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On the coefficients of the 2"-th transformation
polynomial for j(w)
by

Kurr Mamuer (Canberra, Australia)

In memory of Professor Waclaw Sierpiniski

Let j{w) be the modular function of level 1. It is well known that

there exists to every integer m = 2 an irredwcible polynomial
Frlt, ) = Fplz, u)
with rational integral coefficients such that
Fo(imo),j(w)) =0 identically in w.

As m increages, the coefficients of ¥, (u, v) soon become extremely large.
But how large they do in fact become does not séem to have been studied
in the literature.

We shall consider here only the case when

m o= 2" _

is & power of 2. Let the abbreviation Fioy(u, v) stand for Fynlu, v), and

let L (F,) be the sum of the absolute values of the coefficients of By (u, v)-
It will then be proved that

L(Fpy) < 2003502 — 12,3, ...).
T hope to establish in a later paper an analogous estlmate for the general
polynomial 7, (u, o).

1. The following notation will be used. _

It P(u,v,...) is & polynomial with complex coefficients in the inde-
terminates w,v,..., then &,(P), @,(P), ... denote the exact degrees
of P in w,v, ..., respectively, and we put

A(P) = 9,(P)+8,(P)+.. |
Further L{P), the length of P, is defined as the sum of the absolute values
of the coefficients of P. This length evidently has the properties

) LP+Q)< LP)+L(Q) =nd  L(PQ)<L(P)L(Q),
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and it can also be proved (Mahler, [17) that, if P allows the factorisation
P=PFP,.. P,
then
{2) L(PYL(Py) ... L(P,) < 2" L (P).
Next let @ = £-+4in De a complex variable in the upper halfplane
H: n>0,
and let as usual g denote the expression g = %%, 80 that 0 < |g| < 1.
"‘We ghall be concerned with the basic modular function

3 bed -1
. _ e, v | 1 g2t 24,}
® e = YLy [Tu-e
of level 1, and algo with the modular function
R «© 1 ,}. 9211, 4
(4) ' k(o) = 4¢" ] {mﬁ:z]

of Legendre and Jacobi of Tevel 4. Theqo two functiong are eonnected by
the identity
g8 {E{e)* —-k yY+1p

) o) = @ (L k()]
We shall further make use of Gauss’s formula
_ 2V (w)
6 Flaw/2
6) H@f) = T )

2. It 1s proved in the theory of modular functions that, for every
positive integer %, there exists an irreducible polynomial
g.an—1 ggm--1

(7) F(.n} ('u/, 'U) = 2 2 .Fhk%k'uk

h=10 k=0
gymametric in « and », with integral coefficients, and with the highest
terms «*% " and ©*" ", such that

(8) F(n)( (-’ w)r.?( )) =0
identically in w. .
‘We shall establish in this note an upper esmmafre for the Iength

{9). Ly = L{F )
of the polynomnl F(n) (fw fu) thus for the guantity

C gt ggn-l

. I’(‘n}- 2 2 |Fhk|-

A=0 k=0
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The coefficients of F, become guickly very large, and such an estimate
does not seem to have so far been obtained. The proof will depend on the
relation (5) between §{w) and k{w) and on Gauss’s formulsa (6).

3. Put
j(2"'w) =4, and k2%) =k (b=0,1,2,...).

Firstly, by (5),
28 (K — g+ 1)° oKy (1 — Kg)* = 0,

or, S&Y,

‘(10) f(o)(jua ko} = 0:

- where f(u, v) is the polynomial

1y S, 0) = 28 (v* — 0"+ 1P —ue* (1 —o)".

By (6), the consecntive function values kg, &y, Ky, ... are connected

by the recorsive formulae

{12) Ky = 2 (Rop1)* (i p +1)7"

Let us therefore define a sequence of polynomials {f,(x,v)} by the
formulae

(n=20,1,2,...).

(13) -
2
2741 +2) "y (M _Iv_) for m =0,
1+ _
0 2y
f(n+1)(‘14-; v) =1 2731+ 0y, (,”,’ 1 1}) for n =1,
; 2V'y W
(1"}—@)20”(”””)“@) ( Vo )f(n)( ﬁ) for n p> 9
+
Then
(14) Faylw, 0) = 2*(v* +140* + 1Y — we® (L — )",

Far(2:v) = 4(a* 46007 3 1340° - 600 - 1 —ue(v+1){v—1)".

Generally, for all n3= 2, Jea{#; v) becomes a polynomial in % and v with
rational integral coefficients, of the form

-2 —a
an—2 jo.pu—2

{15) ' Jmluy0) = D fiRute*
. : im0 d=o

and, naturally, with the property thé,t

e Fonlor k) = 0.
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4, Put
(17 jlm} mL(f(n)) n=20,1,2,...)
Thus, by (11) and (14),
(18) Ay = 23242, Ay =2%42%, A, =942,

We shall now determine a recursive inequality for Ay and by means of
it an upper estimate for this quantity.
Let already n > 2. By (13) and (15),

9.12.00—2
f(n—}—l)(u) v) = (1+'v)_ e x

(3 S NS S mez)

Here, for both Slgl’lS & = +1 and e = —1,

91—2 19.90—2 2 —~2 gaol-—2

1+ 126” 25‘ 24 f:.‘;) Lk( ,J‘]’U) Z 2 f(n) ;,_221 ;1+1})122n— Rﬂ‘l"
142
h—- E=0

s —2 g.gfl—2

-f-EI/?JZ 2 f(ﬂ)_'_ yhostl l(l_'_,v)m 2%—4_21_

Hence fi,.,y has the rational form
211k2 on—2

f(n_H] Wy ’n‘)) = |2 2 fn] ,Mhzzl Z(1+ )13271 2*91}

a2 g.gn—2_

¥ -2 _g7_112
—_- {2 2 h +1%h.22l}-1,ul(1+@)122” 2l 1} ,
=0 {=0
Now

ZEA4o)" 7 = 922" (k= 0,1, .,

It follows therefore that

12-27%,

aR—2 g.on--2 gfr—2 Gaf—2 _q
Ay < 2 2{(2 2 )+ (3 Z )
= fi=D I=(
whence evidently
9y - Ay < 2 A, for w2,

On applying this inequa,l_ity repeatedly, we find easily that

A(n) < 212(7&—2)2”‘2/12”“2 for

(2) %}2.

Here, by (18), .
A(E) < 228,
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and therefore

{20) Ay < 28R for p2

This estimate iz not valid when #» = 0 and n = 1. It would have some
interest to decide whether there exists a positive constant ¢ sneh that

Ay < 207
for all suffieiently large «.
5. Let again # = 2. Put
pre’
(21) aP(uy = >t (k=0,1,...,12-277%),
h=0
so that, by (15),
2.2 —2
(22) Foay (%, ) = Z‘ o™ (u) ",
k=0

Here the of’(«) are polynomials in % with rational integral coefficients,
where the inequality (20) implies that

12282
g of
- 5 sty < v,
=0

Both af?(u) and afm2(x) can be determined explicitly, as follows.
Firstly, by (11) and (14),

al(wy =2°,  all(w) =24, - af(u) =4,
while by (13},
a0 () = fneny (4, 0) = al” (u)?.

It follows therefore that, for all n = 2

f(ﬂ)(’u 0)~

1

(24) afu)y =27,

hence that af”(u) is for all n independent of x. _
Next fi(u, v} is reciprocal with respect to the variable v,

1
(25) . 'ya’v(f(n))f(n) (‘M, ;) = _f(n) (/,‘J,;, .v),
whenee alsc :
(26) . agc") (u) = a("})zn,_z(u) (k = (]’ 1, very 12_211,«-2).
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For all three polynomials fig, finy, and f, are reciprocal; amnd it nz2
and f, is reciprocal, then the same is true for fi,., because, by (13),

1
n.g'ﬂn—-l
i f(n+1) (’M’S _)

v

o o 2‘1?_1/2 _2,0—1;’2
:-—‘_’U}"""‘“R 1{1+(1/U)}1'“QL f(n)( 1 |. —I f('n) 3 1_}_,U-1

2Yw ) oV
1+'U) (2} !_1_!_1}

It follows now from (24) and (26) that also

= (1-49)*? j(n) (u ) éﬁn+1,(u, ).

(27) alna(u) =27 # w2,
The term of f,, of highest degree in » has thus for # 2 2 the form
gl ylzan
and so is independent of w.
6. The functions

Jo =jlw) and k, = k2")

are connected by the equation

(28) - S (Go» o) = 0.

It Lollows further, from (5), on replacing w by
o= J(%%0) and &k, = k(2"0)

", that

satisfy the equation '

(29) f(o)(jn: k) = 0.
Denote therefore by

R(n) = R(n)(jln jn)

the resultant relative to v of the two polynomials
12272
Faplos®) = ' alP(jy)o"
k=0
and - '

f(o) (jn: 'U) = 28 ('04"‘"' WZ + ])3 __j'ﬂ-ﬂq‘ (1 - ’02)2 .
This resultant is a polynomial in j, and 4, which does not vanish identi-
cally. For the coefficients of the highest powers

LoTi—2
pl+? and - %
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of # that ocour in these twe polynomials are never zero; and whatever
the value of v, it i3 always possible to find a value of j, such that

- f(o)(jn: ’D) 0.
As usual, K, can be written as a determinant. For this purpose, let

12

(30) Fyns 0) = X bi(dn) v,

k=0
80 that evidently

bo(fun) = bro(Jn) = 287 by (f) = br{dn) = '*3'287
By(in) = Bg(fn} = 6-2° 4o, Bel(fu) = — 7224243
by(Jn) = bs(jn) = bs(du) = b4(4a) = by (§u) = buulfn) = 0.
Further

12
ey N L) = 223420

k=40

The resultant R, takes now the explicit form

a$ (d0) a%,(do) af? (Go)” 0 0
0 ay ) a{(jo) af (o} «eo 0 E
(32) Ry lordn) = 0- 0 . - . alP (7o) 1da) -- a§P(dg)
bia(da) bua(dn) «-- Byl 0 ¢ ... 0
0 buli) o B Bold) 0 0 g
: ' EIE R 4
0 0 bia(dn} 811(7n) o By(da)
where ¥ stands for the abbreviation
N = 12.977%,

We apply now the following frivial estimate for the length of a de-
terminant. Let ,
Prelte, ) (B, E=1,2,...,m)

be arbitrary polynomials with complex goefficients in any two indeter-
minates u and », and let D(u, ¥} be the determinant

Pu Pz v Pim .
Po1 Pz -+ Pom

..........

_D:
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Tt is then evident from the definition of a determinant that

m

LDy < [ 1B+ L@ + oo+ L(Pa))-

h=1

On applying this inequality to the determinant for K, and making
use of the estimates (23) and (31), noting that
. 2833 _l_ 2;3 <« 213’

‘we find that

' | L{By) < 2RO (2080 gyt
and hence that |
(33) L(R(T&)) < 2(361;1..1‘51).2'11..

In the determinant for B, the elements af’(j,) are polynomials
in §, &t most of degree 2" while the elements b,(j.) are polynomials in
i, at most of degree 1, where all these polynomials have rational integral
coefficients. Therefore Ry, (fo, J.) 18 a polynomial Wlﬂl rational infegral
coefficients in 7, and j,, at most of degree 12-2** in j, and at most of
degree 12-2""% in j,. Hence, in the notation of § 1,

(34) _ A By = 24207,
7. The two equations (28) and (29) can only hold if
R(-n.)(ju‘/jn) = 0

On the other hand, j, and j, are also connected by the transformation
equation :

-F(n){jﬂajn) = 05

and it is known that the polynornial ¥, (u, v) is irreducible. Tence the
polynomial Ry, (u, v) necessarily is divisible by Fy(t, o). The lattor
polynomial is primitive because its highest cocfficionts are oqual to 1.
Therefore Ry, allows a factorisation '

-R(n){%: v) == -F(n) (w, ?’)G(n] (u,v)

where G, denotes a further polynomial in « 'md v with rational inte-
gral coefficients. Therefore

(38) LG ) > 1.
The inequality {2} implies then that

Li¥m) < L(FQW;i)L'(G(TL)) < 2B L Ryy),
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hence, by (33) and (35),
L(F(ﬂ)) < 224-2"”'2_2(367‘14—51}2’".

Thus we arrive finally at the following result.

TusoREM. For every positive integer n, the length L(F ;) of the 2™th
transformation polynomial F ) {(u,n) satisfies the inequality

() | L) < 2050550,

Actually, our proof gave this estimate only for » 3= 2. It remains,
however, true alse for n = 1 because the explicit expression for By (u, )
shows that

L(Fy) <2

It would be valnable if it could be proved that L(Fw) satisfies a stron-
gor inequality

L(Fyy) < 297

where € denotes any absolute positive constant. For such a re%ult would
enable one to prove that :

_(logg

‘”( i )

ig transcendental for all algebraic numbers g satisfying
0 < gl < 1.

It ig, as yet, unknown whether this statement is in fact true. *
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