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- An asymptotic formula in the theory of numbers
by

Yo1cEr MOTOHASHT {Tokyo)

§ 1. Introduction. Asymptotic formmnlase for the sums

2, 7w Te(n-ta)

"N _

have Dbeen considered by Ingham [4], Hooley [3], and Linnik [5]
for the case k=2, k=3 and all %, respectively, where 7z(n) i8 the
number of the representation of = as the product of % factors and
r(n) == 7, (n).

The purpose of this paper is fo prove an asymptotw formmula for the
sum

Z‘ (n)r(n-+1).

neN

Our method depends on the recently obtained result in the theory of the -

large gieve. It may be interesting to remark that the method of Hooley

and Linnik largely depends on the very deep A. Weil’s estimate of Kloo-
sterman’s sum, but our proof does not make any use of it.
Our result is as follows: -

THEOREM.

M ar(n)r(n-+1) = GN (log N)+ O(N (log ¥’ loglog ).
ng N

Here the congtant G ig defined by

eIl )

Notations. Let p be generally a prime, y a Dirichlet character
and p(m) the Buler ¢-function. The notation “~<’f is the usual Vinogra-
dov'e gymbol. '
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§ 2. Preliminary lemmas. _ :
Imyyva 1 (B. Bombieri, 1965). Let ay, be arbitrary complew numbers.

Then, if 3 denotes a swmmation over all the primitive characters yraodg,

18 have
¥ r+U
2
Y gy < d4max(U, M) D7 #(n) ol
g M ymod¢ n=F+41 n=¥Fpl

Proof. See Davenport [1], Chapter 23.

Levma 2. Let L{s, y), 8 = o--it, be Dirichlet’s L-series with charao-
ter 5. Then we have for 1/2 <o <1
)
<M tP(Q) xmodg

Proof. Let L(IM) be the left side, and further let y*modg* be the
primitive character corresponding to ymodg, then we have

Lis, x) = ”(1— ZP(P))L(S

a
Pia-;

\E(s, )" < M | log™ (M |s)).

Since
T6-22)< [T
i g*
IJIF
we have '
LM} <

Yy . 7(r)
L(s, z* AL
|L(s, 2% @ZJQ PR

<M

<M y*modg*
P
s

<lOgZM Z [L(Ss 2)

qu ;pnodq

< logM 2 2 L(s, Al

QSM xmodg
Now let us consider the su.m

vy =D SUILis, g

4V xmodg
By the well-known egtimate of character sum we have

L(s; 1) = ,;;, % ()= O(U~Vgs|log(g+1)).

Hence we have

'y < ) 2|2

<V xmody nl

s *logh v

icm
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Now from Lemma 1 we c¢an estimate this sum as follows:.

.._8

?

4<¥ xnodg n<l <V ymodd N<U2

where ¢, = 1< 7(n), and so this sum is
d|n,d 7
< max(V*, U%) 2 n~! < max(V*, U)log’U.
ng U2

Taking U = Vs|, we obtain L*(V) < 7*}s2(log®(V|s|). This gives

. } M
L(M) < log® M{ML*(M)+ [ V-2L*(V)aV}| < Mstlog™ (M js).
T

Hence the lemma ig proved.
Tmvva 3. We have for o>1

D amrmpn =

Proof. This can be proved analogously as the well-known Rama-
nujan’s identity.

LEvvA 4. Let x, be the principal character modg, and Tet f,(s) be
the function of g and 8 defined by

o= [0

pla

L';(sy z)
L(2s, 2%

Then we have
I N
Res (3:' XUO) i
s=1 L(28, ;) 8
= gy(g) N1og® N+ 01 (q) Nlog? N+ 0, (g) Nlog N+ o5 () N,

where
A
ao{g) = NBC fq(z)
a:(q) = ay(@)f3(VFP (1) +a:(a)fe(1),
a(g) = as(@fi(Vf W)+ axln)fe(1) L)+ a5(0)fa (WP 1)+ as(9)fa (1)
and ' ‘

f(ﬂ) (1)
f(m L)+ ayy Q).fa l)f(z) (1=

- 03(g) = ﬂ7(Q)f§(1 P (1) ey (9)f3 (AP (1
-+ ay (g} fq(l)f(l)a(l “+ag (@) f7(1
+ a12(9) fo (1) f(l)(l + asa{g) (1) -
Here la;(9)) <1, §=1,2,...,13.

Acta Arithmetica XVL3 e
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Proof. We have L(s, z,) = f,(s)£(s). Hence we got
Lis, ) F_ tHs) s
Li2s, 74) & f(28)L(%)s 4'f“( )
Also it is eagy to see that
£(s)
fu{28)E(28)5*
TS L 3
~ 6~ 1 gy DA B@E— 061,
where [b;(g)] < 1. Further we have
fals) = fa()+4H WP 1)+ (65 (VP + 2f2 (D F2 L) (s— 1)+
+EAQFP 1)+ 67707 WP + 4f, (DFP L) s — 1) ...,
and '
N N
= N+NlogW(s—1)+ -5 log* N (s—1)*+ --6—10g31\2’(s —1¥ ...

Collecting these expansions we get the lemma.

Leuwma 5. Let w(n) be the number of different prime d@msors of .

Thewn we have
_ olg) <f)e'(q) for §=1,2,3.
Proof. We have

0 =10 222 < f,1)0(q
il "p
\ lo (1)
fq( »X )+ 70
= —1(1) %’ ("H) (Y - gi’i) < 50 e*(g)
by Pla
and o o ' :
) = £ ( gzﬂ) f‘” DO 1P
=5 ) SR TP
gy (RN g gy ST 1082 (1"”’)2
A ;{g‘( _1)+ f(l)gpwl{ %’.pﬂ_l +
logp logp \* '
+ 53 5)} +ann S %)
< fi(l)w (Q)

From these estimates of ff") (1),j =1, 2, 3, the lemma, follows at once.
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§ 3. Farther lemmas. ,
LEMMA 6. Let N be a large number, ¢ < N'°% where o is a positive
constant, 0 < a<<1/2; (q,1) =1. Then the following estimate holds

3 weed [Tk 2]

f=lmod e
nglV

where ¢, 4% & positive constant depending only on o and k= 1,2,..
Proof. See Vinogradov and Linnik [6]. Actually the case & =1
hag been treated in their work, but the general cage is a trivial generali-
zation.
Lgvwa 7. Let Dyply; q,1) be the series

Then we have

It —
8

max max | Dy(y; ¢, ) —elg)” IR%M ___y4
3 VSN @)=l a1 L(28,75) ¢

< N Mlog Nlog"® M
Proot. From Lemmsa 3 we get
| 1 1 — B0y
Dy(y; ¢, 1) =—r= = 2o g 45
_ elg) 2wt & vty L(28, » ). §
Here we remark that |L(s, 2)[*< O(g)ls/® for 1/2 <o and [ =1, and -
g0 we have -

1 sy o
Doz, )— Res -
3 ¢, 1) @(g) =1 L(2s, 75) &

where § = 1/2+ (log ¥N)~* For this § we have L(2é, 23~ < logN. Hence .
we obtain from Lemmsa 2

1 s, 20 &

. . Res —_—

Dﬂ(y!g1 Z) " q)(q) o1 L(zs’ x) .s‘lu

max Imax
y<V (g,0)=1

agM
+ 1 4 |d [ 1/2 26
1 S E < NV Mlog Nlog”® M .

(% q<M fP(!’{) xmodd
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Luynrs. 8. We have

max maxl Z w3 (n)— (@) Aoy, 0| < N (log¥)~,

g N2 {Togy =8 y<N (gl=1" n_tmody
Y

where

Ay(y, §) = oo(g)ylogy + (90 (9)+ 02 (0)) ylogiy -+ |
4 (1804 (q) + 51(@) + 02 (9)} ylogy + (65s(§) 4 601(q) - B0 (g) 4 ou ()} y

and B = 641-62. Here the numbers o;(q) ave defined in Lemma 4.

Proof. We will deduce this lemms from Lemma 7 by the agsertion
of Gallagher ({2], pp. 56}
Since Dy (¥; ¢, ) is an incressing funetion of ¥, we have, for 0 < A < 1

1 ae
fD Goh S <D< T [ Dt n
ety v
The integrals are
Dyly; g, NV —Dalwe 50, 1)

From Lemma 4 thesé are both equal to

and  Dy(d'y; ¢, —Dyly; g, D).
Mos(m)ylog’y -1 (30u(g) + o1 (¢) ylogy+

+ (20, (9)+ 0:2(9)) ¥logy + (o2 (@) os() ¥} +

+0{2 (s {g)ylog’y + o, (q)ylogﬂy—i- oy (Q)ylogy+ a5 {q)y)} -+

I A
o D 1 _____Lb__
- {max s(€3 9(1 D—e(9) :Efls L(2s, Xu) 2 }

Hence from Lemma 5 and -7 we get, putting
A:(y, @) = oo (@)ylog’y + (3oy (0} + o4 (0) ylogPy +
+ 2o1(g) + oa(g)) ylogy + (UE(QH* os{@))¥
max max{Dz(’y, O N—o@) daly, @)

a<ir ‘YN (h=1
4
< iNlog* N 2 J) w* () + 21N Mlog Nlog™ M
<M ( )
< ANlog" Nlog M (loglog M)+ A~ N Mlog N log™ M,
gince
) el 1
e . gE st(g) < M{loglogh)®.

<M

icm
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By the same assertion taking AY? instead of A, we have

Zma,x max Dy (y; g, 1)—
d=n y<N (a,7)=1

< A N1og* N log M (loglog M)* 4 A~ * N M log N log™ M,

¢lq)  A1ly, @)l

where

Ay, 0) = ao(@)ylogy +(6ay(g)+ o () +

+(650(Q)+401(Q)+ Uz(g))?flog?/+(251(4)“1’202(2)“‘0'3(@1))?!'
Finally taking AY* instead of i, we have

N max max|Dy(y; g, ) —
gear v<N (4=t

< A Nlog® Nlog M (loglog M) -1 A~ "N 2 M log Mlog™* M .

elg)” YAy, )

H we take

A= (ogNy**9  and W = N{ogN)y 4+,

then the lemma follows.
Lemma 9. We have for M >1

2 ao(g) _ 71:"'_2”(1—— }W+i(1_i)“(1+i)_ )_J‘,,co+ O( M~ log M),
&4 (1) sy P PP p

where ¢, 18 a constant.
Proof. Let us consider the series

O %{2)
Afs) = Y .
X g (g

Obviously this series converges absolutely for ¢ > 0. Also we have

some ST

g L _1,_( _i)z( _1_)"1} 1).
— H{l g e Ly | Gal 2(s+1)

The last infinite product converges absolutely for o> —1.
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Hence we have

1 .
1+W+1’T s
Nl L[ 4 o ds+0(~£)
() 27ei Y 5 Vi
a< M 1+m“iT

$

i
— Resd (s) =
S0 ) 8

Now we have

2 e 1
Resd (s)M°s™! = n"*H (1—— 1 4 %(1— —%) (1+ —;—) )10gM+ A

§=0
and
max £(1/246t)] < TV
[fl<T ' -

Henee if we put T = M*, then the lemma follows.

§ 4. Proof of the theorem. We devide the sum

Z ri(n)v{n-b1) = Z' 7%(n) Z 1

) nN gV g|n+1
as follows:
2 v N1
ng N |41
- Z-;z(n){ by 14 > 1 1}
NN g1 . | NUZGER02ag
2N 2 ogy—62 NHi(og Ny~ g VL2052 a4l
= 8 +8e+8,.

From Lemma 6 taking ¥ = 2 we have

A * . ] . . ‘rz (%)
N221og Ny~ 620 g N2 log NYS3 m=—1mmodg
ng N

e

< Nlog*N N 1
lez(logN)—52<qullz(lugmﬁz g
< Nlog'Nloglog¥.

+O{T M4+ (T - M~ log I'} max |£ (§+it)|}.
e
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Algo from Lemma 8§ taking 4 =0 we geb

.
8§, =8= Z v2{n)
<N og M)~ 62 n=_Thoda
AN

= D gl AN, )+

Q§N112[105 NJ— 62

+o{ N max| Y wm—p@) 4, 0]}

13 —s2(8,)=1" nmodg
Q<N 2 (logNy P

= D plgA, 0.

g N2 log vy —62

Now by Lemxaa 5 and 9, and by the definition A,(y, ¢) in Lemma 8 we have

2{0)7 4o(H, q)
g N2 (ogvy— 92 :

11 1y 1yt |
=(2n2)“ll l(l_—“J’_(l_“) (1+-) )Nlog‘I +
» PP P P

;
10 (Nlog*Nloglog N) 40 {Nlugw > O/

: o 949)
A 4

 NlowN vfl(Q) 2 gyl fila) o .

TN Lo T 2w wf

The last O-term can be easily estimated to be

0 (¥Nlog*NloglogX¥),
ginee
o) < Mogloghty, j=1,2,3,...
Cog=M

| Collecting these vesults we obtain the theorem at once.

Conecluding remarks: Almost same method Is applicable for
the sums ' v(n)y(n+1), j =3 and 4, with error.terms of the form
(log ¥Y~'loglog N. Thege are the improvements of the regulte of Hooley
and Linnik.

References

[11 H. Davenport, Multiplicative Number Theory, Chicago 1987,

[2] P. X. Gallagher, Bombieri’s mean value theorem, Mathematika, 15 (1988),
pp. 1-6. : _ :

[31 C. Hooley, An wsymptotic formule in the iheory of nwmbers, Proc. London
Math. Soc. (8) 7 (1957), pp. 306-413. .



264

[4] A.E.Ingham, Some asympiotic formulas in the theory of numbers, Journ. London

Y. Motohashi

Math. Scc. 2 (1927), pp. 202-208.

[5] Ju. V. Linnik, The Dispersion Method in Binwy Additive Problems, Amer

Math. Soc., Trans. Math. Monog., 4 (1963).

(6] A. I Vinogradov and Ju. V. Linnik, Hstimate of the sum of the number of
the divisors in o short seginent of an arithmetical progression, Ugpehi Math. Nank

12 {1957), no. 4 (76), pp. 277-280 (Russian).

DEPARTMENT OF MATHEMATICS
COLLEGE OF SCIENCE AND ENGINEERING

NIHON UNIVERSITY

Tokye, Japan

. Regu par la Bédaction le 31. 1. 1968

icm

AQTA ARITEMETICA
XVI (1970)

Généralisation des nombres de Salem aux adéles
par

ANNEITE DEGOMPS-GUILLOTY (Paris)

INTRODUCTION; RESUME

1

Rappelons la définition et quelgues propriétés essentielles deg ensem-
bles § (nombres de Pisot—Vijayaraghavan) et T (nombres de Salem) qui
gont & la hase de ce travail.

8 désigne Uensemdle des entiers algébriques véels 0 >1 dont fous les
conjugués (différents de 0) ont une valewr absolue inférieure & 1 strictement.

, (C. Pisot [7].)

T désigne Densemble des enliers algébrigues réels ¢ >1, dont fous les
conjugués (différents de ©) ont ume valeur absolue inférieure ow égale & 1,
DPun au moins ayant une valewr absolue égale & 1. (R. Salem [13])

Cette définition entraine qnun élément v de 7' est racine dun poly-
néme & coéfficientys entiers rationnels, réciproque, de degré pair, ayant
un zéro 7 extérienr au cercle mnité, un zéro 1/7 intérieur au cercle unité,
tous les autres zéros appartenant aun cercle unité.

1.1. Dang tout corps de nombres algébriques réels, il exigte des
nombres de I’ensemble S ayant le degré du corps, au contraire il n ‘existe
des &léments de Dengemble T que dans certaines extensions quadratiques
deg corps totalement réels. ' '

1.2. Nombres de Pisot et de Salem peuvent &tre caractérisés par des
propriétés de répartition modulo L. Soit & un réel >1; I'étude de la dé-
composition, ponr un élément i convenable non nul,

A8 = U, = En,

ol %, est un entier rationnel et ou &, vérifie —1/2 <&, < 1/2, permet les
caractérisations suivantes:



