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4. Concluding remark. As a nalural generalization of the Lindelof
hypothesis on the Riemann {-function we may introduce the hypothesiy

(*) L{}+it, 1) < Oulgs 1%,

where ¢ is an arbitrarily small positive nwnber,
From this we can deduce

Fla, T;9) < Cylg, 8TV, a2 §4+Ve

by the method of Haldsz and Turdn [3]. This strong rogult gives

TugorEM 3. Under the asswmpition of the “generalized Lindeldf
hypothesis™ (%), the inequality

f(l’) () 5(q, E)TJ.MAOVE
holds.
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An “exact” formula for the m-th Bernoulli number
by

§. Omowra (Princeton, N.J.) and P. HARTUNG (Bloomsburg, Pa.)

& 1. Defining the Bernoulli numbers by

—1)"‘ 1B ™"
g Sne
e’ —1

n=

we prove the
THEOREM. For m 2 1,

(1) 2(2™—1)By, = [pn]+1

where {w] denoles the greatest indeger < m, and

2(2% —1) (2m)! j’j 1

(2) P = TgEm-l 2m PEN
. R—1

§ 2. As is well-known, writing £(s) for the Riemann zeta funetion,
we have, for m = 1
i'i’1 1 ofm—1 2m B,
—2:%2’” o (@gm)!
ne=1

In what follows we shall suppose m > 2 and use (3) and von Staudt’s
theorem to prove (1) and (2). Now

(3) £(2m)

am o0

() D

m = ami

o=l " T~ " am-{»l
‘Write
&%
>

Tl vi
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Thus (4} becomes

4 de
2(2m) = o(3m) - b, f i (0< <)

Thus

(2m) '{ (3m)+ -(-—-— )gm}

221')1
(2m) ! o (3m)

2217'1——] T:MH

20, (3m)2"
I~ (:3,”1‘)21%22ﬂ1w 1 ﬁ2mf

where 0 < 0, < 1. We used here the crude inequality: »" 2 nl,

We now establish a lemma, of interest in itself, which we derive
from von Staudt’s theorem — but, a direct independent’ proof i, most
surely, easy.

LEMMA. 2{2" —1)B,, ¢ Z (one easily verifies this form = 1, 2, 3).
Proof. By von Staudt’s theorom we have '

By =— (8,q9¢Z)

where

:pprimé
{p--1}2m

Now it p is an odd prime and (p~—1)|2m we have
PP =) (27" —1).

Hence 2*—1 is divisible by all odd primes p such that (p—1)2m. As
for p = 2, we know from von Staudt’s theorem that B, = g/2h where A
and g are odd. Thus we have proved that

2(2™™ —1)B,,

is an integer (positive, of course).

icm
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Multiplying both sides of (5) by 2(2""--1) and using the lemma,
we see that for m = 2 -
(6) 2™ -1)B,, = (an integer)

2(2%" —1} (2m)! ¢ (3m)

22m— 1 W2m

40, (2m)P (22" 1)

(Sm)zm‘?zmml TC2m

= P T O

where g, -0 a8 m -+ co. In fact

-l

Bince g, < 8/x® for m =2 we see that (6) gives
(8) 22" —1)B,, = [¢g,]+1 for

‘We easily verify that {8) holds for m = 1. Thus we have proved:

mz2.

THEOREM. For m 22 1, we have )
(9) 2(2"" —1)B,, = [p,]1+1
where
2(2% —1) (2m)! 1
(10) P T ToET an-

n=l
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