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On a diophantine equation
by
B, TrosT (Ziirich)

Let » = 0 be an element of a field A with eharacteristie » 2= 0 and
# = 2 an integer., In this note we consider the diophantine equation
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{1) is sald to be solvable in K if there is a solution (w1, %, ...; &)
#(0,0,...,0), #ef (¢ =1,2,...,n), In the veal field (1) is solvable
if ¥¥* is real. Putting in this case #;, = @, = ... = &,_, = 1 we get for s,
the equation {see [313, p. 99) _
(@, — 1) (@, —1)" = 0 yielding i, = (r Fr™ @ T
For r << 0 and even n there are equations (1) without non-trivial real
solufions, for example raf—a; = 0.
TamoreM 1. (1) 48 solvable in K in two cases;
oy =5, dn, d>1, sek,
2} v = —4f*, din, teK. )
Proof. Let K[z} be the ring of polynomials with coefficients in K.
K [«] contains f(z) = a" —r. Let B denote the guotient ring K [z]/( f(m)).
‘We take from R the elements
@ = -+ 1 B4 +2E T, b =y F Y Yt
and suppose
{3) ab =0, (g, @ay .., @) 5 (0,0, ..., 0).
{3} leads to the following system of # linear equations with » unknowns
Yis Yoy o os W

(2)

T+ Tl t - T EYy =0,
{4) e e
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The determinant of the system (4) is D (n, ). (4} has a non-trivial solu-
tion if and only if D(n,?) = 0. In this case ¢, b are zero divigors in R.
Whenever f(«) is irreducible in K, I is a field and has therefore no zero
divisors. Thus the solvability of (1) implies the reduecibility of f(x) in K.
By Capelli’s theorem (see [4], p. 662) f{x) is reducible in K if and only
if (2) holds (*). Now we give a solution in each of the cases (2).

1) Ty = 8, 8B, m =nd™ ', i =1,2,...,m, b=0,1,...,d—1.
Setting these values in (1) and denoting the kth row of the resulting de-
terminant by the vector Z, we have 8Z, = Z, ;. Thug tho determinant
vanishes. '

2) ;=0 Wpgs =1, Bapyy = — 2 Bapyy = 2%, Tk, m=mn/t, i=1,
2, ..., m In this case we observe the relation 12,4 Z,,.. = — (21) Zypy,.
Thus the determinant vanishes.

We can give the complete solution of a solvable equation (1) when-
ever n is a prime number and K the field ¢ of rational numbers, Tn this
case we have r = s", :

TursorREM 2. In @ the complete solution of

(5) Din,s") =0, n a prime, se},

is given by (a,as,...,as""), acQ, and "o+ tw, 4. a2, = 0.
Proof. Let A, denote the cyclie determinant

Vi Ve -0 ¥n
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By setting o; = s "y, (1 =1,2,...,2)In (5) we got D(n, s") = "N 4.
It is known (see [1], p. 160) that

oy £,

vf o= 6211:13/%

n—1
A, = (=1 [y, oy, et
r=0 ’

From 4, = 0 we infer

Zyim() or 23{@‘“”":0 (v =1,2,...,0~—1).

The fivst relation yields }'s'~"a; = 0 or, by multiplying by s"~%, 35"

= 0. Since the cyclotomic polynomial 1-2-+22-... +2"% ig u'reduclble
in @ from each of the remaining »— 1 relations follows « Y, = Yo = ..o =Y
= a. Therefore we have the solution (@, as, ..., as™ 1),

{1} This part of the proof was given in [5].
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It is an interesting question whether local solvability of a diophan-
tine equation implies globhal solvahility (i.e. solution in integers). Jn the
case of (1) for » a prime and r an integer p-adic fields are not required.
Tt suffices to suppose solvability for almost all(?) finite fields F, of resi-
dues modulo a. prime p.

TeEEorEM 3. Let v be an integer %0 and u a prime. The eguation
Din,r) =0 is solvable in integers if and only if the congrience Din,r)
= 0 (modp) is solvable for almost all primes p with (2, Ty, ..., X, P) = 1.

Proof. ¥rom the solvability of D(n,r) =0 in F, (p + ») follows
by Theorem 1 that » is a nth power residue modulo p. If » has this prop-
erty for almost all primes fhere exists a rational integer s such fhat
r = §" [6]. Applying again Theorem 1 completes the proof.

In [2] L.J. Mordell remarks that it is very difficult to prove the
non-existence of integer solutions of the general equation

ax’® + by e —daeyz = 0.

By setting n = 3 in (1) we get an equnation of this type with ¢ =%, b = 1,
¢ =1, d = 3r. It is obvious that the impossibility of this equation for
r # & can easily be shown by divisibility considerations.

(2} “Almost all” primes means that the seguence of exceptional primes has
Eronecker-densify zero.

Added in proof (12. 4. 1972): (1) is a special case of an equation treated
1895 by E. Maillet by means of the theory of recurring series (see L. E. Dickson,
History of the Theory of Numbers, vol. II, p. 695, New York 1966).

In chapter 7, § 2 of his monograph The Jacobi—Perron Algorithm, its Theory and
Applications {Lecture Notes in Mathematics No. 207, Springer 1971) L. Bernstein
deals with the equation D (a, ) = £+ 1 where » is a positive integer. '
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