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I,=0,...l_, =0, I, = n; besitzen. Ein Beispiel liefert hierfiir der von
Begicoviteh behandelte Fall my, = e,p; (B =1,..., %), wobei

Rl g, Sp=0 (v,w=1,..h 0w, 8,=1 (v=1,..%
wird und (9) mit den % Kongruenzen
I, =0 (modn,) ((v=1,...,%)

gleichbedeutend ist.

Wenn allgemeiner R ein beliebiger reeller algebraischer Zahlkérper
endlichen Grades ist, so liflt sich die Bedingung (9) ohne weiteres iber-
tragen, indem man die Hauptideale (m;) in Primideale zerlegt. Fiir die
Bestimmung von j, treten jedoch weitere Bedingungen hinzu, dis von
der Gruppe der Xdealklassen und.der Einheitengruppe herrithren. Deshalb
ergibt sich auf diesem Wege doch kein einfaches Verfahren zur Berechnung
von N, wenn nicht gerade R der rationale Zahlkérper ist.

Zum Abschluss sel noch darauf hingewiesen, dafl die Voraussetzung
der Realitiit der Wurzeln beim Beweise nur an einer Stelle benutzt wurde
und dort durch die schwichere Annahme ersetzt werden kénnte, daf
der Korper R, keine von 1 und —1 verschiedene Einheitswurzel enthilt.
Diese Annahme ist gugleich notwendig, wie bereits das einfachste Beispiel

[
=1, m=—4 =4, g =V—-4d=xlki, N =42
zeigt.
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ACTA ARITHMETICA
XXI (1972)

On some exponential sums related to Kloosterman sums

by

| L. 7. MorpeLy |

In memory of Professor Waclaw Sierpitisii

Write
=1 p—1 ®
Syla, b) = 8 = > e(aw+57), T, =) e(aw—f—b%)(mp—),
=1 =1

(1)
ab = 0 (modyp),

where p ig an odd prime number, e{z) = ¢(2riz/p), and we define z by
#% = 1 (modp) and often write & = 1jz (modyp), and ( > ) is the Legendle

gsymbol. It is well ]mown that the Klcosterman sum 8, satisfies the ine-
quality
() 18, < 2V,

and. that ne elementary proof iz kmown (4). However, T, can be evaluated
by elementary methods and

. ab
T, =0 if (%)=—-1,
p
(3)

T, =21 (—%) Vfcos(ﬁnﬁ/p) it (a_b) =1,

»
(2

{4) hE—4ab = 0 (mod.yp).

where &6 = ¢ and % is one solution of

This result was first found by Salié [1] in 1931, and another proof
hag just been given by K. 5. Williams [2], Though their proofs are gimple,-

(1) Note added in proof by A. Schinzel: An elementory proof has been in
the meantime given by 8. A. Sticpanov, Trady Mat. Inst. Stieklov, 112, pp. 346-371.
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66 L. J. Mordell

the essential ideas msed can be expressed in an even simpler way which
also leads to other results. Salié’s result is included in the

TuroREM 1, Write I = JYe(w)
ab . {ab
(modp). Then if (?) = =1, =1 =0; and if (—5—) =1, then

taken over the solutions of x* = dab

T, = '1]/_(;“)’[' = 2z “1( - )l/p cos (2nh/p)

where b is ome root of the congruence h? == dab (mod p).

Obviously,

fi—1

I = Z’ olw—+t(2* —4ab)),

{,x==0

gince the sum in t is zero unless @*—4ab = 0 (modp) The sum in « is a

Ganssian sum and so

N ' o .t ) . . ’ o
Ee(m-}—wﬂ) = sz(E)e(~1/4t) or 0 according as t =0 or { =0. '}

x

Hence(?)

— | | 5
- 31/1;2 —1/dt— dabt) (p) = s]/p( P )Z‘ e(at -+ bjt) (}7)
on putting t — ~1/4b, and so '
T, = s_l(—w_iai) VpT.

This result is easily generalized. We have

THEOREM 2
all the solulions of

. Put 8 =D e(w,), where the summatwn is extended over

P —!Q #l = 4a (modp).

. . a
Suppose first that n is odd. Then if (—;1) = —1, 8 =0, and if (-;-5) = 1,

il

Lo —1
8 = 267 0p 2 (T) cor (2mh/p)
where h is one solution of h* = 4a (modp). If n is even,

E.ml'
8 =ept 8(a,1).

(%) Here and hereafter e shall omit the limits of summation Wlnch will be 0
to p-~1 for all variables but 0 may be'excluded in.obvious cases.

icm

We have now with # = (:EO_) , &= (_.),
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We have
P8 = leley+tia}+

T,

o, — da)).
The gum is zero if ¢ = 0. If ¢ # 0, on summing for the 2, we have

PN = e’””pmze(ﬁ4at-1/4z}{%) .
i

The theorem now follows.
Consider next the sums,

{5 8, = Ze(amwi-by—i—,ca?y), T, EZg(a,m-i-by_Jr.g;j;‘g) (%),

£ 2,
abe = 0 (modp).

It has been conjectured but not proved that 8, = O(p), but only the
estimate .S, = O(p**) is known, and this has been found independently
by Hooley, Davenport and Carlitz. I have not seen an estimate for T,
but this is easily found from (3), and we have :

THEOREM 3.

(6) Ty = eVp 3 elw-+dabejz?) = O(p).

For on summiﬁg for  and applying eguation. (3) to (5),

Ty, = 8_11/17( ;a)ze(by_:h)a

wh

where ht = Lacg (modp),
= Wp (_Ta) 2 e(h4-dabe/h?),

h

and this is the result since this exponential sum is O (p).
The sums (5) suggest the consideration of the more general sum

By g ... Ty
wn) _—?—" 3 7 N,

There is no loss of genérality in taking a, = ...
on writing z, — x5, ete., and so we write

(n Sn=§

23(“1m1+---+an97n+ LIRTE

%

= fny; =1 a8 is obvious

8y ... 2,
mﬂ)(ugub),
P

a # 0 (modp). .

e(azy + Lo+ oo+ B+ 1y ...

r<n,

@
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THEOREM 4. If n = 2m, r = M,

(VD™ = 27y X 6l oo b Y Ay} W)
v

Ifm =2m+1, y =m-+1,
1]/1;'111+1: if ‘ (i"_):_ —1,

but if (%) =1, and k? = 4o (modp),

8o (e VP = 7 D) eyt e FYmt 2BIYL - ).

wh

111 (7). for x,. Then frem (3),
8,V = 172 e(Yr Tyt oo By) (ﬁ%), oy =Adajv, ... 2,
Substitute for »,. Then
8, Wp = nE ey, @y e T By - AO/YT, oL ) (&—I—)ﬁ)
Sum for #,. Then
Jte™Wp)r = an e(yy+ Yot Byt o ns By (&p&),
v; = 42&/@/1% Uy
Substitute for @, ;. Then
Sl Vp ) |
=0 Y 6Waryat ot ot Tua A AYIYE - wn_a).(fi'—j',ﬁ)-

We conbinue the process, summing for u;, ete.
It n =2m, r =m, we come to a stage,

S WY = 0 Y el Yt Omg)y Y = A" YL YO
=gy D e(yrt e Y+ A" Y
Hn =2m-+14» =m41, we come to a stage,

Sa(VB Y™ = 0%y Y eyt et Yt za H A" AL YiBng) (

mm+1)
Then summing £or @1,

n/(emll/_— m+1l Cmnz ’y1+ +ym+ym+1)’
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where
Yins1 = 4™ T0fY} - W,

and so the sum is zero unless (E) =1, I k* = 4a,
?

Yi-- Ymyr = £27R,
and so

Sal(eWp Y™ = 8% So(yat oo+ Y+ 2 Y1 oo Ym)y B = da (modp).

In particular, when n = 4,

0 &
‘ Z3(“931"5"932+m3+a’4+1/5’71m2m3w4)( ; 2) :(—_) Ze(yl 3/2'1"16“'/@’1@/2

P

= v

when n = 5,

. By Tg
Z3(“‘”1"‘932+w3+-934+m5“1‘1/m1m25‘73534m5) 7
E

= enp™™ > ey +y2+ 4hiy,¥a)-
wh
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