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Let p be an odd prime. For each n > 0, let k, denote the cyclotomic
field of p™*-th roots of unity and let 7', €, 0, be the highest power
of p which divides the class number of k,. Tt is known (see [1]) that for
all sufficiently large 2, the exponent ¢, 18 given by a formula

by = A+ pp"Lov

where A, u, and » are integers (Z; g 2> 0), independent of ». In the pre-
sent paper, we shall prove that ' :

,u<j)—1.

Let Z, denote the ring of p-adic integers and let A be the ring of
all formal power series in an indeterminate 7 with coefficients in Z,:
A = Z,[[T]]. We shall first prove a lemma on A-modules ().

A A-module Y is called elementary if ¥ is the direct sum of a finite
number of s-modules of the form A{P™, m > 0, where P are prime ideals

of height 1 in A. Let X be a noetherian torsion A-module. Then there
exish an elementary A-module ¥ and a morphism

_ [T X =% :
such that both the kernel and the cokernel of S are finite modules. Let
Y = AP

be the direct decomposition. for ¥ and let

#= Ztmir

where the sum is taken. over all indices 4 such that P, = pA. The integer z
is then uniquely determined for X by the above and hehee is denoted
by p(X). '

. () For the theory of A-modules, ség [3].

Therefore
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LevvA. Let X be a nosatherian torsion A-module with p = p(X). Then
. u

the order of X[TX is at least equal to p“. .

Proof. Lot f: X — ¥ Dbe as above and let Z = f(X), the image of f.
Tt ig clear that the order of X/TX is not less than the order of Z/TZ. _

Now, if ¥/TY is infinite, then so is X/TX and the lemma holds triv-
ially. He-ljlc.e. we may assume that ¥/TY is :Ei;_nit‘e. In such 2o ea.S.(.a, we see
easily that P; T4 for every index ¢ in the direet decomposition of ¥
so that the map

Y +X,

¥ -1y

is injective amd that
' Y|z = TY|TZ.

Rince ¥/Z and Y/TY are both finite, it fol@ows that Ghe orderﬁof Z/TZ:
is equal to that of ¥/TY. Therefore it is suf.ﬁfnent .to ShO‘:‘V that the order
of ¥/TY is at least equal to p”. However, this Is an 1mmef111.£ut_e eopsequenc;le
of thefact thatif U = A/p™4, m = 0, thenthe or@er of U [T is equal fo "

Now, let & =k, and let & denote the union of-.aﬂ Bty M ;«;‘0. Ix :1:5
2 Galdoig extension of % and its Galois group is 150:{1101'131110 to Fl_le &dfilt}we
group of the compact ring Z,. Let L be the maximal um'amﬁ‘led a.belm.n
p-extension over K and let X be the Galois group of L/I_f. Since L/.k is
also o Galois extension, I” acts on the abelian group X in the obvious
manher. Fixing a topological generator y of thel compact group I, we can
then make X into a /-module module so that (1 -T)» =y for every @
in X. Furthermore, we can show (cf. {17 and [3]) that X i8 &-noej;l}ena;n
torsion A-module and its invariant x(X) is equal to the second coefficient u
in the formula for e, mentioned above: 4 = u(X). _

Let J denote the automorphism of L which maps ea.cil ain L 1io
its complex-conjugate a. Clearly J also aets on X. Let X™ (resp. X7)

-
be the set of all z in X such that Ju = o (vesp. Jo = —u). Then X
and X~ are s-submodules of X and
¥=Xt@X .

Hence we have
po=p(X) = p*+u”
where p* = u(X*) and p~ = p(X"). Tt-is also known (cf. [2]) that
ph < g
7 < 2u”.
Let %~ denote the so-called first factor of the class number of F,
the cyclotomic field of pth roots of unity. It iz proved (see [1] and [2])
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that the order of X~ /7'X™ is just equal to the highest power of p which

divides A~ . Hence, applying the above lemma for X, we gee that
<A,

On the other hand, the classical class number formula for % states that

. p—1
1
h :211!”(*?19"2@%(“)):
z a=1

where the product is taken over all Dirichlet characters 4 defined modp
with y(—1) = —1. Since

p—1 -1

| | (p—1)p
D agle) i< D a=~‘3—~2—)~,
a=1 a=1

W < 9P (p — 1Y D2 o 0Dz
It then follows that

s0 that

we have

pT < (p—1)f2
q.e.d. p=p—ls

Instead of the above elementary argument, we may estimate A~
also by using

IL(15 )] < 2logp,  x #1.
We then sese that for any given real number ¢ > §, there exists an integer
N(c) such that
B e(p-—-1)

whenever p > N (¢). It is alzso clear that by the same method, we can find
an upper bound for the u-invariant of a so-called Z -extension K/%k in
many special cages. In particular, if K has only one prime divisor which
divides the rational prime p (as in the special case discussed above), then

w(H &) < loghflogp,
where £ iz the eclags number of L.

References

[1] K. Iwasawa, On I-extensions of algebraic number fields, Bull. Amer. Math.
Soc. 65 (1959), pp. 183-226.

[2] — On the theory of cyclolomic fields, Ann. of Math. 70 (1859), pp. 530-561.

[3] J.-P. Serre, Classes des corps cyeloiomiques, Seminaire Bourbaki, Exposé
174 {1938/1950). :

PRINCETON UNIVERSITY

Received on 21. 2. 1971 (147)

icm

ACTA ARITHMETICA
XXI (1972)

O wuncne pemenmii O4HOIO CPABHCHWS

I‘. I1. Tepeasmyrep {Caparor), A.T. TToctrEror (Mockza)

Iamame B. Ceprunckoso

HOycte 21, my, ..., m, — HeILe TOAOHHATEILEE THCITA
{1) B, 0y, ...y 8,) = fol@) +fi@y e f (@) e,

The fo,f15- -3 fo — TOMMHOMEE 0T HEMSBECTHORO & C IETEIME Ko huruenramy.
Mz Gynem maywars sncio Np(p) pemenuil cpapreHus

(2) Fla, 2y, ..., 4,) = 0 (nodp)

OpH pacTyieeMm npocroM p. Ciyuaft, morja Bee f; = const, paccmarpm-
paica A. Belinex B pafote [37.
Aaa opMyIMpOBEE PeSyIXETATA BRETEM HECHOTODHlE O00BHATEHHA :
d; — H. O. [I. RaHOHNYeCKAX IORASATENEH TPU PABIOKERAN TIOTHHOME
fi(r) B2 MEomuUTENm HAJN TOTMEM PATMOBATEHME. THCEI (0= ;,n < n), OpA-
geM monaraem d; = 0, ecam f; = const;

OOUYCTHUMAA CHCTEMA a = (ffy, ..., 4} — DT0 CHCTEMA PATHOHATE-
HEIX YHCEIL dp, ..., ¢, YEOBISTBOPAKIINX YCIOBUAM:
n
(3) 0<e<l, mye=0(modl), > a5 =0(modl);

=1
n

F, = (aldl, R A N 50:’_5; aj), T.€.

@) o= []qa2, tme yolra) = Min{y (@ 8), .y 7ylon 8), 7480 )}
r 7
Dyner morazada

- Teoreva. ITpednoaodsciisg WMo  6biNOAHEHb  YCAOBUS;
1) Hoaunomut fo(®), ..., f.(#) nonapro ssaumHO npocmst;
© 2) Han scex donygomummy cucmem o (ecan OHU cljujecmayiom)

(5) ¥, & 0-(mod1).



