANR.

Remark. Theorems (8.1) and (8.2), allow to generalize the concepts
of the FAR- and FANR-sets as follows:

A compactum X (not necessarily lying in H) is an FAR (or an
FANR, respectively) if there exists a subset ¥ of H homeomorphic to
X and being an FAR (or an FANR, respectively) in the previous sense.

for every

9. Two conditions characterizing FAR -sets. The first of these
conditions appears in the following

(9.1) TeEEOREM. A compactum X C H is an FAR-set if and only if every
neighborhood U of X contains a neighborhood U, of X which is con-

tractible in U.

Proof. If X « FAR, then there exists, by (6.4), an AR-set X such
that X C X C H. Consider a map ¢: H—H such that

p(H)CX and o@)=a for every point e X .

Let {Vx} be a sequence of neighborhoods of X such that for each neigh
borhood ¥ of X the inclusion ¥y C 7 holds for almost all k. By Theorem (4.1)
there exists a fundamental retraction r = {ry, X, X} such that ri(z) = @
for every point z e Vy.

'Consider now a neighborhood U of X. It is clear that there exists
an index %, such that

Vi CU m(X)CU.

For this indeg %y, there exists an index %, such that for every point » € Vy,
the segment (in H) with endpoints # and ¢(«) lies in Vi, Now let us set

and

(9.2) f(w,?) = 2¢-@(2)+ (1 —21)- & for every point z « Vieand 0 <t < %,
(9.3) fl@,?) = ry,p[(2—2t)-(2)] for every point 2 e Vy, and } <t <1,

The formulas (9.2) and (9.3) are compatible, because for t = } the
value of f(z,1) given by (9.2) is p(x), and (9.3) gives f(z, }) = rrpp (@)
= _rk,rp(w)= ¢(x), since ¢ satisties the condition ep(x) = ¢(») for every
point @ ¢ H, and ¢(x) belongs, for « ¢ Vi,, to V,, whence e @ (@) = p(2).

icm°®
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Thus formulas (9.2) and (9.3) both define a map of Vi x<0,1)
into H. It follows by (9.2) that for 0 <¢< } the point f(z,?) belongs
to the segment with endpoints # and ¢(x), whence f(z,1)eVi C U
for (x,1) e Vi, X<0,%>. On the other hand, the formula (9.3) implies.
that for (x,1t) e Vi, X<{},1) the point f(z,?) lies in the set (%) C U,
Moreover, f(xz, 0) =« and f(x, 1) = r1,¢(0) = const. Henee f is a homotopy
contracting the set Uy ==V, in the set U to the point i ¢(0). Thus the
necessity of the condition is proved.

Now let us agsume that every neighborhood U of a compactum X C H
contains a neighborhood U, contractible to a point in U. As before, let
us consider an AR-get X such that X C X CH. In order to prove that
X ¢ FAR, it suffices to show—by Theorem (6.2)—that there exists
a fundamental retraction of X to X.

Consider a decreasing sequence {V;} of open neighborhoods of X such
that for each neighborhood V of X the inclusion Vx CV holds for almost
all k. By our hypothesis, there exists a sequence {W:} of closed neigh-
borhoods of X such that Wy is contractible in ¥y to 2 point a ¢ X. Since Vi,
as an open subset of H, is an absolute neighborhood retract for metric
spaces, we infer by the theorem on the extension of a homotopy ([1], p. 94)
that there is a map 7ix: H—H such that re(H)CV and r(e) =« for
every point & ¢ Wy, and that 7y is homotopic in ¥ to the constant map a. Let
us show that {rz, X, X} is a fundamental retraction. In fact, since X C Wi
we have ry(x) = @ for every point # ¢ X. Moreover, if U is a neighborhood
of X, then there exists an index F, such that ¥z C U for every k= ko
Hence r; ~ a in Vi C U for every k>k, and consequently #x = x4y
in U for every k> k,. Thus we have shown that {rs, X, X} is a fund-
amental retraction a,m.i the proof of Theorem (9.1) is finished.

(9.4) COROLLARY. The intersection of every decreasing sequence of FAR-sets
is an FAR-set.

In fact, if X, D X,D ... is & sequence of FAR-sets and X:Dle,

then for every neighborhood U of X there exists an index k, such that U
is a neighborhood of Xg,. By Theorem (9.1), there is a neighborhood U,
of Xy, contractible in U. Since U, is also a neighborhood of X, the set X
satisfies the condition characterizing FAR-sets.

(9.8) COROLLARY. A compactum X C H is an FAR-set if and only if it
is comtractible in each of its meighborhoods (in H).

Proof. The necessity of the condition is an immediate consequence
of Theorem (9.1). In order to prove its sufficiency, consider an open
neighborhood U of X (in H). Then there are & point @ ¢ X and a map-
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Jr X x<0,15>~U such that f(#,0)=uo = i
X seéﬁng flx, 0) and f(z,1) = a for every point
Fle,t)=Ff(z, 1) for every (z,1)e X x<0,15,
fz,00=2, fl@,1)=a for every point z ¢ H ,
we get a map [ of the set Z = (H X (0)) u (X x <0 1)y v (B i
. . X (1)) into H
By Dugundji’s extension theorem ([3] ’ ¥ .
1 p. 357), the ma 2
to a map f: H x<0,1y—H. 7 7 pJ can be extended
" Since f 113?1133 th.e closed subset X x<0,1> of Z into U, we infer that
ﬁ(; s(e(:: 117>= é‘ (U) is a neighborhood of the set X x¢0,1> in the space
. » 1). Consequently there exists a neighborh ] 't
Ty x <0, 15 C V. Sotting g ood U, of X such that

#(@,8) = f(z,1) for every (#,1) ¢ U, x<0, 1y,
we get a map ¢: Uy, x<0,1>~U contracting T, i
in b i
It follows, by Theorem (9.1), that X eFAR.g ' v to the point a.

(9.6) PROBLEM. Is it true that e 3
LEM. wery FAR-set is the intersecti
creasing sequence of AR -sets? eotton of @ de

(9.7) ProBLEM. Let {X1} be a decreasing sequence of fundamental retracts

of @ compactum X C H. Is it true that the set ﬁ Xy is a fundamental
retract of X% .

9.

(9.8) }FMHEOREM. A.com?mcmm X CH is an FAR-set if and only if the
tn amental identity sequence ix = {i, X , X} is homotopic to a con-
stant fundamental sequence cx — {¢, X » X}, where ¢ e X

First let us prove the following two lemmas:

(9.9) Lemma If XCH i
. S & compactum which 1. racti in
o 0 poind ce . ey g P o X}.w contractible in iiself

P .
nalt tfooc;f.iLeet (q;. 6X f(0,1>—>X be a homotopy contracting X in
clear tha;t,th‘ - 9(@,0) =2 and ¢(®,1) = o for every point # « X. It is
ere exists a homotopy @: H x0,1>—H such that ’ ®

Pz, 0) = @
and ?@,0)=2, g@,1)=¢ for every point » ¢ H ,

@?(®,1)=g(2,1) for every (w,1) e X x<0,1> .

If 3 .
whence iy ~ ¢ = {G,XH%}_ 0X(0,15) C U. It follows 4/U, ~ ¢/U, in T,
{9.10) LEmwa. Ifcis a

oint of a
X C H satisfying 1 : f o fundamental retract Y of a compactum

he condition ix ~ex = {¢ WX, X}, thenty ~{c, ¥,¥}.
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Proof. Let r= {rg, X, ¥} be a fundamental retraction. Setting
¢ = {re, ¥, X}, we get a fundamental sequence r'. Since 7x(y) = i{y)
for every point y ¢ ¥, we infer by (1.1) that

’

(9.11) r =iy,
Now let V be a neighborhood of Y. Since ¢ is a fundamental sequence,
there exists a neighborhood U of X and an index k, such that

(9.12) ri(T)CV  for every k= k.
Since ix =~ ¢x, there exists a neighborhood U, of X such that
(9.13) iUy ~cin U.

It follows by (9.12) and (9.13) that

i Uy =15i/Uy 2 e =cin V  for every E=k.

Since ¥ C X, the set U, is a neighborhood of Y. Thus we have shown
that for every neighborhood V of ¥ there exists a neighborhood U, of ¥
and an index k, such that

76/ Uy ~ ¢ in ¥V for every k=k.

Hence 7' =~ ¢y = {¢, ¥, ¥}. It follows- by (9.11) that iy =~ ¢y, and the
proof of Lemma (9.10) is finished.

Proof of Theorem (9.8)..If X ¢ FAR, then (6.3) implies that X is a
fundamental retract of an AR -set X. Sinee X is contractible in itself fo every
point ¢ e X, we infer by (9.9) and (9.10) that ix ~ ¢x= {¢, X, X}. On
the other hand, if X C H is a compactum such that ix ~ ex = {¢, X, X},
where ¢ is a point of X, then for every neighborhood U of X there exists
a neighborhood U, of X such that iU, = ¢/U, in U. This means that U,
is contractible in U and we infer by Theorem (9.1) that X «FAR.

ANR-sets. The following theorem gives -

10. A property of F
to the con-

a condition for FANR-sets which is to some extent similar
dition for FAR-sets appearing in Theorem (9.1):

(10.1) TEEoREM. Every FANR-set X satisfies the following condition:
Condition (x). For every neighborhood U of X there is & netghbor-
hood U, of X such that for every neighborhood V of X there exists
a homotopy p: Uy X0, 1> =T such that g(x, 0) = x and p(z, 1) eV
for every point e Uy, and @@, 1) = @ for every point x e X.

set XD X. Let a: H->X be

... of neighborhoods of X such
ce X ¢ FANR,

Proof. By (6.4) there exists an AR-

a retraction. Consider a sequence V; DV,
that every neighborhood of X contains Vi for almost all k. Sin
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we infer by Theorem (4.1) that there exist a closed neighborhood W »
of X and a fundamental retraction 7 = {ry, W ~ X, X} such that

(10.2) 74[Veg=14/Vy for every k=1, 2, ...

Now let U be a neighborhood of X. Then there is an index %, such
that

(10.3) Ve CTU~NW,
(104) r6/(W A X) & 1 W~ X) in T for every m=1,2, ...
Moreover, there exists a neighborhood U, of X such that

(10.5) For every point o ¢ U, the segment (in H) with endpoints & and a(x)
lies in Vi,.

It follows by (10.3) and (10.5) that
(10.6) a(U)CVi,nXCWAX.
Moreover, (10.5) implies that
(10.7) iUy ~ afU, in Vi, .
Applying (10.2) and (10.7), we infer that
(10.8) o/ Uy = 15,0/ U, .
Formulas (10.4) and (10.6) imply that
(10.9)
It follows by (10.3), (10.7), (10.8) and (10.9) that
(10.10) Uy ~ rho4mafUy in U for every m= 1, 2, ..

But r is @ fundamental retraction of the set W ~ X D a( U,) to X. Hence, for
every neighborhood V of X the inclusion 7

Thtma(Up) CV

holds for almost all m. Moreover, if z ¢ X then a(s)=z and rE(®) = @,
whence ry,+ma(2) = . It follows by (10.10) that condition (x) is satisfied.

Tt/ Uy = thma/Uy in U for every m = 1,2,..

11. A sufficient condition for a set to be an FANR. Let us
prove the following

(11.1) ’..PBEOREM. If.XI,XE, - are ANR-sets lying in H and if Xy
i8 a deformation retract of X Sor every k=1,2, ..., then the set

X =:Q1 X is an FANR-set.
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Proof. Since X; ¢ ANR, there exist a neighborhood U, of X; (in H)
and a map s H—H such that s(Uy) = X, and s(#) = @ for every point

xeX;. )
Since Xy4q is a deformation retract of the set X ¢ ANR, there exists

((B], p. 448) a homotopy
v Xi X <0, 1) >Xx
guch that
yu(@, 0) = o  for every point # ¢ Xx,
(e, t) = for every (z,1) e Xy x<0,1>,
Pu(Xi, 1) = Xpya
Hence the formula ri(z) = yi(w, 1) defines a retraction
e Xe—>Xper -

Consider now a map si: H—H such that si(x) = (o) for every

point @ ¢ Xp. Setting
fr = 8k8k—1+::8150 »

we get a map fr: H—>H such that the formula

riw) = flw) for every point @ eX;

defines a retraction ri: Xi—Xi+1. i ] .

Let us show that {fy, Xy, X} is & fundamental retra‘wmon. Qonsxder
a neighborhood V of X (in the space H). Then there exists an mde:; ko
such that the set T, ~ ¥V is a neighborhood of Xy,, whence also a neigh-
borhood of X for every k= ko. But

Fio( Xty) = 8k Sko—1 +++8180( ko) C 8ty 8ico—1 -+ 8180( Uo) = X1+

d T of the set Xy, (in H) such

t there exi-sts éx neighborhdo
It follows tha o b, the

that U C U, ~V and that fi,(U)C U, ~ V. Then,
get U is a neighborhood of the set Xy such that

Tl U) C 8e81-1.- 8180 Us) = Xara CV

and . .
for every point ze X .

fr(@) =@

Since the values of the homotopy ¥r+1 belong to the set KXt
we infer that setting

,CY,

o, 1) = e (fr(), #) for every (z,1) ¢ U x<0,1>,
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we get & homotopy ¢z: U X <0, 1>~V satisfying the following conditions:
px(@, 0) = ful®)
Pr(®, 1) = Tri1fe(®) = e fu(@) = frra(®)

or(2,t) ==  for every (s,t) e X X<0,1),

for every point ¢ U,

for every point v ¢ U,

because z ¢ X implies that fu(x) = 2 e X C Xpy1.

Thus we have shown that the homotopy ¢z: U x<0,1>—V joins
the map fi/ U with the map fi4+:/U and satisfies the condition gx(z,t) =

for every (%, 1) e X X0, 1)>. Hence {fx, X;, X} is a fundamental retraction.
It follows that

(11.2) X is a fundamental retract of X, .

Since X; e ANR, we infer by Theorem (6.14) that X ¢ FANR.
As a consequence of (11.2) and of Theorem (6.2) we get the following

(11.3) CoROLLARY. The intersection of a decreasing sequence of AR -sets
lying in H is an FAR-set.
In fact, it suffices to observe that for ¥, Z ¢ AR the inclusion ZC ¥

implies that Z is a deformation retract of Y.

(11.4) ProBLEM. Does Theorem (11.1) remain true if we replace the hy-
pothesis that Xyy1 @8 o deformation retract of Xy by a weaker one,
namely that Xpy1 is a retract of Xi?

(11.5) ProOBLEM. Is it true that for every sequence A,, A,, ... of ANR-sets
such that Apyy is a retract of Ay for k= 1,2, ..., there exists an

index ky such that Ayy is a deformation retract of Ay for every

k> kY
12. Cartesian product of FAR-sets. First let us prove the
following
(12.1) LemMMA. Let A be an AR-set in H and let X and X' be closed sub-

sets of A such that X C X'. In order that X be a fundamental retract
of X' it is mecessary and sufficient that there ewists a sequence {ax}
of maps of A into dtself such that for every meighborhood U of X
in the space A there exists a neighborhood U’ of X' in A such that
Jor almost all & there is a homotopy pr: U’ X <0, 1>~ U such that

(12.2)  gi(®, 0) = (=),

(2, 1) = ags1(x) for every point x e U'.
Proof. Since 4 ¢ AR, there exists a map

$: H->H
such that
s(Hy=4,

$(z)=4a for every point ze 4.

icm°®
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1f X is a fundamental retract of X', then there exists a fundamental

retraction
r={r, X', X}.

Setting ax(w) = srr(x) for every point zed and k=1,2,.., we get
a sequence {ax} of maps of A into itself. Moreover, if U is a neighborhood.
of X in the space 4, then V = s-}(U) is a neighborhood of X in the space H.
Since r is a fundamental retraction, there is a neighborhood V' of X*
(in H) such that for almost all % there exists a homotopy

wr: V' x<0,1>-7
such that
yi(@, 0) = ra(@),  pu(@, 1) = ri4a(®)
It suffices to set U' =4 ~n V' and
for every (z,%) e U’ X<0,1>

for every point x eV’ .

Pr(@, 1) = syx(2, 1)
for almost all k, in order to obtain a neighborhood U’ of X' in A and a ho-
motopy gi: U’ %<0, 1y—~U satisyfing (12.2). )

Now let us assume that there is a sequence {ax} of maps of A into
itself with the required properties. Setting

r(%) = axs(w) for every point z eH,

one gets a sequence of maps rx: H —H. Let us prove that {rg, X', X}

is a fundamental retraction.
Let V be a neighborhood of X in the space H. Then theset U=AnV

iz a neighborhood of X in 4 and we infer that there exists aa.neighborhood l’7"
of X' in A and a homotopy gr satisfying (12.2). Setting Vo= s(U"),
we get a neighborhood V, of X' in the space H. Tt is clear that for almost.
all & the formula ‘

wile, 1) = pxls(@), 1)

defines a homotopy wi: Vo X0, 1)~V such that

yi(z, 1) = @418(2) = Tr2()

%, 0) = aps(®) = re{®);
pio, for every point x eV, .

Hence {rz, X', X} is a fundamental retraction and the proof of

Lemma (12.1) is finished. .
Now let us prove the following

(12.3) TumorEM. Let X be a compactum in H homeomorphic to the Car-
tesian product ; X, where X¢C H for i = 1,2,.. Then X ¢ FAR
i=1
if and only if XieFAR for every i=1,2,..
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Proof. Let us order all natural numbers in a double sequence m;,;
such that

Mij= My, implies 4=4" and j=j',
My; < Mz for every 4,7 .

Then the Hilbert cube @” can be represented as a product
(12.4) Q" =P 97,

where @7 denotes the set of all points z = (@1, @y, ...) such that for # — Mg,
the coordinate @, rung through the interval <0, 1/mi;s>, and for n + m,,
with j=1, 2, ..., @, = 0. It is obvious that Q% is homeomorphic to @*
for i=1,2,.. Since FAR are topologically invariant (Theorem (8.1),
and since every compactum is homeomorphic to a subset of Q", we

can assume that X; CQ7F for i=1,2,.. and that X = ]L;Xz cQ”.
=1

By formula (12.4), every point € @° can be represented in the form
&= [y, %, ...], With @ ¢ Qf. In particular » € X if and only if @ e X;
for ¢=1, 2, ... Since X; is homeomorphic to a retract of X, we infer by
Theorems (6.2) and (8.1) that X « FAR implies X; e FAR for ¢ =1, 2,
Now let us assume that X;eFAR for every i=1,2,.. By
Lemma (12.1), there exists a sequence of maps af: QF-+Q? such that
for every neighborhood T; of X; in Q7 there is an index % such that for
zivtefry k > i there is a homotopy ¢i: 2 % <0, 1> Uy satisfying the con- '
ion

(12;5) ‘P;;(w, 0)= ai({l}) . gD;’i(.?}, 1) = a;c+1<a7) _fOI‘ every point o EQ? .

Let us notice that in the case U; = Q7 the homotopy ¢£7Ea.tisfying
this condition exists for every %=1, 2, ... Hence in the case U; = QF,
we can set k= 0, )

Setting
ax(2) = [a}c(ml),ai(mzj, -] for every point w — (@1, gy ] €Q°,

we get a sequence of maps ay: Q" Q"
OQnsider now a neighborhood U of X in Q”. Then there exists for
;\lrery t=1,2, ... a neighborhood U; of X; in Q7 and an index 4, such
ab
(1) Ui= @7 for every ;> gy

@) PU:CT.
i=1 i
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It is clear that U, = P U; is a neighborhood of X in Q.
i=1

Consider the homotopies gk, ¢}, ... and the indices k1, kg, ... as defined
above. Then ki = 0 for 4 > 4, and we infer that there is an index %, such
that (12.5) holds for every & > k,.

Setiting

Pr(®@, t) = [pk(®1, 1), Prlea, 1), -]

for every @ = [y, %y, ...] €Q” and 0 <t <1, we get a homotopy

pr: @Q° X0, 1T
such that
oK@, 0) = ar(®) , @i(®, 1) = arsa(z) for every point zeQ.
It follows by Lemma (12.1) that X is a fundamental retract of @°, and
congequently (by Theorem (6.2)), X ¢ FAR.
13. Cartesian product of FANR-spaces. We now pass to the
proof of the following
(18.1) TemorEM. Let X be o compactum lying in H, homeomorphic to
the Cartesian product P X;, where X;CH. Then X e FANR " #f
i=1
and only if Xi e FANR for i=1,2, ... and XieFAR for almost
all 4.

i is homeo-
Proof. First let us assume that X e FANR. Then X; is
morphic to a retract of X and we infer by (6.7) and (8.2) that X e FANR
for i=1,2,.. ) )
In oi‘de,r to prove that X: ¢ FAR for almost all ¢, let us consider

iti ° i P Q% with factors Q5

a decomposition of @” into the Cartesian product . £ Q3 i

homeomorphic to §° and let us assume that Xi C@ifori=1,2,..and

that X = ; X;. Thus every point z € @° can be represented in the form
i=1

i i i = lect a point
»=[2,,2,,..] with zeQf for i=1,2,... Let us sel
a = Ea“ ai’ % ¢ X. Since X ¢ FANR, there is a closed neighborhood 14
of X 111’1 QL‘ such that X is a fundamental retract of V. It follows by
Lemma (12.1) that there exists a sequence of maps

ax: Q°—>Q"
such that for every neighborhood U of X (in @) there exists an index k()
such that for every k > k(U) there exists a homotopy
pu: VX0, >0

Fundamenta Mathematicae, T. LXIV
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satisfying the condition

(13.2)  gulw, 0) = ax(@), ou(®,1) = ap(®) for every point w7V .

Since V is a neighborhood of the compactum X, there is an index 4,
such that V is a neighborhood of the set ‘

Vo= Xy XXy Xoowo X Xy X Q41 XQ1z X ...
It is evident that the maps a; and @ can be represented in the form
it Q" Q% ,

oL T x<0,1>-@Q“.

o = [ak, Gk, o] , Where

ok = [@k, o, ...], Where

Consider now an index 4> 4, and an arbitrary neighborhood U,
of X; in Q7. Then the set
U=Q7 XQ3 X... XQ7-1 X Uy XQ%41 X ...
is a neighborhood of X and thus (13.2) holds for every k > k(U). Now
let us set, for every i > 4,
(13.3) Bi(w:) = di([ay, wery Wimty Bty Qiga, o)) for every z e QF
and )
(18.4) gk, 1) = pillon, o, Gis, D1, Giga, ], 0)
for every (v ,1)eQ7 xX<0,1>.
It follows b}; (13.2), (13.3) and (13.4) that the maps Bi: Q% +Q? and the
homotopy wr: @7 X<0, 1> U, satisty the following conditions:
Vi@, 0) = gi([ay, ..., Gis, @1, Assr, o], 0)
= a8y ) Gi1, Pty Qit1y o)) = ﬂ}c(ﬂh) ’
w;t(wﬁ )= ‘P;:c([alz ey @iy Biy Qityy -], 1)
= ap1([By vy Bimay Bry Gigprye]) = Bhia(mi) .

:'[t follows by Lemma (12.1) that X; is a fundamental retract of Q5.
We infer by Theorem (6.2) that X; ¢ FAR for every ¢ > i,.
Before we prove the converse, let us show that

(13.5) Let X be a compactum in H homeomorphic to the Cartesian product
of two FANR-sets X', X"'. Then X ¢ FANR.

, P’I"OOf. Let us represent H as the Cartesian product H' X H', where
H',H" are lllomeomorphie to H. We can agsume that X' C H’, X" CH"
and X = X'XX". By (6.8) . there -exist two ANR-sets 4’CH’ and

icm°®
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A" CH"” and two fundamental retractions ¢ = {r, 4’, X’} and
¢’ ={rk, A", X"}. Since H = H' X H", every point @ ¢ H is of the form
2= (2,2 ), where o' ¢ H', " ¢« H'"'. Setting ’

(13.6) 7i(@) = (ri{@’), ri(a”)) for every point = (¢',2") e H,

we get a sequence of maps rx: H—H. i
Consider now a neighborhood ¥V of X (in H). Then there exist a neigh-
borhood V' of X’ (in H') and a neighborhood V" of X' (in H'') such that

(13.7) V' XV CV.

Since 7', 7'’ are fundamental sequences, there exists a neighborhood U’
of A’ in H' and a neighborhood U” of A” in H" and two homotopies

Ok U %0, 1=V, gh: U x<0,1 V"
such that for almost all %

i@’y 1) = riea(a)
for every point '€ U’

(13.8)  grl@’, 0) = ri(a");

gh(a’’ 1) = riia(@")
for every point «' ¢ U .

(13.9)  gi(a"”, 0) = ri(a");

Then U = U’ x U" is a neighborhood (in H) of the set 4 = A’ X A"
being an ANR-set and we infer by (13.6), (13.7), (13.8), and (13.9)
that the formula .

ou(@, 1) = (ph(@’, 1), pila”’, 1))  for every (a,1)e U x<0,1)

defines a homotopy @x: U x<0,1>—~V satisfying the condition

ox(®, 0) = ry(x);  gr(w, 1) = rpa(z) for every point ze U.

It follows that 7 = {rs, 4, X} is a fundamental retraction of the set
A ¢ ANR to X. Hence X ¢ FANR and proposition (13.5) is proved.
In order to finish the proof of Theorem (13.1), let. us assume that

X = P X, where Xi e FANR for i=1,2;... and that there exists an
o=l

indéx 4, such that Xi ¢ FAR for every ¢ > 4,. Then X is homeomorphic to
. b g .
X' x X", where X'= P Xy, X' = kP X+r. It follows by (13.5) that
=1 =1 B
X' ¢ FANR, and by (13.4)—that X" ¢ FAR. Again applying (13.5), we
nfer that X ¢ FANR.
6*
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14. Union of two FAR-sets. We now pass to the proof of
a theorem on FAR -sets, analogous to a well-known theorem on AR -sets:

(14.1) TmeporeM. If X, X, and X,= X, n X, are FAR-sets, then the
set X=X, v X, 4s also an FAR-set.

First let us establish the following

(14.2) Lmmwa. Let A, be a closed subsei of a metric space A and let a be
a point of a space M which is an absolute neighborhood retract for
metric spaces. Suppose f: A—~>M and @: Ay x<0,1>—M be two
maps such that ¢(z, 0) = f(@), p(w,1) = a for every point x ¢ 4,.
If the set f(A) is contractible in M to a, then there exists a homotopy

pr A X0, 1M

such that yp(w,0) = f(z), p(z,1)=a for every point xe¢ A and
w(w, 1) = @z, 1) for every (m,1t) e A, x<0,1>.

Proof. Consider the set
Z=TA X(0)]v[4yx<0,1>] v [4x(1)],
and the map g: Z—~M given by the formula

g(®,0)=f(w), g(x,1)=a for every point w4,
g(x,t) =p(x,t) for every (z,?)edyx<0,1).

Setting #(x, ¢, u) = g(», t(1—u)) for every (#,t)eZ and 0 < u <1, we
get a homotopy #: Z xX<0,1y->M joining the map ¢ with a map having
all values in f(4). Since the get f(4) is contractible in M, we infer that ¢
is homotopic in M to the constant map a. If we observe that the set Z
is closed in 4 x<0,1) and recall that M is an absolute neighborhood
retract for metric spaces, we infer by the homotopy extension theorem
([1], p. 94) that g can be extended to & map y: A xX<0, 1> —~M satistying
the lemma.

. Proof of Theorem (14.1). By Theorem (9.1), for every open
neighborhood U of X there exists a closed neighborhood U; of X (i = 1, 2)
fzontractible in U. Since the set U, ~ U, is a,'neighborhood of X,, we
%nfer by (9.1) that there is a closed neighborhood U, of X, contractible
in T, ~ U,. Let g0 T, X0, 15U, ~ U, be a homotopy contracting U,
0 a point & e U,. Consider, for ¢ =1, 2, a closed neighborhood Vi of the
set X; such that ViC U; and that Vo=V, A V,C U,.

Now let us consider the map fi: V;—U given by the formula

fim)=@a for every point z¢V;.
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Since U (as an open subset of H) is an absolute neighborhood retract
for metric spaces ([1], p. 96), we infer by Lemma (14.2) (where we set
Ag=Voy A=Vi, M= T, ¢=g¢f[V,x<0,1>] and f=f;) that there
exists a homotopy iz ViX<0,1>— U such that

wi(w,0) =2, wlz,1)=a for every point z Vi,
wi(w, 1) = @y, ) for every (z,t) e Vy x<0,1).
It remains to set
(@, 1) =w(z,t) for every (z,?)eVix<0,1y,i=1,2,

in order to obtain a homotopy y contracting the neighborhood V=V, u ¥,
of the set X in the neighborhood U. It follows by Theorem (9.1) that
X ¢ FAR.

(14.3) ProBLEM. Let X denote the union and X, the common part of two
compacta Xy, X,. Is it true that Xy, X;, X, e FANR dimplies
X ¢ FANR?

14.4) ProBuEM. Is it true that for every two compacia X,, X, CH such
that the set X, ~ X, is a fundamental retract of X, the set X,
is a fundamental retract of Xy v X,¥
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