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We generalize a theorem appearing in [1], in the following way:

TrROREM, Let A be a P-adic ring where P is a prime ideal Tying above
the rational prime p. Let J, denote the ring generated by u-th powers of
elements of A. Then every element in J, can be vepresented by the form

1) a20f +a, o ...+ axf

where the coefficients a; (1 = 1,2, ..., 5) are arbitrary elements in J, prime
to p. .
If A is the rational p-adic ving, then four variables will be sufficient.

To prove the theorem, we require the following lemmas.
Levma 1. There is a solution for the equation

oy -af - oy = pp

e A for a suitable element ued prime o .
This is proved in {1}, p. 218.

Levwa 2. Let « be & given element in J,. Then a can be represenied:
in the form (1), if there is a solution for the congruence

(2) a=asf+...+aaf mod pP.
Proof. Let » generate the ideal P. Suppose (2) is satisfied. Then
¢ = a, X¥ 4.~ a, X4 Jpa |

for suitable elements X,,..., X,, 4 in 4.
If 7, write a in the form

a = g X7 +... + a, (X, +v7)? — a, (p7)" — a,,wf“ivpn—i— Apn mod pP*?

where yeA.
We can choose » in such a manner that - a,2y 'y = 0 mod P.
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From this and from the fact that — ay(»n)* = a; X*(v=)” mod pI*,
it follows that there iz a solution for the congruence

3 o = ayaf ..+ agel mod pPt.

If xjA, it is obvious that there is a solution for (3).

Ag in [1], we can repeat the process to see that a can be represented
in the form (1). o

Hence the lemma.

Proof of the theorem. If there is a solutlon for (2}, then there
is a solution for the equation e;47+...+a,0] = o in the rational p-adie
ring. In view of this and Lenama 2, our task is reduced to solving the
congruence (2).

Let @, be the inverse of a mod pP Multiplying (2) by @, and de-
noting af, by o, ae; by a; (i =1,...,5), We zee that our problem is

equivalent to solving the congruence ‘
(4) aya® + gy P + gk + o) = o mod pP.

Now we will prove that there is

a golution w,
@, = X, to the congruence )

= X,, @y = Xy,
(5} ' 2P + g2l - ol = p'p mod pP

for some p prime to p.
It is known that an element in 4 i3 in J if and only 1f 113 is a pth
power mod p. Hence it i3 easy to see that a, and a, ave of this form.
Let

ay = byp -+ pyp -
I gy and gy = 0 mod P, ther solving (5) is equivalent to solving
(6) (by;)? + (bys)” + 0y, = pp mod pP '

a; = byp +mp  and

which is possible in view of Lemma 1, since there is always a solution,

for the linéar congruence aw = b in A where a and. b are given elements
prime to p.
So let us assume that one of the u}'s, say ug, is prime to .
Then solve the equation
(Bim,)7 - = 0
by puttmg bywy, =1 and 2, = ~1 when p is odd. If by is the inverse of

b, mod.pP, we easily gee that X, =b;, X; =0, X, = —1 18 a solution

for (6) when p is odd.

Suppose p = 2, Put bz, =1 fmd @, =
X, =8, X, =0, X, =1 is a solution for (6) when p = 2 if 1407 u
is prime to 2. T£1 —Fb2 38 Dot prime te 2, and pu, is prime to 2, put by, =1

L. Then we easily see that

icm
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and by», = 1 in (6). If 5, and &; are the inverses of b, and b} respectively
mod pP, then we see that X, = &;, X, =&, and X, =0 iz a solution
for (6). If p, is not prime o 2, then X, =0, X, = &; and X, =1 i
a solution for (6).

Now

(7) ¢ = o, ¥ +yp
for snitable elements Y, and p in 4. If #|y, then by the arguménts of
Lemma 2, we see that o can be represented by the form a)af -+ a,?.

So 1313 us assume that y is prime to .
Let

v = pX? mod P

for some X in A4 where x i3 the same as in (5).
From (5) and (7}, we have

o = &) TP+ XP(af X2+ a; X2 + X2) mod pP

which i of the form (4).

Henece the theorem.
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