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Orthonormal basis in the space 0,[0, 1]
by
J. RADECKI (Poznat)
Introduction. Let {h, ()}, n=1,2,..., denote the orthonormal
Haar system, i.e.
k() =1 in [0,1],
hzn-)-l(lj = —1/-27;,
— k-1 2k—1
R L= m)

211 2n+1
1) hon . (1) = — . [2k—1 &k
ek - 1/2,7' m '-27[_;—1—‘, *57;‘ )
0 elsewhere in [0, 1],
where #n = 0,1,2,... and k =1, 2, ..., 2" Ciesielski [1] proved that the
funections
¢
(2) 1, thn(s)ds o<t<,n=1,2,...)

form a Schauder basis in the space O[0, 1] of continuous functions and
that for every function feC[0,1] we have

© 1 i1
(3) f@) =f(0)+7§1{hn(8)df(8)ofhn(f)df,

where the series is uniformly convergent on [0, 1]. By the way, let us
remark that this result may be at once generalized as follows. Functions

¢
L8,y [ (@—8Ph,(s}ds (n=1,2,...)
0

form o basis in the space C,[0,1] of functions with continuous deriva-
tives of order p, and for every feC,[0,1] we have

a 4 0 (o) 0
fOu = a,—[f(ow f-i(—,—) thot f—p(!—) tp]+

co 1 14
+ > [ @O () [P hu(s)ds (1 =0,1,...,7),
0

n=1 0

L
(p—n!

where the series converges uniformly on [0, 1].
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By the orthogonalization process of (2) we obtain the Franklin
orthonormal system.

In this paper we form — by means of Haar functions — an ortho-
normal basis in the space (,[0,1]. The main results are contained in
Section 1. The construction and some properties of this basis are given
in Section 2. In Section 3 we prove inequalities of the Bernstein-Zygmund
type. ‘

The results of this paper may be developed in various directions.
The author himself intends to devote his next papers to this tagk.

1. Fundamental lemma and theorem. Let | denote an integer such
that 1 <1< » and let the segment [0, 1] be dissected by points &;, where
& =142nfori=0,1,..., 2l and & = (2¢—21)/2n for ¢ = 2141, ..., I+ n.

We say that the function ¢ is an element of the class A, ; if and only if -

pe0,[0,1] and if @(f) = wy(t) for te(&, fpgr) (B=0,1,...,14+n— 1),
where w,(f) denotes a polynomial of degree not greater than 2.
Levma. The necessary and sufficient condition for ped,; is

7 - )
W, (1) = 77k+12+ (3 LI ’71;+1h "k (t— &)+

— Elc

. ﬁ) for k=0,1,...,21—1,

1 -
+ > (Mreg2— 241+ ) (

Mot M
2

tog (1) = PR ()

1 t— ¢,
+ T (299112~ Tha141+ 51z1) ( 2h22) )
(4)
23110+ 39511 — 11 1 t— &y

Wap 41 (f) = - % + 5l (2’721-;—2_3’721-1-1"“ 31) o +

g g Sy — ) 1)
4 2043 2042 ‘2l+1 2l Zh ’

wi () = "7k+12'|"'71c + ’71c+;;77k (t— &) +

Elc
2h

t 2
(m+2-2nk+1+nk)( ) for k=21+2,...,14+n—1,

where b =1[2n and the parameters 1y, ..., Nyipey are mutually indepen-
dent.

Proof. We verify dlreeﬂy that Wi (Epyr) = Wyyy (&yy) and wk(é',m)
= i1 (&) for k =0,1, H—n 2; this proves the sufficiency. Let
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ped,;. Hence we have ¢(i) = wy(f) = apby(t— &)+ (t— &) for
te(Ery Epqa) and wyl(bpyy) = Wi (&qq) for b= 0,1,...,14+n—2; s0

@y = Ut bp (&1 — &)+ 6, (Spp1— &1)2
and

r-1 -1
= G+ g,; bi(Eipa— &)+ %‘J c(€— &)°

for k=1,2,...,l4+n—1.
Let us write

. k-1
By =ay, Bp=a,t+ g} bi(a— &),

k-1
C, =0, Cp = % 0i(£i+1_ &;)?

for k=1,2,...,1+n; then

s BB _ Ga—G

P g e &)
and

0k+1

5 . B.+0,+ ————= it M ¢
(8)  wi () = B+ Ic+ §k+1 g B -+ e ( £x)?

(k= O, 1, ceny b —1).
Thus, from the conditions wy (&) = Wiy (£x11) We obtain

Blc+1"’Blc +2 01c+1" Ok — Bk+z_BIc+1

Srpr— & Sn— & Erpa— &pq1

and, in particular,

Bh+2 - Bk+1 — (Bk+1 - Bh)
2

Cpn— 0Oy = for k =0,1,...,21—2.
Hence
By,.,—B, B,—B
¢, = ’““2 ko 12 S (k=0,1,...,2—1).

Finally, let B,— }(B,— By} = n;. Equality () assumes the form

M1t M Mer1— M 1 g t— &\
wy(t) = 3 + 7 (t— &p)+ 5 (2= 2712+ 1m0 7

for k=0,1,...,2l1—1

But for i =2I,...,l+n—1 we have &,,— & = 1/n = 2h.
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Repeating the above argument, we infer that for & = 21, ..., I+4+n—1

the polynomials bhave the form

. —ay, 1
ak+12+ e + ak+;h & (t— &)+ (appe— 2040+ o) (

u’k(t) = 2

2h

By means of the conditions wy_;(&y) = wu(&y), wyn_, (&) = wy(éy),

we have ay.i+an = forprt Napy Gargr— = 2 (Mg —7m);  hence
= 3~ Narpa+ 3w Capgr = %‘(37’/21““7721)-
Setting o, = 7y, for & = 2142, ...,l4+n+1, we obtain (4).
THEOREM. If f<C[0,1], n =T, 1<Z < n, and

1735 f ly()—7 () at,

111

f lp(t)—f @)t =

then |oll < 2763/ fll. Moreover, if feCl[O, 11, then also
lo'll <1020(f,  where |fil = oz Lf @)l

Proof. Let ¢(t) =w,(t) for te(&y, &ppy) (B =0,1,...
where the polynomials w,, are defined by (4), and let

1
Fmyy ooy 77l+n+1) =f [‘P(t)—f(t)]zdt-

hence
or .
(6) =0 fori=0,1,...,1+n+1.
On;
Let us write ;
@py = Max g, by;= max BL_JZLLL
ogil4n+1 1il b1 h

Now, let us consider the following cases.
1° Let 2 <1< n—b. System (6) assumes the form

1 0P o t—& 1 [t—&
2 6770”6{ Loout) =1 (9] [ h +?( h )]dt"o
19 B 1 Z — &\
o e e e
£ 1 —_ — 2
+J [wl(t)~f<t)1[~2— ~h +%(if-) ]dt —o,

t—-é‘,c)

y I+ n—1),

The functional f [p()—f()Tdt attaing its minimum for ¢ (f) = @(t); -

icm
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10F 1 (t—&,\
T, [wM(t)—f(m*( E ) +
r 1 t— Er—l t— Er—l 2
+f o100 5+ = (i

St : 1 A t—
+ ] s[5 =5+ 5 = o
&

for r =2,3,...,2l—1,

1 oF ‘fum ( a1 z)
1or 0, zt (t]—‘ dt+
2 Ony 52{2[ a1
— &y 1— &\’
+ f [0, (8) — ()] [ ;:Z ”“( 3 1”‘“
Sa1-1
&r41 1 i—§& 5 (1=’
+ J [wﬂ(t)~f(t)][?_2 2hzl+Z(”éh_ﬂ”dt+
]

fal2 1 1t—§ 1 [t—£y )\
+ [ ot — f(m[ + 2 2,:“‘——4-( 2;’“)](u:o,

Sart1
1 OF ‘o ( 521—)
— Wy (E )l i+
T T 5”[ T3 (8) —F ()]
14 1 t— & 7 [t~ Ey\?
+ [’wzz(t)—f(t)][?'i-z Zh”’—z( Zh”)]dtwt
a1
Ealts —¢& 3 ft— Eayr\
+ f [y (2)—F ()] [ —2_—~2hz,l+l+Z(_‘-—2hl+l,)]dt=0’
So1+1

fyr1 '
L OBty f(t]———( f)dt—l—

2 6772Z+2 &
Salta &, t— En\?
+ f g0 [ 2hm *( 20 H) ]dH
Sal+1 - ‘ )
o743 & 1 [t— &y’ _
+ f [War12 (1) —F(1)] [ ”——2;:l+2 -+ ?(‘—_2; +2) ] dt=0,

Sal+a
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1 aF Sal 42 } }*(t—le“)zdt
—é——a—;]—— == f [w27+1(t)’“f(t>] 2 oh i+
243 fypg

Ey1+3 t—f ) 9
+ 7‘ [wa15(t) —F ()] [ ;}:l'l‘i_( 2;:“2) ]dt‘i"
Solt2
Solt4 R S 1 [1—& P
+ [wzz+3(t>—f(t>][g— 2h’“+--2—-( 2;”“?-)]dt=0,
ba1+3 -
10p Era\ gt
o Er‘{z [0, (8)— F(8)] (”‘“2“7' ) f
_Er~ Z_ET_" 2
+ [ oty —sof5 + (S e
&

&1 75—57 1 t*‘f, &
+[mo—son[§ — 5+ (T e =0
é

for r = 21+4,...,l4+n—1,
$l4m—1 2
oF L{t— & m
- =/ [wm_z(z)—f(t)];(w—»g—,'ii) di+
2 Bm“"” Sn—2 4
tn —¢ b s
T~ v I4+n—1 __
R ) —( b )]dt_ 0,
f1tn—1
5l+n 9
1 oOF 1 (t—En
e = | [W0ia- (t)—f(t)]—(—-~~ at = 0;
2 O0Miynsa 51+{—1 b 2 2h
hence
120 1 t—f | 1[t—&V].
(1) 6 t-13m 41, =— E{ f(t)["z—"”%”&'k"i(ﬁ*) dt = P,
1375+ 609+ 267,115

S
Jofs -5 ) -

e ©
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Ny—g+269,_, + 66,1 2697, 1+ s

b1

_ 120 {erf fi)y = (——]f’—irdt—}—
+e,£f(t)[ (t ,‘: = 9]dt+
+7+1f(t)[—— - +%( ,f)]dt} 7,

for r =2,3,..., 211,
a1 g+ 26751y + T89y— 211y, — 2315 s — Naiys

fo1-1
IR T,
- {Ef_fmg( ot

B 27
+ [ fo [3 Tt ~(t—5ﬂ'1 )]dt+

2 h

Nar—1— 21+ 240m5 1+ TTop, 5+ B9

a1
120{ ff(f ( E““)dH—
2041 2
N Zf’l%(t";f"’)]dtJr

971
K]
&,
22 3 3 t—&y +_§_ t— &y \? P

9 ok 4\ 2n Pasry

+ [ fo

- Garty
— 230+ T+ 13295149+ 5295145+ 2%a144

-1 {Z}Hf( ( 5”) i+

So1
9142
+ ~ &1 t— &y i\
+ ;f f®) [ o\ = ) )¥T
2l+1 . .
2143 .
- —521+z -1 (t" 5214-2)2] }
—t 2 i = P,
"l'Ef o [ 2h + 2\ 2h e
21+2
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— g+ 805141+ 5240+ 132057, 5+ 527914+ 2atys

Sl42 __
= 120 { f £(2) . (__’__t 52”1)2 dt -+
glt1

h 2 2h
9143 ' 3
1 — Eotya t— &yypn
+ I o5+ g - (g e
E;z-lm4 .
. CEE 1 1 [t— &,
+ f @) I:-— — ——‘Hé%ﬁi + 5 ("—“é—]i” ) ]dt} Py,
S+

Pp_g 260,y + 667,267, 1+ 72
Er—-l
1 {t—& |
RO

2h
1 t—& t— &
+ [f(t) [~2—+ 5 —( a7 )]dt+

Srg1 1 t— Er Er
+J ﬂ”[’z‘”‘?}?"}"?( oh )]‘”}EPr

for r = 21+4,...,14+n—1,
Tzt 26011 +600 .+ 13 i

fm—1
_ 120 { —Epna |
f) = (-——~—) dt-+
2 §z+{~z 2h

f4n 9
1 _5 T i—§ n-1\"
v S o[+ S (T = e

S1tn—1
"71+'n.-1 + 13771+n+ 6771+n+1

$ltn .
120 E -
[ fo= ( L ) @t = Py
El+n—
Applying, the Mean—Value Theorem to the right-hand sides of (7),
we obtain

(8) Py = 20f(2"),
Py = 20[4f (A" +f(AM1,
P, = 20[f (L) + 4G +HFUD, 7 =2,3, ..., 21,
120 { ta 1

Py= ) + —5f(z£%9)+f(z‘2’>> e

fa1

gy 1= b2
+f(ﬂzl)f -2 o +—4— oh dat+ -

a1
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Salqn ’ . 3
o 1 1 t-—§ n 1 [1—&
}.‘ 21) [ - 241 - 21-+1
e Eﬂ{ . 2h 4\ 21 a

= 20 [f(Af":)+ 4/ (A (”’1)+6f M) — Tf () —F (A2)],
Py gy = 20 [F(G0) + 117 GEH9) 4 37 (4G50,
P, 242 = 20 [?'f (l% Ho) +8f (Agtl-:rlq))"‘2f (}.(2%1_1'_'”22) ]1
Pyys = 20[2f (AGED) + 8F (ALY 4 2f (AEH],
P, = 20[f(A2)+4F (A2 ) +FOAMN],  r =21+4,...,1+n—1,
Prin = 20 [f (52 H4F RS2,
Priniy = 20f(2(li-—1:1j1)~ ),  Where 1?’6[55, Erraly Baelay Euual.

‘In particular, we obtain

1P| < 20 [Ifll,
1Py < 2057,
1Pl<20-6]f), r=23..,21—-1,
[Pl < 20'19”f“3
(9) [Pasil < 20-15)fl],

[ Pyss0] < 20-12)f,

[Paval < 20-12[|7]],
1P < 20-6]fll, r=204+4,...,I4+0—1,

[Pyynl < 20571,

[Pyinial < 201

By means of the first three equations of (7) we obtain the following
linear combination: P,—3P,-}12P, = 34,4 21, -+ 239;-+n,; hence 34|x,]
< 266, + [P, + 3P| +12]P|, and by (9),

(10) ol < T 2160+ 1.

From the first of (7) we get 13|n,| < Ta,;+ | Pyl; thus with respect
to (9) we have

' 7
(11) ARS 13 G602 Hf I
If r =2,3,...,20—1, then 66|y, < 54%,1—{— |2, and so

9
(12) - lnrl an l+ 60 - 3 ”f” .
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Trom the equation with index 2[, in system (7), we obtain 78 |ny|
< T20,,+ [Pyl, and by (9),

12
(13) Inal < 3 Gnat 6055 Il

From. the next equation we have 240 |9z _H] <1024y, 1+ [Py il and so

bl
[Mar4a| < 120 Q1 I‘(JO ”f”

(14)
From the equations with indices 211, 2142 we obtain the identity
3Pzt+z'“Pzz+1 =ty — 487y — Myr4a+ 31979745 “1‘153772H-3 +6 Moy

which implies 319 |9y .l < 217y 3+ 3 [Pyl + [Pyl and by (9) we

have
' 217
(15) el < oan 60+ 1.
From the equation with the index 213 we obtain 132 a8l <110 @ 1+
+ 1Pl s and so
5
(16) 1’721+a| “nl+ 60— 3 £l

and from the next equations we have 66 |n,| < bda,;+|P,|, and so

: 9 1
‘(17)‘ 117,|<Han,1+60~~3§~[|f\| for r = 21+4, ..., l4+n—1.

From the last equation of (7) we obtain 13 |n,| < Tani+ Prinsls

and so
7 1
(18) [gn) < R} Uyt 60'”33 1A
From the 1dent1ty -Pl+n—1 3Pl+n+121314 ntl = N 7»-—2+23m + n——2+
+21n+ 3470 ny1, Which can be obtained from the last three equations
of (7), we have

34 inl+n+1[ < 26 a’n,l+ 1Pl+n—1‘ + 3 I-PH-'nl + 12 lPl-(-n-(-ll;

hence

13 11
(19) Mpns1l S ’i7_ a1 60" 31 ilB

icm°®
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From inequalities (10)-(19) we infer that

12 11 '
| <~ @yt 60- Il for r = 0,1, ..., 14 n+15
13 34

12 11
hence @, ; < -— @, ;460 — and so
w73 1+ 34 Ifll, an

11 13
(20) 1 < 6

Tl

From the first three equations of (7) we obtain 14P,— 4P+ P,
= 33 (10— 111) + (11— 72) — 28 (1, — 75) — (15— 1) ; henee

72— 1770}

1
7 <25bn.l+z

(21) 33 |14P,— AP, + P,|.

Moreover, o— 1) + 65 (7, — 12)+26 (72— na)+

+ (15— 1a)

P0+P1—
and 80

P, =18(y

(22) o5 <45, ot 1P PP

For r = 3,4,...,21—1 we have P,—P,_; = (f—oa— Nr—s)+26 (7,1 —

— 1pg) + 66 (7, — ) + 26 (51— 1) 4 (Myq2— Negr) and 50
(23) g6 Il < g o (PPl

Let %, = 17,_1—]~56 for r=21—2,...,21+6. The equations with .
indices 21—1,...,2l+4 assume the fo]lowmo' form:

1207,;_5+ 1192, ,-+ 932y, —[~ 27%+ Ty = Pyyy
6077373+ 602y o+ 592y + 330y — 45851, — 240y 15— Doyys = Py,

300 (4513~ Pz -+ Ty _y) + 29985y + 320857, -+ 80a s+ 38115 = Parsrs

240 (115 + Tag—g + Topy + Tt) + 26305, +
1 186my;y+ 5400y, 5+ 2854 = Paryes

240 (g1~ Bag—g+ Bog—1 + Top) + 2410 +
 +238y,,+ 186y1,5 54y, 2005 = Paryss

120 (113 + By + Bz Tu T Taiat+ Byt 42)

+ 11957, 5+ 93854+ 27T 45+ Barrs = Patass
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hence
— By — 2By — 390y 91y 480y g+ 2y g = Py — 2Dy,
— Bityy_y — 134ty — BABTyy,  — 2000y, — 80y 5 = BPy— Py,
5 5

35
(24) —2zy— 5 Bgpp1— 8082y, p— 1290y, 3 — B®y14 = 2Py — '2TP21+2, :

22851,y — B2y — 132y, s — D200y 14— B0y 5 = Py =Py,
Bgg.y 1 — Dty — B2y 3 — 132y, 4 — B2y s — 2y 6 = Pypyy— 2Py,

Adding the second equation of (24) to the first one multiplied by 6,
we obtain

6(Py_1-—2Py)+5Py— Py,
= —6@y_g — 155y — 3685+ @ap ) + 88y 0 - 4555
hence

(25) 368 i?;z—ll

1 .
< 25‘“%,14—7; (6| Pyy_q~2Py| -+ [BPy— Py pil).
From the second equation of (24) we obtain
L1, 1
(26) 545 ﬁ;ﬁ“—ll < 347by, 1+ 5 [BPy— Py
and from the third one,

@n 305 —Lhtz— < 153,8b,, 1+ T 2Py, — —2-1)21+2 .

Now, we multiply the fourth equation of (24) by —6 and add to the
third one :

— 20y — 149,55, + T0ay 5 + 663251,.5+ 30Ty, o -+ 1205 5

! B
= 2P21+-1“ Epzl-w‘* 6 (PzH-z—le-|-u)5

hence
2145 1 b
(28) 663 T < 4’7775bn,l -+ 7&' (|2P21+1 — E‘PH-H +6 ]Pgl,]_z ”IJZZ.].a!) .

- By means of the last two equations of (24) we obtain the identity
39y 4y — 94y y — 4ty 5+ 556w, + 256,54 100y,
=2 (le-n - 2l+a) -5 (le+s t 2P21+4) ’

v
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from which we infer that
9 enr |Barpal 1
(29) 856 —h_— < 403bn,l+ “]; (2| Pap2— 2l+3| +5 |P2143‘2P21+4D .

For r = 2145, ..., l+n—1 we have from (7)
— 1
(30) oo Tl <5, 2 1P,

From the last three equations of (7) we obtain
Pt Pra—Prnss = (gna— fan—a) + .
+26 (M1~ Mrnes) 68 (Min—rsn-1) 18 (hin i —Min)

hence

= _ " 1
T L I

Analogously, we have
14P1+n+1—— 4Pl+n+-Pl+n—-1
= 33 (M1 — Man) + (Myn— Mgn—1) — 23 (Npm—1 = M4m—2) —

— (Mpn—a— Man—3);

hence

— 12 1
G s Tl gk P APt Pl

Applying formulas (8) and the Mean-Value Theorem, we obtain
14P,— 4P, + P, = 20 {14 [f () —f (") ] — [F () —F ()] —
— [F() —F ()] — 41F AP —FAPT}
— 20 (147" (6,) (A" — 200)—f (02) (A — ) —
— (6, (A0 — 29) — 4f (0 (AP — 201,
where §; denote the intermediate points. Since A?e[&;, &1, we have
=4

G3) 3 14P— 4P+ Py < Ehg I (147 + h+ Bh+ 4h) = 20-22If[.

Analogously, we have

Pyt P, — Py = 20{[f(A")— FO)1+ [F ) —F ) 1+ ALFGO) —F )5
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hence
(34) %IPO+—P1~P2[< %% 1711(h+- 2R+ 4-2h) = 20-11[|f"]}.
For r = 3,4, ...,2l—1 We~ have
PP,y =20 {[f(A2,)—f(A0)]
+LF () —f(ﬂ‘f:l”)]Jrél-[f(lrf”’l —fA;

hence
1 20
(35) W [Pp— Py < - If 12+ 2h+4-2h) = 20-12[|f|.

Analogously, we have

Py s — 2Py = 20{[f (") —F (22,) 1+ [F D) — F (A2 ) 1+
+ 4 [FOED) = F 21+ 4 LF () — F (S0 1+
T LO[f (o) — FOAEN 14+ 2 [F (AGD) — FAED 135

hence

) :
(36) 5 IP 11— 2Py

20 ‘
<=5 1 (2% ~+ 2k -+ 4 -2h+4-3h 4102k 2 4h) = 20-52[|f|l,

 BPy— Py = 20{5[f(AF20) - f(s)) 1+ 20 [F (280 )~ F () 1+
+ 10 [FOF) —F () 1+ B LF (A — F (2870 T+ [F (D) — F (A-HD) |+
L) — f(l‘”“’]—l-3[f(l“’ —FOEE;

hence

1
(37) 7; lspzl-le+1|

.20 :
<5 W18~ 43+ 203+ 10-2h - 5- 4k +-
+ 34112k 3-4h) = 20-157|F,
B
2le+1_; ? le+2 = 20{2 Ef lgzll‘m) f(l(zzzlw))]‘l'

+3 LG —F OG-+ 19 [F (AEHY) — F(AZ) ]+
- LG F (G 1+ BLF(AGD) — £( &%’f: e

hence

(38)

3

2Py —— 2142

2
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=20-110]7),
Puys—Purss = $0{LF ) —FUSHM)+

137

20 :
< IF 1234323+ 19- 4+ 2R+ 5-4h)

+ 4O — FOAEED 1+ [FOSHED ) — FOASHI T
hence
1
(39) 5 Patea—Parysl < llf’H (4h+4-4h+ 4h) = 20-48]|f"|],
P, 2l4+3 2P, 2ld = 40 {[f Mgzll-)-ls) f (A(vzll:z“)
+ALf O — T OGEN I+ L GEH) — T A8 11
hence
(40) |P91+3_2P'71+4|< llf [(4h+4- 4k 4Rh) = 20-48]|f].

For r =21+5, ...,

l+n—1 we have

P,—P,_, = 20{[f(A,) —FOE ]+

AL ) — D+ (P

) —f(AE0)T

hence
(1) TIB— Pl < SIS 4kt 43) = 20-34 ]
and
PrinsrtPron—Priny = 20{[f(z%’;:'_+“) —fOE 1+
+ALFOER ) — F(AE) 1+
+ (R ) —F DT
hénce

1 . 20
42) 5 PunntPrn—Praal < 5 IfI|(2h+4-4h+4h)

WPy — 4P+ Pryg

14041

= 20 {14 [ (D) —F ()
) =]

—[fG

(L-+m)
1+n—

N—4[f @

—[f(

1
AT

(I+n)

+n—

~ I

= 20-22{|fll,

) —F )] —

(I4n~1
;”l+n 1

plIF
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hence
1
(43) o 4Py~ 4Prit Pronl
20 . .
<= IF/ (14204 4 - 28+ 6h - 2h) = 20-44[f'|.
(2

With respect to the inequalities (33)-(43) the estimations (21), (22),
(23) and (25)-(32) assume the following form:

l__ibjelg 5 F20° Hf'll,
L_#J < gg b 20 Hf I,

L e 2P o v =3,4,.0,30-1,
l_ng_:hv_z__I< 12 Dot 20° ~3~6§-l|f!l,
sl BT o, ;4; 171, ‘

lnzm;’?zwl <1:3é5 By 20- W =y
sl  ST8 g 308 g,
J@%wlg; B+ 20- ﬁnm,

]"77"" 777«11

9 4
Ul < b 200 I for r =204,y b1

‘17‘1‘*-7‘_'17““‘11 9 22 7
——T“‘ < 'ig‘ bml+20' "6”5' “f ”:

[ nir— 771+n[ 25

7 S 53 bt 20 —llfll

From these inequalities it follows that

l’L_hﬂﬂ<— Byt 20- ——~||f|] for ¥ = 1,..., I+n+1,

Orthonormal basis

or
9 4
by < ET b1+ 20- 3 1l
hence
440
(44) ) by < = -

139

2° Let | = n—4; then equations (6) assume the following form:

3
. 120 2 1 i—¢
45 60139+ yy = —— — [
(45) Mot 137, N2 7 é{ f(t)[z A

1370+ 607, 4- 267, + 73

NS
i |

Yl 55

k

Mg+ 269,_, -+ 667, 2677r+1 + Nrqn
by

~120{ff)‘(

h
1 t— & 1
+E{ f(t)[2 +5

)Zdt +

(55T =5

—&\V] .
-]a=

+ ff(t) |5+ - (=2

7‘41

+ff<t[i— —Ey —:?L;(

Man—10F 26799 4 787y, _o— 21907 — 280916 — Nan_s

&
120 ( 01
-5 { ] 5r1m (~——————5”“““’) i+

San—10
San—g

SRR +t—52n—9v_(t_« 52"“9)z]dt+

3 3

fan—9

» 3,

San—1 r
1 — EZn——B 5 (1— 52 —8
1) [——2 — v
+52‘f f()_z 2h ~+4( 2h
n—8
‘527L~6 r
1t—&, &
+ [ s ~—+— - ~——( -
fan1 2h 41 2

o

)]}P

y 2n—9,

i

)=
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Nan—o— 21 0gn g+ 24057 + 1T 6+ 3an—s

13
120 (R L fi— &,
=22 T ﬂ“a(—v )“+

h Sam—9

fan—1 t— 52 8 7 [t— 527»—0 2
: n-8 ! -

+£f f(’[ BT 4( 2h )]dl
2n—8
¢ .
an=6 3 t_gzn_'[ __3.(1_'521%7)] t} -

+. f(t[ 3w Tl )% e
am—1

— 23738 + Ty 18203y, -+ 5272y _5 2Napa
§2n 7
120{ [ s )m(—fz’“ ) dt+

Son—s

fan—6 )
E a7 i— gﬂn— 7 N
+J f”[ = (o )]“*

fan—1
San—5 1 {— fm i 1 (t—— 52%_6)2] }
; — v — dty == P,,_
+$mf_6 f(t)[z 2 TE\ 2k o

— N BMan gt B20spy 26+ 1327055+ B2y, 2995

_ 120 {ezf‘ i (t £ 7) oy

fon—1
$om—
i t_£2n~6 t— 5211,—-6 2] e
+ff;_[ 2h "( 2h)‘“'

San—s6
s | 1 [t— Epus)
2;:, 5 = ( _5_21}) att = Py, s,

+?ﬁm[

Ean—5

Nan—s+ 26795+ 6075, 4+ 13775, 4

= i%(ng:}: f(#) _1“ (J&”" ) di+

2h
E P . t— 5 Pym
2; : '"‘( 2; 5)]‘”} PM—M

i— Eznms
2h

fon—
+ [ fw [1
San—5

Man—s5+ 13%5n s+ 672y 3

San—4
120 2
f ) @t = Py, ,.

icm
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Proceeding as in case 1°, we obtain

11
(46) Il < Qpp—g+60° 'éz Ifl for r = 0,1,...,2n—4.

12
13
In order to estimate the parameter #,, 5 we form the following linear

combination, by means of the last three equations of system (45),

24Py, 3~ 6Py 4+ Poy_s = —Nap_ g+ 3g 1+ 467y, ¢+ 4754+ 68,3,
from which it follows

68 [1an—a| < B4 “11,ﬂ—4+24 [Pan—sl =+ 6 [ Paop_sl+ | Pyy sl

<M%H+mm@*%+“§+4

Hence

11
(47) [an—sl < Gy, 5q 160" 3 (i B

27

34

From ‘(46) ‘and (47) we get
12

an,n~4 < 13 an n-4+60 ”f”

and so

i1

11-13
(48) [ < 60- 34

‘

In the same manner as in 1° we obtain

o) Il Dy 20 ir

for r=1,2,..
h 11

. 2n—35.

Let n,— 9, =%, (@ =20—7T , 2n—3). The last four equations
of system (45) assume the followmg form

2407, s+ 2632, _,+ 1862y, ¢+ bdwy, 4+ 22,, , = Py, ¢,
2407y, o+ 24105, ;- 238y, g+ 186y, 5+ B84my, o225, 3 = Py, s,
100 (1g g+ Tan—q+ B+ 99%ay s+ T3Tpn s+ 18355 = Poyyy
20 (Yop—g+ Bap—q+ Bag 6+ Ban—s) -+ 19%s, 4+ 625, 3 = P, 33
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hence 115 20 )
i } ”2"P2n—6_ 6Py, _,| = Y 1B [f (A= — F S 1+
225y q— 52y, _g— 13809, _5— 52y _4—2ay_y = Py, — Py, ?
R 5 +I ) — F OGO + 19 [F L) —
(B0 5 e = D= 1200~ 8038y — Ty g = - Pry s — 6Py — FUEO)] 4 8 [ () —F ()]
wZn—5+22m2nw‘L+l7m2n—-3 = 5‘P27L——3""-P2n—4' 20
< I3+ 4h-+-2h -+ 194k 5:27) = 20- 108 "],
From the last equation of system (50), we geb
1 20
3 15 _Pr) —P - 27 l()z-n_ 3) (211,:4) 4 [27»-3) (;n_—;i)
(51) |25 ;}:,_4’ _bn” 4_[_ I 2n—3"‘“132n..41, A 127 2 an—al 3 [fO5) — (A=) + f (=) —f(2 M
20 :
. b 2 . — .19 0
and from the linear combination < W Il (4h+-4-2R) = 20-12[|f"]].
5 . - . 5
—~(Pyy_g— Pn_s)+ (? Pm_s_ﬁP%_4) +11(5Py_s— Py _y) Hence, from (51) and (52) we obtain
|2 —s— Man—s! "
= — 19,50y, ,+ 470y, o+ 140y, — 9%y, _,+ 116, _, (53) Sy b t20 47 ﬂf fl
we have
' . — 89,6 72
(54 inzs™ Toncal B2 4, 202 -
(52) Imzn_al 89,5 895, n h 11

h 116 nn-t‘ . g -
'From inequalities (49), (63) and (54) it follows that

1 5
+__(1> o= Py ‘ P,,_s— 6P, 1113 —P, - 2
Tio7 | [Fanss on—s| PRL an—a| T 1L1BPy, _— P, _, _]&Tmigl—glbn!n—d'_!—ZO'%”f’” for » =1,...,2n—3;
Because of ! ' |
- hence .
Pon—g = 20-2[f (25750 + 4F (A=) + F 28791 10 11-72
n 2 snr )+ f (A (85) . bys < ———— |If'll-
Pons = 20-2[f (A5=0) + 4 (AZ=9) 4 F (A, 5)) 1 :
Py = 20 [F(AE00) + 47 (2Em 2], 3° Tf I = n—3, then system (6) assumes the form
P,y =205(2"Y),  where AP c[£,, &, ' 120 @ L i—& 3t b)
n— n—s ) 1y €ialy (56) 6,,]0+13,71_|_,72=T f f) [E_ - 0 +—;( A F'Hdt =P,,
we have ' o i ‘
1 40 13 60 2617,
N [Py~ Pyp_s| = T’ f(lg? 36) f(lgbn— S))+ e SR —
e oz + 5 (5 Jar
+ALFOEED) — F OGN+ F(AEm9) — F (A=) { f

40 § Y .
< IF1(ht4- 4t 47) = 20-48p, +5f f(t)[E_T+E( - )]dt}EP“
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77r-f’ + 26"77- 1 + 667]1 + 26777-%—1 + 777‘+2

S

e ol et

t— &,
_( :

fles

+5T1f(l'[ hfr 2(};57”011}513” r=2,3,...,20~5,
Nan—a+ 260751+ 787006 — 21105 — 2302n 4~ an—s
120{ f»} 7f(; ( Erns ) dt+ ezf"" ) [ fm 1 (;—imd)z]dw
San—8
R (e
Tl e

fan—s

Nanr—2102n—6+ 240050 s+ TT00p 4+ 3723

R i

San—1

San—5

i 1 Ezn-—6 7 (t— Ezn—6 Z:I

+ f f”[ 2h _Z( 2h ) a+

fom—s6

fan—s 2

E’m 5 __3_ t— §2n~5)] }___P

+ solF 5 g (e o) = s

- 23"]21145 + g5+ 1820554+ 5202y 5+ 27y »

$op— bgp—
120 m—5 Eans 20 Eans — &y \?
2| T g ae ol g (S
. .
s 1 EZn—ft 1 fi— 5211,—-4 * —
+ f(t[ o +—2—( o7 )]dt}=P2n~47

San—4

— o6+ 35520554+ 1209, 5+ 267y,_5

San—a
=) g a
4 on—s .

on—3
Eams [t Ean-d)?
+ef f(t[ — ( T 4)]dt}51’m_a,
2n—4 ¢ i
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fan—3
120 L i—&, 4\*
L Al I (U E( m ) di = Py,
fan—ag

As in 1°, we find

12 11
] < == @y s+ 60- rYy [ifl for r =0,1,...,2n—3.

(57) 5

By means of the last four equations of system (56) we obtain the
combination
Pzn—s - 3'P2n—4+ 9'P2n—3 - 7]-P2n—2
= Nan—1F 3Mans+ 3675, 5+ T8, 4+ 4y, _3—1987,,_,,
which implies

198 [, o] < 158an,n—3+ [Pan_sl+3 ipzvn—d +9[Pyy_3]+ T1L|P,, .

But
[Pon—sl <60-5[fll,  [Pon_] 5 604,
10
Papmal 60 1, [Panl < 60+ Il
hence
(58) Moz € — 9 nn-a—l- 60- 3—9—9" I71-

From (57) and (58) it follows that .

12
el < 5 Gnn—s 60— .99 Uf” for r =0,1, ..., 20 —2;
hence
13-106
(59) a’n,n—-sgﬁo' 3.99 ”.f”
" Analogously to 1°, we obtain
(60) '———h’ki\ B 20- ~|]f’|] for r =1,...,2n—4.

Let no—mpy = @, (r = 2n—6, ..., 20—2); then the last four equa-
tions of system (56) assume the followmg form:

30047,y + 2992, s+ 32005, 5+ 805, 4+ 32y,_5 = Py s,
240775, + 240y, _ ¢+ 26375, 5~ 186%714“’ 54y, 5+ 2y 5 = Py,
2007),_q+ 2002,,, ¢+ 2012y, 4198y, ,+ 146y, 4+ 261, , = P,,_,,

207 5n—7+20@g, g+ 208y, _5+-2085,_ s+ 192, 3+ 62y, 5 = Py, ;3
Studia Mathematica XXXV, 2 10
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hence
5
(61) 2+ 17,58, 5+ 3058y, 4+ 12925, 3+ 5%y = §P2n~4_2P2n—5,
)
54,5y, _5— 1290y, _y— 30385, 35— 13559 = —2—1’%_4— 3Py s,

g5+ gy 44Ty, s+ B34y, _y = 10P5, 5 — Py
Now, from the linear combination

5
'Z:Pzﬂ_ "‘2P.m,—5+2 ( 2’n—4— 3‘P2'n—3)

= Dy, _g+ 126,60y 5+ 4Ty _y— 4710y 53— 1410,

of the first two equations of system (61) we obtain

)

1/5 B
o0 wrl=lsosn,, 4 (3 P2 ]51)2,,_4—31%”_3

and from
5 5
EPzn—r“ 2P2’n—5+ 3 E P-m—r‘ 3P2n-3 +18 (10P2n—2"1)2n—8)

= 2y, ¢+ 163y, s— 460y,_4+ 120y, 5+ 3980y, ,

we geb
(63) 398 sl
< 228b,,, 3+ —;— (B—Pm_,— 2P,, s/ +3 }%Pzn_4— 3Py, +‘
+18 |1'0P2H—P2n_31) .
Because of

Py, = 20[f(AE )+ 11F (28" 9) + 8F (=)
Py, = 20 [2F (A5 + 8F(AEr-H) + 2F (AEnH) 1,
Pous = 20 [2F (A5 4 8F (2501,

Py, = 20f(30"0), - where AP e[, &1q],

icm°®

Orthonormal basis
we have

1|5
I ‘ *5‘132"_4 2P2n_.

20
=5 PGS — 7081+

+ 20 (5 — FE T+ FAERD) — F (A8 +
F20[F (G0 — F OGR4 B LF(A8m=) — F =M1

20
< W If(2-8h+ 22k 4h+20-4h-+5-4h) = 20-144{f'l],

=5 15[f () — (A= +
+f(1£€l“:" — L)+ 1L~ FGD+
+ 5 [F (260 — F )]l
<270 If1(5-4h+2h+19-4h+5-2h) = 20-108|f],
% [10P,,,_y— Pyy_q|

= 2 B L)~ U+ 8 U — F =

< 2 7z 4h-+-8-2) = 20-24171).

From (62) and (63) we have

. [2n—5 = an—al 316,5
64 < Opn— 4
(64) - o U s 20 477ufn,
[on—2—Non—sl _ 223
65 S e L —b, —_—
(65) . g Uns+20 398 & 71

Finally, from estimations (60), (64) and (65) we infer that

— 9
m’—iz7ijl<~ﬁ~b,w_3—|—20~3|]f’[[ forr=1,2,...,2n—2;
hence
(66) ‘ by n—s < 33011

147
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4° Tn the cage | = n—2 we obtain the following equations:
4 .
120 1 Z 1—E, B
(67) 671371t 7. ZT! f(i)[———-—~+ ( =) % =P,
[
137~ 607, + 26772+ 773
—&

e

i’;fl (%fi)z] di} = Pw

120{[]‘@[
+ff [1

Nr—2 -+ 26771-—1 + 6677r+ 26177'—1-1 + Mrt2

rl

fp1
120{f 0 ( E’_)dt—]—
—=&_  [t—&,\
+ff(t[ Fra () e
5r+1 . 9
1 t—¢ 1{t—§&,
- — I - = P,
+J so[3 -5+ 5 (55 o =2
S r=2,3,...,2n—05,
Nan—6+ 2605+ T80an—s— 21135 — 23%9n—2 7 Than—1
Son—s
_ 120 { f f(t)w( Ean—s ) dt+
Som— 65
an—4 .
= Ens t— 52n-5)2] _
+ [ £ [ —T ——(———~h at+
izn 5
1 t—bny B t-—52n-4)2]
+52f4f(t [ ah +Z( 2h. @+
Sop— . k
2 1 1t—&, M,}, t— fzn_s)z] }
+Ezﬂf3f“[ Tt m 4( o )|
= Pyy_yy '
Nan—s ”Zl'ﬂm—4+ 24075+ 77'1’]0%2—{— 3172,, 1
-2 { [ f(t)—( sV
Son— 3
L .2"- __:!; tT Eﬁn-& __:7_ t_ 5211—4 2 .
+%j._ f(t)_[2 gl 4( b )]dt—}-
fon—2a
; 52')1‘3 3 t— 52'}1-—3 2 —_—
+ f 1) [““_"‘ “oh +z‘( oh )]di} ::-Pzn-“—s?

on—3

icm
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— 237 at TTap_g+ 1207, o+ 269, ,
fon—3
20
-1 { [ o= ( 5“”“) dt+
+ [

Eopn—4
fan—3 [

— Nan—at 3Nan_g+ 26079, 5+ 1277,
120

San—g

fzn-— 3
2k

PZn—Z’ .

_(‘

ETf(t) —(

fan—3

_ fzn—s 2
2 )]"”}

Ezn 3

) at = P,,_,.

As in case 1°, we obtain

(68) I < T3 Onns 60 37 nfn for r = 0,1,...,2n—3.

From the last equation of system (67) we have
26 ]772)1,—2' < lﬁan,n—s_*' |P2n~1“
hence

1
< - an,71—2+ 60- ﬁ “f”

(69) 13

l"‘.’n—-zl

From the last four equations of system (67) we form the linear

combination .
Pm—s— ZPzn—a + 7Pzn—2— 26P2n~1

= Moyt 24705 1030 _s— 4075, 5 — 1395y—2— 18Tzn 15

which implies

137 [apa| < 936y st IPm 4|+ 2| Pap gl 47 IPzn—z]+26 IPmHl

Hence
93 171
on1| L = Gy g+ 60— .
(70) sl < Tg Gnn-a 60" "o [
-From (68), (69) and (70) we deduce that
12
I77rl<-1~3w o n—yt 60 = 137 fl  for r=0,1,...,2n—1;
hence
20-171-13
(71) Q2 X —-‘1—_ [If1l-
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As in 1°, we obtain

(72) b ;:% ! ST bunat200— IIf | - for r=1,2,...,20—3.
Let n—7,_y = for r=2n—"5,...,2n—1; then the last four

equations of system (67) assume the following form:
6099y, + Doy 5+ 33%ap_4— 4537%_‘3 — 24y, _o— gy = Pyy_4,
300 (g + Tan_s) + 2990y, +-320y, 5+ 80y, 5433,y = Py,
200 (a6 -+ Ban s~ Tan—s) + 22303, 3+ 1465, 5+ 26¢21L—1 = Py, _y,
40 (ap_6F Tan—s T+ Ban—g) + 418503+ 3805, o+ 1205, , = Pouss

hence
= Bty — 184405, 4 — 54D, _g— 20080y g — 83,1 = BP0y _g— Py,
(73) — By 4 — 293 —278Ty_y— T3y =2Ppy_5— 3Py, 4,
18y, _3— 44mm_2 — 34wy, 1 = Popp_y—bPy, ;.
Analogously to 1°, we obtain
1
W 8Py~ Pns| < 20-167|f"l,
1 — - 7
" 2Py, _3—3Py, | = — If (6 —F G H AL LF (G0 — f (Zki‘_s”
+ LGS —F UG
40 -
< I | (Bh 1140+ 3-48) = 40-61 7',
1
"T |P2n~—z_ 5P2n—1|

S D)~ U+ AL~ )
S—%ﬁ |]f'||(4;h~if4~2h) = 40.12 If1,

because of AP e[£;, &,,]. From the second equation of (73) we have

B NN 30 JNa S
hence
! [@gn—o| _ 108
74 — e —=|If’
(74) A 278 by s +20 1,39 VB

icm
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By means of equations (7 3) we form the linear combination
5Pzn—4_P2n-3_ 4 (ZPzn—s 2n-— )+ 19 (Pm—z 5P2’r1.—1)
= — By, —1262y, ,— 87wy, 3+ 162, — 3661y, ;,

which implies

Dy 1
366 ‘l%l_]g 294bn,n—2 + Z (I5-P21L—4'_-P2n—3[ +

+412Py,_3— 3Py | +19|Py_y—BPyy4]).
Hence

o] _ 147 1101

(%) B g3 omne T 20 5

il

From inequalities (72), (74) and (75) we conclude that

11— e i <2
T h 11

by p_at20- ——Hfu for r =1,2,...,20—1;

hence

(76) 340157

bn,nv-2 <

5° If [ = n—1, then we obtain the following system of equations:

5
. 0 1_'5—50 1(i—§&

1) 6770+13’71+’72—T$0ff(t)[§ b +§( 3 )]dt Fo

13779+ 6077, + 26975+ 73
_ 120 =&Y
{ff()[ (5 o
N N e T Y L A P

ﬂff“’[r sl

Np_g+ 267,y + 662, 26771-1.1 + Nrt2

2 il e

&2

Sp1
1 14 2n—3,
% .

1[i—¢,\2
+ [ fo) +—( )]dt}EP, r=2,8,...
é! h 2 h V ? Yy b
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Nan—a T 2692, 5+ 75%2y—3— 12935, 1— 1075,

Son—3 San—2
120 7 Eon—s ) [ §2n—3_ (t_ 52n~3)2] ]
= 1) = i | f(1) : dt +-
' F { f f( ( 521.!‘ 3 h h

Son—a

Ezn—f! 5 Ezn,—
2T 10 i e I L S

fan—2

Nan—y— 127945+ 2187351+ 3875y,

fon—2
=£%0.{f fin= ( Son- 3) dt+-

b San—3
San—1
fzn-‘z 7 ft— 527:,—2)2 }
—— dt
- 59;{ 2f(t [ 2h 4 2h
= PZn—U
fap—1
120 1 ft— &,
—'5"72n——'7+19772n—1+677m = 27b f f( "2“( 2; ) at = Pzn

Eams

In the same manner as in 1°, we obtain

11
(T8) Il < I3 s H 60 S If for 7 =10,1, .., 203

12
13

From the equation with the index 2n—2 of system (77) we have
(79) T8 M| < 49y 11+ | Po_ol,

and from the last equation of this system we obtain

(80 19 ]77211,—-1] 11‘7% n—1+ |P2n[ .

Sinee Py, y— 2Py, 1+ 23Py, = 1)y g+ 2475,,_y— 16735~ N1+ 52040,
we get
(81) ) Blimy,| < 420,01 |Poya| 2 [Py o] + 23 | Py,).

1
Because of ‘PZTL—Z] 60-6 ”f”; JPm—1| <604 “f”? | Py,,| < 60 "3‘ Hf”i

1nequahmes (79), (80) and (81) assume the followmg form:

2
(82) sl < 75 ik 0 =,

49
75

lamsl < 2L i 8022 5.

1 2
O, -1+ 60" ;
o i1 — o

1
19 3 .19 ]ﬂm‘

icm
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Now, from inequalities (78) and (82) we conclude that

12
el < Tk for r =10,1,...,2n,

and hence
(83) Gy < 3251

As in 1°, we obtain

=l 9 4,

(84) —-h—i <Ebn»“'1+2°"§ Ifl  for r=1,2,..., 2n—3.

Setting #,—%,_, = @, (r = 2n—4, ..., 2n) in the last four equations

of system (77), we obtain
1209,,_s+1192,, 49325, 3+ 2725, s+ Tap_1 = Pay_3,
80 (an—s+ Bon_a) + TI%gp 3+ D3Tap_p— 22y, — 1025, = P, _,,
240 (o5t Bon— st Ban_s) + 23905, 5+ 2512, 1+ 385y, = Pyy_q,
20(Man_s+ Ban_s+ Tan_s+ Ban_s)+ 258y, 1+ 6y, = Py,
hence
(85) 5184,y — 10580, _y— 682y, + 302y, = 2Py, _3— 3Py, s,
— 8%y 3— 80y, _y— 3172y, — 682, = 3P,, _3—Py,_1,
— Doy o — 498y, — 348y, = P, —12P,,.

= 2y g

Adding the equations -1 and 3 of system (85), we have

— 2%,y — BTy, 3 — 1062y, o+ 192y, ;—42,,
= 2Py s— 3Py s+ Pap_1—12Py,;
hence
(86) 106 lmz;:—zl < T6by 1+ % (12P_ 35— 3Pon_s| -+ | Poy_1—12P5,)).

From the last equation of (85) we obtain

[ @2y

1
(87) 49 < 35bn,ﬂ-1+~h— P,

{ n—1

—12P,,,|

and from the linear combination 31’2“_'2—P2n_1—-6(Pm_l—lZPzn)

= — 3@y, _3— T4%g,_»— 23%,,_,+136m,, we have

(58) 13617200 <1000, 0 it T (8Puucs— Pacsl 6 [Prpa— 12P20).
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Tn the same manner as in the previously considered cases, we obtain

1 ,
szmq—&ﬂ%ﬂ<2W6Mfm

1 0
113 an—2 =Pyl < 20'82”f Il

1
'y I-P m—1"

B —12P,,| <

20-25]If"l],

and inequalities (86), (87) and (88) assume the form

[Py 38
—_—

= n 20 !
(89) ol 20 171,
|$2’IL—I] 5
<— 'n.7— 0 —
21l B st 20- 20171,
|2 5
L — by 1+20-—|If
il 2 bt 30- 2 17
From (84) and (89) we infer that
=l 9, 20-3|f| for s =1 2n;
T—\'l—l“ -1 1l =Ly U
hence
(90) b1 < 330(f7]].
6° For I = n, we obtain the following equations:
20 A 1 =& t—§&
6 = - — d
Mo+ 1391+ 72 7 e! f()[Z A +2( % )] 1,
13154609, 267,95

2l (e -5

771‘——2+2677r—1 + 6677r+ 2677r+1+ 771‘ 0-2

120{f f()“(*:) i+ ff(t [% | _}fr—q ’"(t_;f“l)z]dt—k

;'f“f( e I T

, 2n—1,

icm°
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Eznhl b Ezn—l .
(S )]‘”}’

120 fan — &)
Nan— 1+13772u+ 677‘.’.n+1 f f t)" ( hm 1) o

fop—1

Nan—at 26051+ 60m,,, + 13%ypq1
Zap,

120{52} I ( 5“‘) di+ - [ f(t)[

5271 2 ‘7"*

Repeating some parts of the previous considerations, we obtain the
following estimations:

11 13
(91) Oy S <60-

440
I B < SIS

7° The case ! =1 leads to the same argumentation as the case
= n—4. From results (20), (48), (59), (71), (83) and (91) we deduce
that

(92) 6, < 3251
and from (44), (55), (66), (76), (90) and (91) we obtain
(93) by < B40|f) forl=1,2,...,n

for 1 =1,2,...,n,

For fe[&;, & .,,] we have

Ba,; it 0<k<2l—1,
17
{—a)ll if
() <{ 2.7

=2l
Ta,, i k=241,
5ay, 1 it 24+2<E<I+n—1;
hence
17 17
lpll < G- an0 < 5 325 < 2763 1.
Similarly,
3b,, i<k <2—1
u 1 it E=2l
wr, (1) <
hox () 20, i k=2l+1
l 3 bn it 2+2<E<<l+n—1;
hence |j¢'|| < 8b,, ;< 3+340|f'l] = 1020[f'[l. So, the Theorem is proved.
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9. Orthonormal basis in C[0,1] and C,[0,1]. Let L (i) =
L(f) = V3(2t—1), H,(t) (n=1,2,...) ioun the orthonormal system
obtained by the orthogonalization of 1,1, f (t—8) b, (3)ds and let

S.(f58) = flf(S)Lu(S)dsl?o(i)+ff(8)L1(3)613131(i)-lfgwff('s)ﬂf(s)dSH;(ff).

TaEoREM. There ewisls a positive constant M such that for every func-
tion feC[0, 1] and every integer n we have

18, (f; O < IS

Moreover, if feCU,[0, 1], then there emists a positive constant M, such
that ‘

REAG S AT
Proof. From the definition of Haar functions it follows that
8,(f; 1) eAgm 1, where n = 24k and 1 < % < 2™ Hence, the well-known

properties of partial sums of Fourier series and the previous theorem
imply our assertion.
Let

w(9) —f{t)ly [fi—1ta] <

denote the modulus of contmmty of the function f and w,{d) the same
modulus of f'.

TeEROREM. If feC,[0, 1], then there exist positive constanis M end M,
such that

= sup{o: a = |f(t,) 8, by, 1[0, 11}

18,(f; )—FO] <2(M+1)o ()
and .

S5 O~ ()] <2(My+1)o ()

Proof. Let n = 2" 4% (1 <k < 2™)andlet #; = ¢/2™" for ¢ = 0,
1, ey 2k, & = (i—k)/2™ for ¢ = 2k+1,..., 0,

a(f; 1) =F(0)+f(0)1+ é’afl hi(S)df;(S)'ft (t—8)hi(s)ds

Sinee oy, (f; ;) = f'(t;), we have for te[;, 1;,,]
1 1
O (fi4y— 1) < 0y (Eﬁ) < 2‘”1(‘5)

lon(f3 9)—F ()] <

icm
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and
t
lon(f; 1) ~F ()] = If [on(f; 9)—f" (v)1dx]

llt

<3 f ot (5 9)— f’(tldt+f lot (5 7)— f(rndr<2wl(1)

In virtue of the identity S, (o,;%) = 0,(f;?) and by the previous
Theorem, we have

1845 O)—7' () < 184 (au—1 D1+ loh(F5 H—7"(2)
< O+ Doy (50— 0] <2+ D7)
and analogously,
1800550 —F(01 <200+ 1) 1.

If we set in the above Theorem

t
@) = a[g(s)ds

we obtain the following

COROLLARY. Functions L(t), H,(t)
dro, 11.

TEEOREM. Functions L,(t), L, (t), H,(f) (n = 1,2, ...) form a basis in
0[0, 1], and if feC[0, 1], then there emists a positive constant L such that

(9eCl0,1])

n=1,2,...) form a basis in

1
185(53 05001 < T ().
Proof. Let ¢(f) = w,(?) for te[&;, &,1], Where the polynomials w,

are defined by formulas (4), and let us set #, = f(&)fork = 0,1, ..., n}1,
Mrter = f(Ensd)e I 0 < k<211 and te[&, &.,], then

1 1
le@—F@I <E [me—f )+ Ky 42— F @)+ g~ Tl +

1 Lt
-+ Y ([ﬂk+2_77k+1]+ l"7k+1"’7k1) < 3w !
If % = 21, then :

—F O+ 5 s =12~ mal+

19 (1)
< — ol|—}.
4 n

P —F0)| <

""(2 [Marp2— 9721+1| +5 I"721+1 M)
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If & = 21+1, then
lp@)—F @)

< %(2 (142 —F @+ 2 700 —F(D]+ 17721-#1‘—"721])_}_

1
7 (2 22— Mg+ Mg — )+
l
Z (2173243 — Moz al =+ 2 M2spa — Bl 172000~ 722])
< 4o (i)
"

If 214+-2< k< n+l—1, then

@) —f(®)
1 1
<? [~ O]+ 5 [T —F (B + (71~ 1] +
1
+ E(l"?k-;—z”“ N+ 41— 75])
< 3w (-}—)
n

Hence we have
0501 <5 o (5]
"

for arbitrary te[0, 1].
Let ¥ = 2™k, where m, k are positive mtegers and 1<
In particular, for n = 2™ and ! = % we have Sx(p; 1)

llp— fu<3w(l)<

= ¢(t), and

9 (2)_19 (1
4“’N\?‘°(F)'

There exists a Positive constant M such that

1859 —F; )l < Mp—7l,

2171-

or.

IS (f3 ) —F(2)]

N

< Bslf= 93 D1+ lo—f| S QL+ Dlp—f1 < Q1) 22 (i)

<k<

Orthonormal basis 159

icm®
3. Inequalities of the Bernstein-Zygmund type.
LemMA, If w(t) denotes a polynomial of degree not greater than 2, then

b

b
f ' (@)° At < @T%Y?T(zo f ]w(t)]dt)p

a

(94) ®>1).

Proof. It can be seen that we may assume a = 0 and b = 1; the
—a

. x
general case may immediately be obtained by the substitution ¢ = —a
Any polynomial of degree not greater than 2 may be written in the
form w(t) = a- fi-+%(y—p)t%. For polynomials of degree 0, inequ-
ality (94) is obvious. For polynomials of degree 1 we have

a?+ pi— |af]

= O’
] (y=8+0)

Zlﬂ

gf Jow (t)] dit > e

and 8o

o @yPde = 15 < & ro(01a1?

and inequality (94) is also true. Without loss of generality we may assume
that y— # > 0. The polynomial w attains its minimum for ¢, = — Bl(y—B).

Let

&(a) = ojl oo (£)] di.-

Now, we are going to consider the following cases:
—(y-+B)/2; then w < 0 in [0, 1], and

196, <0, or 0< < y. Ha<
1 y—8
. 0@ = — (o 38+ 75E).
¥ —(y+p)2<a<0, then 0 <t =(—f+VA)/(y—B) <1, where

A = p2—2a(y—p), and w<0 in [0, 7], w>> 0 in [r, 1], and so

D(a) = —fw(t)dt-l—f'w(t)dt

7 B

2
e L A S el

and

9 et —prIEe—1).
dv
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The function @ attains its minimum at v =% or a =
For a> 0, we have

—(y+3p)/8.

B

1 —
w3 b olr—pE >0 wd Bl = sty bt o0

The function ®(a) is decreasing in the interval (——oo, —{y-+38) /8)
and inereasing in the interval (— (y+38)/8, o0}, and so

(95) infd(a) = -(b(__y_—}-ﬁ‘vé) _ 8
— 00 <00 8 8
Because of w'(f) = -+ (y—p)t >0 in [0,1],
p+1__ pp+1
(96) f{w opas = "=
; pr1 7=
Applying the Mean-Value Theorem to the function #”*', we obtain
S ot
—=F " (p+1)&°, where < £<y.
Hence ‘ ‘
1 gt
— <
, PR (r+87,
and by (95) and (96), we have
1
[ P @< (+8P (Sf\w(t )| dL.

TInequality (94) holds in this case.

2° Let 0 <ty<<}or y> —38>0. If a<< —(y+p)/2, then w(?) <0
in [0, 1] and

‘B(a) = ;( o+ /3_1_.7.’_ﬁ)

Tt —(y+B)/2 < a< 0, then

1
R A ~(3ﬁ~7)rz+"g‘(y—ﬂ)r“,
‘where '
< v = —p+Va <1
. ,y ﬂ ’
and

= [ﬂ+(y—§);](2r—-1).

icm°®
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The function @ attains its minimum at 7 =} or a = — (y-+38)/8.
It 0< a< p2f2(y—p), then the polynomial w hab two different roots
in the segment [0, 1], and

1 — 1 ) .
0 = 2 p =04 L gttty praltie— 1) — 4pto0— 5 (= Pa(3i o,
where
0< 4 <t < L
o= —— =
y—F 4’
and
Zj (y—ple(ds—1) <0 for « € (0,%).
Because of a = — 3[f,+(y— B)a?], the funection @(a) is increasing
in the interval in question. If a > £2/2(y—B), then w(f) 3> 0 in [0, 1] and
o) = ko p 50

Thus, the function ®(a) is decreasing in {—o0, —{y+3p) /8) and
increasing in (—(y+-38)/8, oo). Hence,

o 72) - 2L,

0 in [t,, 1], we have

(97) inft  &(a) =

—oo< a0

0 in [0, t,] and ' ()=

yPHp (— P! )
y—8

Because of w' (1) <

(98) of lw’ ()P dt = ey

Let
g(z) = (1o+1( )(1 o (L) —a—1;
hence
g () = —(p+1)[(i)p(l*w)”“l(p»—1+pM+w)+w”]<0 for 0<o<1.

Since g(}) = (p+1)i—1— (3" >0, we have g(@) =0 in [0, }].
By the substitution & = — By, we obtain

T N E N
T a—— <[2(y+ﬁ>],

Studia Mathematica XXXV, 2 11
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and in virtue of (97) and (98), we have
1 3 ¥4 1
[ wra<| o+ <02 f wooia.
[}

This proves our asgertion in this case.
3° Let 1 <1, <% As previously, we obtain

B

@(a)z—(a+—;~ﬂ+1;—) for ac — 2 TF

2 7

1 y—4§ 1 2
= 2 b L b 5 = BT e S =)
for ——y—;;ﬁ—<a<0, where 2t0<r=:ﬁ+]/A<1
y—8 ’
1 y—f 1 2
0 — 5 b+ L 4 5 Bl (y— ) o] (40— 1)~ 4fto0— ly — ) al38 + %)
p Va4
for0<a<w, WhereO<w=m<to,
1, =8 p
O=at=—p+-  for a—t.
2 6 2(y—8)
In this case the function @ attains its minimum at # = %, and
(99) inf @(a) = 2T OF T8y
—o< a0 32(7—15)

Let h(z) = (L+a? ™A+ 2Pt —~(p4-1)2” for 0 < < 1. Because of
h(l) = —p-27 < 0 and

W (@) = (p+1)a® (L+o)" " + (142" (p—1) (142" > 0,
we have h(z) < 0 in [0, 1] By the substitution & = — f/y, we have

(100)

1" (=B (2 Y
P11 y—f \(7~ﬂ) '

For every x we have Bx?—6x--5 > 15—6, or

5w2—6m+5>16 1
1+e 7 8 1+

for 2> 0.

icm°®

Orthonormal basis 163

By the substitution # = —ffy, we have
Byt 5p+68y _ 16
Z— .
y—8 5 y—4@
By means of (100), (101) and (99), we obtain
1 P4 (= g 292 \P
- <
p+1 y—8 (7—13 )
B 5y’ 56*+68y )" :
<2 — F—"F——) <20 lw(®)| ] -
ooy (20 ] bo()1 24
In the remaining cases, ie. } <1, <§ § <f, <1, >1, inequality
(94) is also true.
THEOREM. If ped,1,p =1, then |9/, < 40ngl, and lp'll < 40n ol
Proof. By means of the latter Lemma and the Hbolder inequality

(101)

[l (@) dt =
0

we obtain
1 ntl-1 &kt ’
[lwwra= 3 [ wiorde
0 k=0 & -
ntl-1 1 gt »
< N s (20 [ ()l
A Cen— 87 : Ekf (014
ntl~1 pFh+L
< 3 (2 =) [ o
k=0 §k+1—‘ k{ &
p W1 fx+1

20
. . Pdt
<ma.x(—-———§k+l__ AR J o

= (40" [ lp()[*ds-

The second inequality is obtained immediately by taking p - oo.
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