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CONCERNING EXPANSIVE POINT SETS
AND PROPERTIES RELATED TO NORMALITY

BY

A. R. VANCLEAVE, Jr. (AUBURN, ALABAMA)

In this paper five notions of expansive point set are defined. These
are used to give characterizations of those topological T',-spaces which
are normal, hereditarily normal, collectionwise normal, and hereditarily
collectionwise normal.

The word “space” will mean topological 7' -space. The closure of M
in the space S will be denoted by C1(M), and the closure of M in a subspace
K of S will be denoted by Cl1(M, K). The boundary of M will be denoted
by B(M) and the interior by M°. Domain is synonymous with open set,
and if @ is a collection of sets, G* will denote the sum of the elements of G.

Definition 1. The point set M in the space 8 is said to be expansive
(c-expansive) in S provided that if ¢’ is a (countable) collection of mutually
exclusive domains with respect to M, then there is a collection G of mutu-
ally exclusive domains in § such that each element of G contains only
one element of G' and @ covers G'*.

Definition 2. The point set M in the space 8 is said to be w-ex-
pansive (wc-expansive) in S provided that if G’ is a (countable) discrete
collection of domains with respect to M, then there is a collection G of
mutually exclusive domains in § such that each element of G contains
only one element of G and @ covers G'*.

Definition 3. The point set M in the space S is said to be g-ex-
pansive in 8 provided that if A and %k are mutually exclusive domains
with respect to M, then there exist mutually exclusive domains D and E
in 8 such that » <« D and k < E.

THEOREM 1. The space S is mormal if and only if each closed subset
of 8 18 we-expansive in 8.

Proof. Suppose 8 is normal and M is closed in S. Let @' = {g,, g, ...}
denote a discrete countable collection of domains with respect to M.
Then {Cl(g,), C1(g,), ...} i8 a discrete countable collection of closed sets
in 8. Hence there is a collection of mutually exclusive domains, D,, D,,
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D,, ..., in 8 such that for each n, D, o Cl(g,) © g,. Hence M i3 wec-ex-
pansive in 8. Now suppose that each closed subset of § is wec-expansive
in 8. Let H and K denote disjoint closed sets in S. Then H + K is closed
and {H, K} is a discrete collection of domains with respect to H+ K.
Hence there are mutually exclusive domains D and E in § containing H
and K, respectively.

LeMMA 1. Suppose J = 8 and G’ is a collection of mutually exclusive
domains with respect to J. For each g’ in G’ , let g denote a domain in 8 such that
g-J =g .Let G = {g|g «G}. Then in the space G*, M = {Cl(g', G*)|g <G}
18 a discrete collection of closed point sets.

Proof. Suppose J,G , @, and M are as above. Let ¢ = Cl(g’, G*) so
that M = {g"'|g' <G'}.

Now M is a collection of mutually exclusive sets. For suppose that ¢’
and b’ are two elements of M and that p is a point in ¢''-A’’. Since
pe@*, p is in some element of G. Suppose peg. If g-h’’ exists, then g- A’
exists and ¢g-J # ¢g'. Hence g cannot intersect 2"’ and so p cannot be in
both g and ¢'’-2’'. Hence p is in some element, %, of @. Since k is a domain
in @* containing p, k¥ must contain a point, ¢, of ¢'. But geg’ implies that
geJ and hence geJ-k = k'. Then qeg’'-k’, which contradicts the fact
that G’ is a collection of mutually exclusive sets. Hence no two elements
of M intersect.

Also, M is a discrete collection in G*. For suppose that L is a sub-
collection of M and that p is a limit point of L* in G*. Since p<G*, p
is contained in some element, %, of G. Since & is open in G*, % intersects L*.
If & intersects some element A’ of L, then k intersects A" and A" = k'
since @' is a disjoint family of sets. Hence & intersects only one element
of L, namely k''. Therefore pek’’ = L* and Cl(L*,@*) = L*. Hence M
i8 discrete.

THEOREM 2. The following statements are equivalent:

(1) The space S tis hereditarily mormal.

(2) Each open subset of S is nmormal.

(3) Each subset of 8 is c-expansive in S.

(4) Each subset of 8 is wc-expansive in 8§.

(5) Each subset of S is q-expansive in 8.

(6) Each closed subset of S is q-expansive in 8.

Proof. The implications (1) - (2), (3) — (4), (3) = (5), and (5) — (6)
follow directly from the definitions.

(2) = (3). Suppose each open subset of § is normal. Also suppose
that J is a subset of § and that G’ is a countable collection of mutually
exclusive domains with respect to J. For each ¢’ in G’ let g be a domain
in 8 such that g-J = ¢'. Let @ = {g]|g’ «@'}. Let M = {Cl(g', G*)|g <G'}.
By Lemma 1, M is a discrete countable collection of closed point sets
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in the space G*. Also G* is open in §, and by hypothesis G@* is normal.
Hence there is a collection, H, of mutually exclusive domains with respect
to G* such that each element of H contains only one element of M and H
covers M*. Also, each element of H is open in § so that J is c-expansive
in 8.

(4) — (1). Suppose each subset of S is we-expansive in 8. Let J be
a subspace of S and let H and K denote disjoint closed sets with respect
to J. Let L = H+ K. Then {H, K} is a discrete collection of domains
with respect to L. Since L is we-expansive in 8, there are disjoint domains D
and Z in S containing H and K, respectively. Then D’ = D-J and E' = E-J
are disjoint domains with respect to J containing H and K, respectively.
Hence J is normal.

Thus the first four statements are equivalent.

(6) - (2). Suppose each closed subset of 8 is q-expansive in 8.
Algo suppose that U is open in S and that H and K are disjoint closed
sets with respect to U. Let L = C1(H+ K). Now H is a domain with
respect to L since H = (U— K)-L and U— K is open in S. Similarly K
is a domain with respect to L. Since L is closed, L is g-expansive in 8
and there are disjoint domains D and ¥ in 8 containing H and K, respec-
tively. Then D’ = D-U and E' = E- U are disjoint domains with respect
to U containing H and K, respectively. Hence U is normal.

That statements (1) and (2) are equivalent was previously shown
by Dowker [2].

THEOREM 3. The following statements are equivalent:

(1) The space 8 is collectionwise normal.

(2) The boundary of each domain in 8 is w-expansive in S.

(3) Each closed subset of 8 is w-expansive in 8.

Proof. That (3) — (2) is obvious.

(2) = (1). Suppose that the boundary of each domain in S is w-ex-
pansive in 8 and that M is a discrete collection of closed point sets. Let
M, ={m\/meM,m = m°} and let M, = M—M,. For each meM,, let
m' =m—m’ and let V = [S—M;]1+ 3 m’ (meM,). Then V is a domain
and B(V) = D'm’ (meM,) is w-expansive in §. Also {m’|meM,} is a dis-
crete collection of domains with respect to B( V). Hence there is a collection
G of mutually exclusive domains in 8 such that each element of G contains
only one element of {m'|meM,} and @ covers {m'|meM,}*. Denote the
element of G containing m’ by g, . For each m in M, let 2, = D'h
(heM,h #+m) and let gn = [gm +m°]-[S—2,]. For each m in M, let
gn = m. Then for each m in M, g, is open and contains m. Hence
H = {gn,|meM} is a collection of mutually exclusive domains in § such
that each element of H contains only one element of M and H covers M*.
Hence 8 is collectionwise normal.
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(1) — (3). Suppose that 8 is collectionwise normal, M is closed in 8,
and G’ is a discrete collection of domains with respect to M. Then
G’ = {Cl(g')|g'«@'} is a discrete collection of closed point sets in 8.
Then there is a collection, @&, of mutually exclusive domains in § such
that each element of G contains only one element of @’ and @ covers G''*.
Therefore M i3 w-expansive in 8.

THEOREM 4. The following statements are equivalent:

(1) The space S s hereditarily collectionwise normal.

(2) Each open subset of S is collectionwise normal.

(3) Each subset of 8 is expamsive in 8.

(4) Each subset of S is w-expansive in 8.

(5) Each closed subset of S is expansive in 8.

Proof. That (1) — (2) and (3) — (4) follows from the definitions.

(2) — (3). Suppose that each open subset of S is collectionwise normal.
Suppose further that J = 8§, and G’ is a collection of mutually exclusive
domains with respect to J. For each ¢’ in G’ let g be a domain in § such
that g-J = ¢’. Let G = {g|g'«@}. By Lemma 1, M = {Cl(g', G*)|g «@'}
is a discrete collection of closed point sets in the space G*. By hypothesis G*
is collectionwise normal, so there is a collection, H, of mutually exclusive
domains with respect to G* such that each element of H contains only
one element of M and such that H covers M*. But the elements of H
are open in S so J is expansive in 8.

(4) = (1). Suppose each subset of 8 is w-expansive in 8. Also suppose
that J < S and M is a discrete collection of closed point sets with respect
to J. Consider the subspace M* of 8. If meM, then m is a domain with
respect to M since m = M*—>3h (heM,h # m). Hence {m|meM}
is a discrete collection of domains with respect to M*. Since M* is
w-expansive in § there is a collection, @, of mutually exclusive domains
in § such that each element of G contains only one element of M and G
covers M*. Let K = {g-J|geG@}. Then K is the desired collection of
domains with respect to J and J is collectionwise normal.

We have shown that the first four statements are equivalent. That
(3) — (5) is obvious.

(5) = (2). Suppose that each closed subset of § is expansive in S.
Let U denote an open set in 8. Let M = {m,|acA} denote a discrete
collection of closed point sets with respect to U which is faithfully indexed
by A. Let L = Cl[}m,(aeA)] and for each a in A4 let 2z, = Y'my(bed,
b # a). Hence if aed, U—=z, is open in S. Also m; = (U—=2,)* L, 80 m,
is a domain with respect to L. Then {m,|acA} is a collection of mutually
exclusive domains with respect to L. Since L is expansive in § there is
a collection {v,|aeA} of mutually exclusive domains in § such that for
each aed, m, < v,.
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For each aeA, let g, = v,- U. Then {g,|aeA} is a collection of mu-
tually exclusive domains with respect to U, and for each aed, m, < g,.
Therefore U is collectionwise normal.

That (2) — (1) was previously shown by Sediv4 [3]. Aull [1] has
announced a theorem that shows (1) — (4).
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