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ACTA ARITHMETICA

XVII (1970)

On the sum of the number of divisors
in a short segment

by
" Yorcar Moromasar (Tokyo)

Let z(n) be the number of the divisors of #. Erdés [1} has proved

the following interesting result:
Let A{w) be an arbitrary increasing function which tends to infinity

with », and let
f@) > (loga)* =2~ exp (h{x) (loglog z)*").

Then it holds that for “almost all »”*

2, o) = [t+o)f(@)loga.

<)
In Erdss’ proof a result of Ingham in the theory of the additive
divisor problem, namely the asymptotic formula for the sum

Zr Ye(ntk) (B#0) (a8 22— c0)

plays an important role.
The purpose of this note is o strengthen the above result for slightly

longer intervals. Our result is as follows:
THEORER. Let 9{z) be an erbitrary inereasing function such that

g{(#) < (logu)®

amd g(x) tends to infinity with @, and let

b = g(z)(logx)®

Then for almost all n < o the asympiotical equalily

Ma(ntj) = t(iogn+2y)+o(t) |

it

holds, where y is the Euler constant.
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For the proof of the theorem let us eonsider the dispersion
I(w) = D'{ ¥ e(a+i)—t{lognt2p)} .
. nET Ftb
This double sum is decomposed into four parts:
2y = Z 272(”+j}:
n<r =i

Z=23" N ttidr(ntgs),

REE f1<Foit

T = .—2t Z(logn+2y) 21(7%+j)a

nET it

I, =1 ) (logn+2y).
nEL

Now we will caleulate these sums. It is easy to see that

1
= (L+o(1)) — @ (loga)®.
T
And also we have

1
3324 = 424y Zlogn»i— 210g%a+ O(1)

N n<z
= dof 4 dy (logo— 1) o+ (logzm 2logz--2) a4+ O (a4,
Hence we get
(2) | 2y = ta{loga+ 2y — 10411+ 0 (™).

1
~The sue T &3 18 equal to

log(n-+)+2p)vlnt)+ 37 Gogn-t27) ¥ r(nt-j)—

i<t y
e L oneall [

~Z N 1ocr(1+—f;)r(.w+b

st leney

= tZ (logn+-2y)7 () 4- O(tml"z(logw) )+ 0 (322 w () )

ki
n<z —

= tZr(n ogn+ 2yix (10gw+ P 1)+ O (2" (loga)?) .

=
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Here the last sum can be represented by the infegral

2-4-doo
1 2 v
o | lew) S,

2—ico

and hence by the routine method we get

DY'z(n)logn = w(loga)’ +2 (y— 1)aloga—2 (y—1)a+ O{e).

R
Therefore we find
(3) 2y = —2fe{(loga+2y—1)°+1} 4 O(ta®4).

Now let turn to the most difficult sum X,. Obviously this sum is
equal to

(4) 2 3 Yal)vinti—j)+ 0™,

Fi<fusi nEw

To the inner sum we will apply the deep result of Estermann [2] instead
of Ingham’s. Estermann’s assertion. is ag follows:
It holds that for k>0

2: (W r(n+k) = jz- v_y (k) wlog’ e+ a, (k) wlog e+ ay(B)w+ Oz (logx)®),
™ toL

L

where
ay (k) = {E 2y —1)— ot (z)} oy ()= o),
T b kil .
wit) =5 y—1p s S o) )y
) 2 . 288 . 24
+12 (2))} _1(k)~{—(°:»——1)——c 2 )} L)+ ),

and

oy (k) = D171, = M17ogl,  oly(k) = D 1 og?l.

I i e

In order to apply this asymptotic formmla to fhe sum (4), we must verify
the uniformity of the error term O(w"*(loge)?) for % < ¢ (< (log®)®), bub
this can be easily seen from the proof of Estermann with slightly careful
re-reading.
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Hence we get

12 .. .

% = s(ogap > oo i)+2eloge D) ala-di)+
o ii<ipst ) hi<dgsst

+ 2w Z @y (jo— 1)+ O (2™ (log2)?) .
Tt

Algo we have

2 G_1(fa—J1) *Zl_l 2 1

Jp<iost <t F1=ia(modi)
e o 2iest

? 2 . n?
= — S =24 O(tlogt) = —- 1
2 A O (tlogt) 1

+ 0{tlogt),

and similarly

! i 3 # v -2 2 i oF 2
Salis—in) = ) 1" logl-+0ilog") = — — &' (2)+ 0 (tlog™t),
i <ig<t I=1
. 12 “ . 5 ) 12 . ‘
Z o {fa— 1) "‘"—;)‘Zl"“log‘l-}—ﬂ(tlogst} =T§"C (2)4 O(tlogt).
h<igst =1 _ =

From these relations we find, after some elementery computations, that

D a(j—jy) =

Jy<fast

@y —1) 12+ O (ilog™)
and

Do (—mw—{my 1)2+1}+ O (tlog?1).

Fy<issi
Therefore wé . obtain
(8) X, = at?*(logs)*4-2(2y— 1) *xloga+
o _ : + {2y —1)24+ 1} 220+ O{tw(logw)*og 1)
= 2{((2y— 1)—1—10gm)2+1} + Otz (logz)*logt).

Finally, collecting the results (1), (2), (3) and {B), we get at once the
asymptotic formula '

I(z) = (1—,—0(1)) mlogam,

By the familiar assertion of Ceby¥ev's inequality we now eomplete
the proof of the theorem.
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Remark. Let D{s) = a(loge--2y—1), then it is well known that
2 z(n) = D(z)+ O ().

Oxn the other hand
D(x-+1)—D(®) = t{loge-2y)-+0{1).

Hence the theorem tells that for almost all #

Z t{n4j) ~D{ntt)—D(n).

J<t
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