On composants of Hausdorff continua *
by
M. H. Proffitt (New Paltz, N. Y.)

Introduction. Sorgenfrey [4] proved that every compact nonde-
generate unicoherent metric continuum which is not a tried is irreducible
(has more than one composant). In this paper it is shown that every com-
pact nondegenerate unicoherent Hausdorff continuum which is not a triod
and which is not irreducible contains a nondegenerate indecomposable
continuum which is not irreducible. Certain results of Miller’s on E-sub-
continua of metric continua [2] are proven for Hausdorff continua.
A definition is given which is used to characterize the number of eom-
posants in compact metric continua and compact decomposable Haus-
dorff continua.

Definitions and notation. Throughout this paper 3 denotes a non-
degenerate compact Hausdorff continuum. Only in the lagt two theorems
and corollary is M assumed to be metric. M is decomposable into H
and K means H and K are proper subcontinua of 3 whose sum is M.
A point p is said to have property B with respect to M if and only if p belongs
to M and M is not decomposable into two continua each containing p.
Fr denotes the set to which p belongs if and only if p has property B with
respect to M. A composant of M is a point set K such that, for some
point p of M, « belongs to K if and only if there is a proper subeontmuum
of M containing both p and 2. A continuum is irreducible if and only
if it is irreducible between two of its points, i.e. has more than one
composant. The continuum M is a triod means there exists a sub-
continuum K of M such that M — K has at least three components. M is

. unicoherent means that if M is decomposable into H and K then H n K

is a continuum.

* Presented, in part, to the American Mathematical Society in New Orleans,
January 23, 1969. Many of the proofs are taken from the author’s Ph.D. dissertation,
presented to the faculty of the Graduate School of the University of Texas at Austin,
August 1968.
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1. On Hausdorff continua.

TaroreM 1. If By is a connected proper subset of M then I is de-
composable into two continua, H and K, such that H is indecomposable and
does not indersect every composant of K, and K intersects every composant of H.

Proof. M is decomposable into two continua one containing no
point of Fy. So there exists a collection & of all subcontinua of M such
that if H is any one of them then H contains no point of Ey and there
exists another subcontinuum H’ of M such that M is decomposable
into H and H'. Suppose G’ is a nested subcollection of G such that I,
the ecommon part of all the elements of G’, does not belong to G. I is
5 continuum. Let p denote some point of I. So p is not in Hy . Therefore,
there exists a proper subcontinuum H, of M containing p and Ey.
It Hyw I is M, I belongs to &, a contradiction. So Hyw I is not M.
Let ¢ denote a point of M not in H, v I. Since ¢ is not in I, some ele-
ment J of G does not contain g. So there exists a proper subcontinuum J”
of M such that M is decomposable into J and J and J' contains Fa.
Sinee ¢ is not in Hy v J, Hy v J is a proper subcontinuum of M. So M is

decomposable into Hp v J and J'. But Hy and J' contain FEy, which

is impossible. So I belongs to @. By the minimal principle, there exists
an element H of @ such that it contains no other element of ¢. Supposing
H is decomposable lends easily to a contradiction. So H is indecomposable.

With the aid of Theorem 2-16 and Theorem 3—-47 of [1] the following
can be established: If J is a compact continuum intersecting H but
not intersecting the composant Z of H, every subeontinuum of H v J
intersecting Z and J contains H.

Suppose J is a continuum such that M is decomposable into H and J,
Z is a composant of H not intersected by J, and p is a point of Z. Since p is
in H, p does not have property E with respect to M, so I is decomposable
into two continua, U and ¥ Dboth containing p such that 7 contains
a point g of Ey. V is a proper subcontinuum of H v J containing the
point p of Z and the point ¢ of J. So by the results of the previous para-
graph, V contains H. Since V contains ¢ and H, and M is J v H, M is
J V.V contains ¢ and ¢ is in Fa, 80 ¢ is in J. Since M is decomposable
into J and V, ¢ does not have property E with respect to M, a contra-
dietion. So if J is a continuum such that M is decomposable into H and J,
then J intersects every composant of H.

From the definition of @, M is decomposable into H and H'. Suppose

—(H ~ H') is not connected. Since H’ containg By and H contains
no point of Ey, some component T of H'—(H ~ H') contains a point ¢
of Ey. Suppose W is another component of H'—(H ~ H'). Since H’ is
a continuum and H ~ H' is closed, the closure of each component of
H'—(H ~ H') intersects H ~ H' and therefore intersects H. So T v H is
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a continuum. Since T and W are components of H'— (H ~ H ), T contains
no point of W. Since H does not intersect W, the continnum 7 o H is
a proper subcontinuum of M. Since M is the sum of H and H', M is de-
composable into H v T and H'. Since H’ contains the pomt q of By
and H v T contains ¢, ¢ does not havé the property E with respect to M.
This involves a contradiction. So H'—(H ~ H') is connected. It follows

that H'—(H ~ H') is & continuum and M is decomposable into H and
H—(Hn~H').

Let K denote the continuum H'—(H ~ H'). Suppose H intersects
every composant of K, o is a point of Hy and Z is the composant of K
such that the point » belongs to Z if and only if there exists a proper
subcontinuum of K containing o and z. Since H intersects every com-
posant of K, there exists a point p of Z in H and a proper subcontinuum
po of K containing p and o. Since po contains the point p of H, H u po
is a continuum. If H v po is M, then po contains H'—(H ~ H') and
since po is closed it contains H'—(H ~ H'), which is K. So po is not
a proper subcontinuum of K, a contradiction. So H u po is not M, and
is therefore a proper subcontinuum of M.

Since M is decomposable into H and H', and H v po is a proper
subeontinuum of M, M is decomposable into H « po and H'. Since o is
a point of Hy, H' contains o. But since H v po also. contains o, o does
not have property F with respect to M, a contradiction,

THEOREM 2. If M 48 a compact continuum such that By has two com-
ponents then Eyr has only two components and no proper subcomtinuum
of M imtersects both of them.

Proof. Suppose B has two components one containing the point
and another containing the point b, and for each two continua whose
sum is M one contains both ¢ and b. G denotes the collection to which H
belongs if and only if H is a proper subcontinuum of M containing a
and b such that for some proper subcontinuum H’ of M, M is H v H'.
Suppose G’ is a nested subcollection of & and I denotes the common
part of all the elements of 6. T is a proper subcontinuum of M containing
{a} v {b}. Where ¢ denotes a point of I not in Ey, I is decomposable
into two continua each containing ¢. Let U and V denote two such
continua where U contains a and b. If the continuum V v I is not M
then 3 is decomposable into ¥ v I and U, and & does not have property #
with respect to M. So V v I is M and therefore I belongs to G. By the
minimal principle there exists an element H of & which contains no other
element of @ and a subcontinuum 7 of M such that M is deeomposable
into H and 7.

Supposing H is indecomposable and K denotes the composant of H
containing a leads to these contradictory statements: 1) K is a subset
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of By and 2) b belongs to a component of Ey different from the one
containing @, and b is a limit point of K.

Let X and Y denote two proper subcontinua of H whose sum is H.
Suppose X contains a4 and b, and ¢ is a point of T ~ H. M is not X v T
and M is not ¥ v T, since U and V are proper subcontinua of H. If ¢ is
in X, M is decomposable into H and X v T, and « is in their common
part, a contradiction. If ¢ is in ¥, M is decomposable into X and ¥ v T,
and X is a proper subset of H in the collection &. Since q is in H, this
contradicts X containing ¢ and b. Similarly Y does not confain a and b.

Suppose T intersects X. M is not Tuw X since T X does not
contain both ¢ and b. So M is decomposable into 7w X and ¥. So by
the first supposition, either 7w X or Y contains & and b, which is
impossible. It follows that M is decomposable into two continua U and V,
one containing a and the other containing b.

Suppose T is a proper subcontinuum of M containing o and b.
U v T is a continuum and since U contains a or b, and T contains a
and b, U v T is not M. So M is decomposable into U « T and V, leading
to either @ or b not lying in Ey. So no proper subcontinuum of M con-
tains ¢ and b. Now assuming that Eu has three components leads easily
to a contradiction.

CorOLLARY. If Ey has two components, no point of Ey belongs to every
composant of M.

THEOREM 3. If T is a component of By then either T is closed or T is
indecomposable.

Proof. Suppose T is not closed, T is decomposable into H and K,
and p is a point of T—1T. p is not in B, so M is decomposable into two
continua X and Y each containing p. 7'liesin X or ¥ and p is in H or K.
Suppose T'is a subset of X, and p is in H. H v Y is a proper subcontinuum
of M containing a point ¢ of 7. M is decomposable into H v ¥ and X
and each contains ¢, a contradiction.

THEOREM 4. Suppose M is not indecomposable. Then either M has
only one composant or M has only three composanis. Furthermore, M has
only one composant if and only if either no point has property B with respect
to M or Eu is a connected proper subset of M, and M has only three com-
posants if and only if Ey is not connected.

Proof. By Theorem 2, either no point has property E with respect
to M or Ep is a connected proper subset of M, or Ejr is not connected
and has only two components. If Ej has two components, U and V,
it follows from Theorem 2 and its corollary that M has only three com-
posants, namely M, MU, and M—V. If Ey is a connected proper sub-
set of M it follows from Theorem 1 that M is not irreducible between
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any two of its points. If no point has property E with respect to M it
follows from the definition of property E that M is not irreducible
between any two of its points. So in each of these two cases M has only
one composant.

TuEOREM 5. If M ds irreducible between two of ils points and decomposable
then each of the two components of Ha is a complement in M of a composant
of M. Furthermore, each is a continuum unless its closure is indecomposable..

Proof. This follows immediately through the use of Theorem 3 and
the argument used in Theorem 4.

TaeoREM 6. If M is unicoherent, not irreducible, and not a triod,
then M contains a nondegenerate indecomposable continuuwm which 1is not
irreducible.

Proof. Suppose M contains no such indecomposable continuum.
Since M is not indecomposable it follows from Theorem 4 that either
no point has property F with respect to M or Ej is a connected proper
subset of M. From Theorem 1 and M being unicoherent it follows that
no point has property # with respect to M.

M is decomposable into two continua, H and K, and since M is not
a triod, M — (H ~ K) has only two components, U and V, where U = H~—
—~(EnKE)=M—K and V=EK—(H~K)= M—H.

Suppose U is indecomposable and g is a point of U not in the com-
posant of U intersected by the continuum U ~ K. Since no point of M
has property B with respect to M, M is decomposable into two continua,
X and Y, each containing ¢. It follows that both X and ¥ contain U,
Since U—U = U ~ K and is a continuum, (X ~ ¥)—U is a continuum.
Furthermore, M —[(X A ¥)=U]= U v [HM— (X~ T)]and ¥—(X ~ ¥)
—= A u B where 4 and B are mutunally separated. So M —[(X ~ ¥)—U]
=UwvAuvB and since U and M—(X ~ Y) are mutually separated,
(X A Y)—U is a subcontinuum of M such that its complement in M has
three components. So M is a triod, contradicting U being indecomposable..
Similarly ¥ is not indecomposable. Supposing some point of U ~ K does
not belong to By will also contradict M not being a triod. Similarly,
every point of ¥ ~ H belongs to Ey.

Suppose Bz is a connected proper subset of U. It follows from
Theorem 1 that U is decomposable into two continua, H and X', where
H' is indecomposable, K’ intersects every composant of H’, and K’ con-
tains By. K v K' is a proper subecontinuum of M infersecting every
composant of H' and M = H' v (K v K'). So since M is unicoherent,
H’ has only one composant, a contradiction. So E7 is not a connected
proper subset of U. A similar statement is true about 7.

Since neither U nor 7 is indecomposable, it follows from Theorem 2
that By has only two components, ¥ and E’, and E7 has only two com-
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ponents, F and F', where B’ contains U ~ K and F' contains ¥V ~ H.
There exists a proper subcontinuum W of M which contains a point
of E and a point of F. So W intersects U and V, therefore intersecting
H ~ K. Since every subeontinnum of M intersecting F and U ~ K must
contain U, W contains U. Similarly W contains 7. M —W ha§ at most
two components. Let X denote a component of M—W and if M—W
has two components, ¥ denotes the other.

Since ¥ =WuXuv¥ (WuY¥)nX is a continnum containing
some point g. W ~n K and W ~nH are continua containing ¢, and W
=(WnEK)v(WnH). Since Wuv Y is a continuum, Wu Y is de-
composable into two continua, I and J where I = (W~ K)o ¥ and
J=(WnH)v Y, and each contains ¢. So M =X v (IvJ). If L de-
notes the econtinuum [X A (I v ][I n(Z v )] u[J A (X v I)] then
M —L has three components, one a subset of X, one a subset of I, and
another a subset of J. This contradicts M not being a triod.

2. On metric continua. For the remainder of this waper M denotes
a nondegenerate compact metric continuum.

THEOREM 7. If M is decomposable and some point has property E with
respect to M, then Ey is mot connecled.

Proof. By Theorem 2, either Ej is a connected proper subset of M
or Ey has only two components. Suppose Fuy is a connected proper subset
of M. By Theorem 1, M is decomposable into two continua, H and K,
such that H is indecomposable and K intersects every composant of H.
Let p denote a point of M. If p is in H ~ K, p does not have property ¥
with respect to M. Suppose p is in H—(H ~ K). There exists a proper
subcontinnum L of H containing p and intersecting K. So M is de-
composable into H and K v L and each contains p. So p does not have
property E with respect to M.

Suppose p is in K—(H ~K), ¢ is a point of H—(H ~ K) and
Ry, Ryy By, ... I8 a sequence of open sets closing down on q, R, does not
contain a point of K. By Theorem 136 from Chapter 1 of [3], the com-
posant of H containing g is the sum of countably many proper subcontinua
of M, X,, Ky, K;, ... For each positive integer n, H,, denotes the set
to which k belongs if and only if 7 is a component of H— (R, ~ H) which
contains a point of K. Suppose x is a limit point of the sum of the ele-
ments of Hy. Since each element of H, is a continuum, there exists an
infinite sequence of elements of H, such that » is in the limiting set of
that sequence. Let W denote the limiting set of such a sequence. Since
each element of that sequence intersects &, W must intersect K. It follows
that the continuum W is a subset of some element of H,. So the sum
of the elements of H, is a closed point set.
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Suppose h is a point of H not in the composant of H containing g.
There exists @ proper subcontinuum L of M containing h and inter-
secting K, and a positive integer n such that R, contains no point of L.
So L is a subset of some element of Hy,. Since, for each positive integer n,
the sum of Ky and all the elements of H, is a closed point set, it follows
that H is the sum of countably many closed point sets. With the use of
Theorem 53 from Chapter 1 of [3], it follows that there exists a positive
integer n such that H, (the sum of the elements of Hy) contains a set D
which is open with respect to H. So H—H, is the sum of two mutually
separated point sets U and V. Since HX v K is a continuum, Hy v K v U
and H:w K oV are continua, and since H;w K does not intersect U
or V, M is decomposable into those two continua, and each contains p.
So p does not have property E with respect to M. This contradicts the
hypothesis that some point has property E with respect to M.

COROLLARY. If M is not irreducible then if p is a point of M, M is
decomposable into two continua each containing p. '

Proof. This follows easily with the use of Theorems 4 and 7.

THEOREM 8. M has only one composant if and only if mo point has
property B with respect to M, M has only three composants if and only
if Bar is mot connected, and M has uncountably many composants if and
only if By is M.

Proof. This follows with the use of Theorems 4 and 7 and Theorem 139
from Chapter 1 of [3]}.
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