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On Goldbach’s prdblefn
by
R. 0. VaueHAN (Sheffield)

1. Introduction. Goldbach conjectured in 1742 that every even
number greatér than two is the sum of two odd primes.

In 1923 Hardy and Littlewood developed a method ([4], [5]) Whlch
enabled them to show that _

(i) if no Dirichlet L-function has a zero in the region Res > 3/4,
then every sufficiently large odd natural numbel is the sum of three odd
primes, :
and : _

(ii) if every Dirichlet L-function has all its zeros in the region Res < 1/2
and if F(N) is the number of even numbers less than N for which Gold-
bach’s conjecture is false, then

B(N) = 0,(N'#+)

for every positive e,

In 1937 Vinogradov abtained estimates ([12], [13]) (for an account
of which, see [14]) for trigonometric sums of the form '

(1.1) 2 621!1':1:1:
p<N
which, combined with Page’s work [9] on the zeros of L- func’mons, enabled
him to show unconditionaily by the Hardy-Liftlewood method that
every sufficiently large odd number is the sum of three odd primeg.
Uging these ideas, Van der Corput [1], Tchudakoff [11] and Hster-
mann [3] were able to show unconditionally that

(1.2) B(N) = 0,4(Nlog ).

In the mid 1940’s, Linnik [7], [8] and Tchudakoff [10], by finding
estimates for the number of zerog of L-functions in certain regions, were
able to dispense with Vinogradov’s method for sums of the type (1.1}
and thus obtained essentially new proofs of the Goldbach—-Vmogradov
theorem and (1.2).
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Let
REm) =} 1,
N1 g
Prtpgmn
J(n) = Z (logn,logng) ~t
Hl,ﬂﬂaﬂz
nl-i—nzmn
and
e (Lot (=1 L l’:‘:ﬁk
S(n)-(l% ( [] 1 ’p 3 ”pmﬂh
Bin

In the proofs of (1.2) mentioned above, (1.2) ig deduced from a prior
estimate of the form

Z{R(%)wJ(n)S(n)j = 04 (Nlog 4 N).
naN

The object of this paper i to show that
(1.3) BN = O(Noxp(mo(logN)”’))

for a suitable positive constant ¢, The basic idea i¥ to use the Hardy-
Lmtlewood--Vmogradw method to obtain the aammate

D IR(n)~d () 8{n)~D(N, n)}* = ()(N“caxp (—0,(log N)“’))

ngN

where D(N,n) is introduced fo take aecount; of possible exceptional
Siegel zerog’ of I-functions.

2. Notation. Throughout, with or without suffices, the letters
@, ¥, #, o, t denote real numbers, X, ¥ denote positive roal numborﬁ,
N denotes a large real number, h denotes an integer, «, k, I, m, n, q,
denote positive integers and p denotes a prime mumber, For any number 2
e(2) = ¢, 0, C,, ... are suitable positive numbers which do not ﬂopeml
on the parameters of the oxpressions in which they appear. The statement
f < g, concerning the function f and » non-negative function g, i taken
to mean that there is a positive number ¢ such that |f) = Cg. If T is ulso
a non-negative function we use g 3 f to wean f<€g.

I y is a character to the modulus ¢, L(s, ) denotes the function
defined for ¢ > 1 by

Ls, y) = L(&-Mt, §) = ZM)

%8
A=l

A(m) is logp if m = p™ for gome p and #, and is zero otherwise, 74X, q,0)
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denotes the number of primes which do not exceed X and are eongruent
to & modulo ¢, and
Z A{m).

ms X
mea(modg)

w(X, ¢, a) =

w is Mobius’ function and ¢ is Euler’s function. d(n) denotes the nurnber
of divisors of n and (n,m) denotes the greatest common divisor of n
and m. |/ denctes the distance of 4 from the nearvest integer.

3. The main theorems.

DERINTIION 3.1. et E(X) denote the number of even numbers less
than X which are not the swm of two odd primes.

TugorEM 1.
B(X) € Xexp|[— 0, (log X)').

DEFINITION 3.2. Let R{m) denote the number of representations of m

“as the sum of two primes.

DEFINITION 3.3. Let H,(X) denote the number of even numbers m for
which X {2 <m< X and
R{m) < mexp | —(logm)'?).
THEOREM 2.

Ey(X) € Xexp (—0,(log X)').

4, Preliminary lemmas.

Levma 4.1, There are positive numbers Cy, €, and O such that for
every X > 1 and every pair a,q with (a,q) =1 and q<exp(10gX )
we have :

X
p(X,q,0)——— +F(X,q,0) <GBXQXP(_' log‘X)m)

@(q)

where F(X, ¢, @) = 0 unless there i3 a necessarily unique real non-prindipal

character y modulo g for which L(s, ) has a real 2ero B satisfying

B> 1—0Cs(logg)™
in which case
z(a) X?

p(@)8
This is the main result of Chapter 20 of Davenport [2}.

Luvmma 4.2 (Page). There is o positive number (g such that of all the
veal primitive characters y to moduli r < exp((log¥ )'2) there i at  most

F(X,q,a) =
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one for which L(s, ) has  real zero § satisfying f = 1~ Co(log N) %, and
then L{s, x) has only one such zero.

This follows casily from Lemmas 7 and 8 of Page [9].

Levmma 4.3 (Siegel). For every posilive number & there is a positive
number ¢(e) such that, if x 48 any real non-prineipal character, with modu-
lus g, then :
Li(s, 1) # 0
for

g L—0)g""

For a proof see Chapter 21 of Davenport 2.

LmmmA 4.4, There aré positive numbers Gy, g and Oy wilh the following
proparty:

Hor every suffiviently large N,
either

(i) for every g, o such thal g < exp((logN)"*) and (a, q) =1 and for
every X such that N'* < X < N we have :

< ChXexp (— Cg(log X)),

(X, g, 0)~
(X, g, @) o —eem
LA T
oF

(i) there is just one pair v, [ such that for every gq,a so that
¢ < exp((log Ny®) and (a,q) = 1, and for evary X such that N'* < X & N,
we have .

,

Tf’( Ly G, 0 )

< Gy Xoxp (—Cellog X)) (reg)

and

. . "
‘w(x )y &)~ JZE + 75(“');“:“

s T el | < O X e = Calloa ) (rla),

where y is a redl non-principal oharacter modulo q induced, in eaoh case,
by the same real mon-principal primitive charaoter modulo v. Moreover

PSP L= Opr it
and
- r> {log N2,

Proof. Let g < exp{(log ¥)"*). Suppose that L(s, y) docs not have,
for any real non- principal character y modulo ¢, a real zero ,8 sabislying
f>1—C4(log¥)7*" Then, by Lemma 4.1, ‘
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x| |
(&, q, )~ o < U3 Xexp (—Ou(log X)) + Xexp(— Clog X (log ¥') 1)

< X exp(— Ga(longlfz) (N < X < N).

Rither this is true for every ¢ in the range, in which case we have (i),
or there exists & number ¢, < exp((log¥)'®) which has a real non-prin-

“cipal character y; to the modulus ¢, so that L(s, y;) has a real zero 5,

satisfying f; > 1 —Cy(log N) '™, Suppose that y, is induced by the real
non-principal primitive character y, modulo ¢,. Then ¢,|g, and L (B4, 1.0 = 0.
Hense the numbers r, § mentioned in Lemma 4.2 exist and since they
are then unique we ha.va r =g, and g = F,. Thus for every such g, we
have rlg,.

Now again suppose that ¢ < exp( log N)!#). If 7|g and y modulo g is
induced by y,, then L{§, ) = 0. Thus if r|g and § > 1 —=0,/logg we have,
by Lemma 4.1,

X  yla) X . '
(&, g, a)— Py »!-%((q))ﬁ < O, Xoxp(—Oy(log X)) (N'P< XN,
and if » lg and g <1 —Cyflogg then, also by Lemma 4.1,
X (a)Xﬁ
P&, g, @) = e | < Gy X ex log X)'3) + 2.X°
DO TE T i B(—Cullog 1))
< 0 Xexp(— Co(log X)) (N'< XN,

where in each case 'y is the character modulo ¢ induced by the real non-
principal primitive character g, modulo » for which L{J, x,) = 0.

On the other hand, it r+g, it follows that L(s, y) does not have, for
any real non-principal character y modulo ¢, a real zero f satisfying
f>1—0glog N)~** (since we showed ahove that if it did have, then
rlg). Thus, as in the first part of the prooi,

X ‘
(X, q,a)— ——i < C;Xoxp(—Oy(log X)) (NP < X< N).

e(q)

The asgertion that § < 1 — Cgr™
and then we have

%is an eagy consuquence of Lemnm 4.3

1—Cy(log M) < 1 — (yrm 8
that is,
r = (ptlog N4 > (log N8,

This completos tho proof of Lemma 4.4,
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Lot )
(4.1) I5,(X) = > m*(logm)™
e X
an
(4.2) ‘ I = 18, (X).

We now restate Lemma 4.4 in terms of n(X,q¢,q).

LisMMA 4.5, There are positive numbers Gy, Uy ond Oy, suoch thai, for
every sufficiently large number N,
either

(i) for every g, a such that ¢ < oxp((log N'™) and (q, a) = 1 we have
whenever N'* < X < N,

I X

(X, ¢y a)— (}7((1)

< OIJXBXP( 012(10gx)m]:

or
(i1} there 8 just ome pair v, f such that for every ¢, a such that q
exp ((log N)"2) and (g, a) = 1, and every X with N0 < X <N, we have

< Uy Xoxp (-~ Opog X)) (r1g)

Is X
(X, g, @) e
(X, q,4a o)

and
X x(a) . )
X e e B (XY [ Oy Xoxp (— Oy (log X)YV2 ¥
(X, g, 0) =~ o () < O osp (= Cuallog X)) (rl0)y

where y 18 the veal non-principal character modulo ¢ induced, in each oase,
by the same real non-principal primitive character modulo v. Moreover

(4.24) FLF<L—Cpgr?
and
(4.2B) r o (log N,

Thiy follows easily from the provicns lemma by o partial summm.inn

Levma 4.6 (Vinogradov). Suppose that @ = afy-+0/g% wheve [0]
(@, ) =1 and 1 < g< N. Then

é(zp) <€ N(log N)# (((1" L g N e (m%(logN)UQ))'

EN
This is Theorem 1 of Chapter IX of Vinogradov |l4].
Let
i )
(4.3) -0 (hy == 2 e(ah/q).
(a?f;;i-l

icm
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Lismma 4.7. Suppose that lc = (b, q) (h %0) and k& =g (B = 0).
Let 1 == gfk. Then '

ea(h) = wBg (@@
Thiy iy Theorem 272 of Hardy and Wright [6]

Let
(4.4) - Alg,m) = p{g)o,(—m)p(9) 7
(4.5) Stm,m) = > A(g,m)
and ee.
(4.8) S(m) = S0, m).

Leuma 4.8. p(m) > m(loglogm)™ (m = 3).
This follows easily from Theorem 328 of Hardy and Wright [6].
Lenmora. 4. 9 We have

(4.7) S(m) = (1+(—1)m)([ ﬁ_;)n(l_@%ﬁi)’.

e
(4.8) ‘ 8(m)>1  (m even)
and
(4.9) S(X,m) <€ X d(m) (loglog(X +3)).

Prooef. (4.7) is Lemms 12 of Hardy and Littlewood [4] with » = 2
and (4.8) follows easily from (4.7).
Proof of (4.9). By Lemma 4.7 and (4.4),

ulg/la, m)) o (@) wlal(g, m)*,

D Algym) =3 N ul@Pulgi)pl) ple/l)

g»X kim o g>X

A(g, m) = ulg)
Thus

()2l
=3 N ulghY ulg)elat) e(g)
kim  g»Xik :
(g, mflay =1, ‘
_ N1 AR ()
. o) F o)
(f]nm)=1

TTherefore, by (4.0),

(4.10) B, m) = 2+ &y,
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where _
(kY N\ p(q)
Zo= D00 2, vl
i 7 e ¥
e X (q m)m
and
. T p (k) 1 ulg)
Xy e (]:) Z - q“‘
Tl ¢
Tz X (q,m]ux

By Lemma 4.8,
Z g toglog (g -+-2))’

G
Tl ¢ )q;-xm

i'cf,;-\f\
+ (ki
£ X (l()glag(:\f 3))F % o
Jew X

& X loglog (X --3))* d(m)
amxd,

< X~ (loglog (X --3))d(m).
Hence (4.9} follows from (4.10).

5. The Farey dissection. Lot

- 3
(5.1) Oy = mm( 1/ (*12),
(5.2) Py = oxp (30 (log M)
and
(3.3) Py = P,

. DErNITIoN B.1. If the pair of numbers v, 8 of (i) of Lewmma 4.5 does
not ewist, or if it does and Py < v, let P = 1), (Mthorwise we take P P,
Let

{5.4) _ n = PIN,
DRRINITION 5.2, When. o<t g <o P amd (a, q) = 1, let M{q, ) denots
the closed interval T{a—x)/g, (a-+x)/g).

. Clearly all the M (g, «) arve disjoint and contained in the closod Interval
[, 142

DEFINITION 5.3, Let T denole the sei of those points of the elosed intervel
(3, 145 whick are not in any of the M{(q, a).
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Lt
(58 VX, 2) = E e{ap).
. paX

Lrvva B, Let we T, Then
V(N,n) £ N(logN)””P‘”z.

Proof. By a well-known elementary theorem we may choose %, ¢
go that ‘
(i) either # == 0, ¢
(i) ¢ < 2N/P
and
(iii) |o~—n/q| < $P [(Ng).
By Def:mtmn B.3, ¢ M(1,1). Hence, by (5.4),

=1 or ([hi, q) =1,

P/N<s<1—P/N.
Thevefore

g < jo—hig) +o < %P/N+1—P/N< 1
and S '
hlg>a—lo—hig >

Fence 0 < h < ¢. Therefore, by (i), (iil), Definition 5.2 and (5.4), if ¢ <P
we would have ze M {(h, q) which, by Definition 5.3, contradwts the fact
that we 7, Hence g > P.

The lemma now follows easily from Lemma 4.8, (ii}, Definition 5.1,

PiN—}P|N >0,

(6.3), (5.2) and (5.1).

Let
' _ e(maw) .,
(8.6) (X ) = 2 mm
smeX
and
(5.1) VHE, 00y ) =L g, (X, 0—aje).
_ @{g) .

TmvMa 5.2. Suppose that 3 < u <1 and X > 1. Then

g, (X, @) <€ 1jmax (fal X7%).

Thig is shown easily by a partial summation.
Lmyvwa 5.3. :

(5.8) N7, @)t de < ¥ (log N)'P™

@
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and
i
ol G By o NOP
5.9 VN, @, gy @ du < NOP
(5.9) J12 2 v
(e, &)=L
Proof. (H.8) follows immediately from Lemma 6.0 and the fuct
that
T4# N
JIvy, e fdn < [ VN, a)Pde = a(N) = N
a0 i ’ og X

Proot of (5.9), By the definition of 1)

(5.10) lo—algl = =jg (a5 g=P, (a,q) =1, we 7).
Ao if a<qg<P, (8,0 =1, I k<P and (¢, k) — 1,
o 1 1
’ el b ;r: l .
(6.11) F s @tk
Now
a2y |3 3 vw,ag =Y N P50l
[T a-l (l“-tP am,l
{¢t,g) =1 (ﬂrﬂ)""l

z : ki e R ST
23N S N N, 0,0, 00 PN, 5 D

g=P o=l heP I
(a,Q) =l =l
b

By (5.10), (5.7) and Lemma 5.2,

g
IIV*(N:W,@;“)I"dm {E—-(g); TI yhdy - plg)y Setx
®ly

P ‘ “lq)

Hence, by (5.4) and Lemma 4.8,

(B.13) fZ Z H/ (N, z,q,0 )|'Ld’l‘ & NP1,

T quF  aml
(@, g1

Now suppose that a<g<P, (a,q) =1, L5 k=
g, 6 % &, 1. Then, by (B.7), Lemma 5.2 and (5.11),

(l k) = 1 nnd

icm
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fV*(Nr v, 4, a)® Tm’""‘?ﬁ:m"dw _

m
L @) ok f o — a/q||=* o — k]~ der
< p(g) " p(h)? o o/gl o — k2 d
(% 14-9] ~ M (g, )~ M (R, 1)
Lef
<elg) (k)] [ le—ajg¢ s+
M,’q@llm~a7aﬂﬁlf(ﬂak)
145
+ ¢kl
fl:c—l/fﬁlkulk
1/2
<o) e R+ EE [ v ay)

xik
€1 () (k)M g + ).
Henee, by (5.4),

I I

fZ 2 -2 2 VN, 2, q,al VN, 2,k 1) do

D gmP g=1 kP l=1
(&, q)=1 (1:"")=1
kl#q,

< NP! 2 Z(p “1
g=P k<P

(5.9) follows from this, (5.13) and (5.12).
LEMMA b.4.

lER g+ k) € NPT

DDNEED) Zk VAN, @, b, D2de < NOP.

gl a=~l Mlga) k<P I=1
(@, g)=1 {1 H)=1
k. il#q,a

Praof, Suppose that e<g<P, {(a,9) =1, ISEP, (k) w~1,
k,1 # ¢,a and ae M(q, a). By Definition 5.2 and (5.4), *

lo—ajg) < #fg = PN~
!
) H>

-l
7 k
Therefore, by (5'.7) and Lemma B.2,

|5 e k] Sem
ks P

Hence
5 1
a!” gk

P 1
i

)2<<1P‘q;'-
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Hence, by Definitions 5.1 and 5.2, (h4), (5.3) and (5.2), the expression

we wish to estimate is
‘,2: Z‘ qry I_I)el-qrt ({:' NPl

a
This proves the lemma.
Let
(5.14) J(N,m) - {(Togm log my) .
it Mg N
T PPy
Immma B.5. Suppose that 4 <5 m < N. Then

mlog* N < J(N,m) < Nlog *N.

Proof. The lower bound is trivial, To prove the uppor bound, con-
sider the number of solutions of

Hly | Wy = W

The number of solutions with m, <0 N'® doox not excoad N2 Similarly
the number of solutions with ., < N doey not excead N, Hence wo
may suppose on the right-hand side of (i.14) that both m, > N and
my > N, The upper bound follows at once.

DryrNerion 5.4, Let R(N,m) denote the nwmber of representations

of m as the sum of two primes, neither of which evceed N.

LEvMMA 5.6, We have

(5.15) VN, @t = > R(N,m)e(ma)
s 2N
and.
d ' '
(8.16) Y 3 VN, w,q,0) = DTN m) S (y, m)e(ma).

gy am)

s BN
{a,q]n-x

Proof. (5 15) is an immediate oonhaqumum of (h.5) and Definition H.d,
By (5.7), (5.6) and (5.14),

v (N;wﬂlpa)g”"
by (.4) and (4.49),

nlaY (@)™ DTN, mye(m(o- alg).

T

Hence, by (4.3

g
D 2 VW, e g, a0 = ST, m)S(y, m)e(ma).
gy @) e .
fa, @)e=l :

Thig proves (5.16).
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Lo

PPN

que o el
{ry () um L

(N, g, )‘dqﬂ £ NP

Proof. By the previous lemma the integral in question is just

DTNV, mP (P, m)2,

ma SN
The Jemma follows eagsily from this, (5.14) and (4.9).
6. The major arcs-1. The proof of Theorem 2 divides into two cases
aceording as P = P, ov P == P,, Throughout thiy scetion we assume that

(6.1) P =P,

Levuma 6.1. Suppose that < P, (a,q) = 1, and N¥* < X L N. Then

A ' v wla) | B
' VX, afg)— =15 X € XqP~"
(X, afq) )
), (5.1) and Lemma 4.5,

Proof. By Definition 5,1, (6.1), (5.3), (5.2

[

Ze(ap/q) = E e(ahlq 2 1+0(21)
pe X Bhame], X »ia

(hagyel pmhi{modq)

IsXx & _

=220 N o(ahjg) -+ O(XgP).
‘;"(Q) ()h-;l L ’
s ) e

We now appeal to (5.53), (4£.3) and Lemma 4.7 to complete the proof of
the lemma. '

Lrvma 6.2, Suppose that a < ¢ < P, (a, g) = 1 ond ze M(g, a). Then

V(N, o) —V*(N,z,q,0) <€ NP
Proof. Let y -= -—ajg. Then, by (5.7), (5.6), (5.3) and a partial
puonination,
VN, &)V (N, 2, q,a)

w(g) )
— yRLIAN Pl .
e(yN)(V(N, ol P 1s
4(4)
— Qreiy If e{yu) (V (%, ajg)— ‘;"(é)“ lsu)d’

1 Acta Arifhmetica XXIT
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Henee, by Lemma 6.1, Definition 5.2 and (5.4),
. i
V(N,m)—V”‘;(JV, 0} <5 NgP * I?Jl(quP'"*"‘i-‘ f Z\”""‘L(Z;z/)w NPl
|

Lemma 6.3.
X b} f VAN, o) V(N e, g, a e < NP

e z'_dl Mig,et)
{etyg) -~

Proof. Suppore that a
and Lemma 5.2,

gl Py (6 ) o 1oand e M (g, a) By (5,7)

. V¥(N, 2, q, a) <& No(g)
Henee, by Lemma 6.2,
VN, @) —V*n, @, 4, 0 < Nplg) P
Therefore, by Definition 5.2 and (5.4),
)

g P gl
{n,q) =1

[ VN, e =V

M)

Ly g, o) ide

& NP2

()Ipq lAJ‘ ]4,‘:,: NJZ‘)]

Qﬂ’u“
LummA 6.4,
1epse o o
[ v, ap Z z\_, VN, &, q, 0 do < Nlog" NP~
] = I

(a, rr) <1
Proof. By Lemma 5.7,

14w q

62) [ |V(N, @) V 3w (N,m,q,a)ﬂlﬁclw
* g-‘l fre L
(a.q) -1

1}-u I .
T, mpe 30 3T VAN, by 02 det NP
" Fel Uih‘)l 1

Lat M = [, 14x]~T., Then, by Definitions 5.2 snd 5.3,

i

Me U U My e

(= qeal
(e )l

Thus, by Lemmay 5.3, 5.4 and 6.3,

l}“\V(N,m)BmZ ij VH(N, 2, h }am

P Tl
(I, k==l

icmn
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D 2 VXN, 2, & z)2| dz -+

k<P 1=t
{0, k=1

+f|V(N o)fde+ [| 3 ZV*Nme ?[" do

T k<P I=1
. )=1

< [y, -
M

&

2 VN, @, k, D2
I=1
M)(rczj

VN, @, k, 1) ‘Edm+NalogaNP‘1

< v, ap—
M

kP

| 3
+ 12
M k<P =1
{1, de)==1
e Mk, 1)

q

-2 2

QQP( =) M¢ua)
2

IV(N, ﬁ)E—V*{N, x,q,a)ds 4

y=1
Zq’ j i N, 2, k, 1) ‘ dr+ N*log' NP~
g<P  a=t Mg, a) rch =t

@)= T
& NslogaNP‘ .
This, with (6.2), completes the proof of Lemma 6.4.

7. Proof of Theorem 2 in the case P = P,.
Lemma 7.1,

D) (RN, m)—J (N, m)8(m))* < N*log" NP,
N

Proof. By Lemma 5.6 with ¥ =0 and (4.6),

o0

) 3 Ve g t= S (RO, m) I (O, m) Sl o(ma).
=1 a=1 mLIN
(&, q)=1

The lemma now follows easily from Parseval’s theorem and Lemma 6.4,
By Lemma 5.5 and (4.8),

(7.1) J(N,m)8(m) > Nlog™* N
Lemma 7.1 implies that
R(N,m)—J (N, m)8(m) < Nlog** NP~'#

for all but at most Nlog" NP~'* numbers m with m < < 2N, Hence, by
(7.1) and since I is large,

R(N,m)> Nlog™

BN <m< ¥, 2im).
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for all but at most Nlog"® NP~'® even numbers m with
N <m < N
By Definitions 5.4 and 3.2,
R{(N,m) = R(m)

and hoence, by (6.1), (5.3) and (5.2}, Theorem 2 with X = ¥ follows if
0y < U424

8, Major aves-II. We assume hore that
(8.1) | PPy

This together with Definition 5.1, implies that the pair of nnmbers r, g
of Lemma 4.5 exists, and since r = P, wo have, by (5.3),

{8.2) r < P

(4N <m < N)

Durmvrrion 8.1, Let y, be that real non-prineipal primitive charaoter
modulo v mentioned n (i) of Lemma 4.5.
Tf 4 is a character to the modulus k& wo pub
Ie

(8.3) () = Y e(m/k)y(m).

Wmat ],
DREFINITION 8.2, For amy given ¢ < P for which rlg let x dencle that
characler modulo q induced by .
Let
(8.4) Mg 8) = (g z(@e(@™" g
Lemma 8.1.

= P, ¥ig).

. [V, af=V*(N, &, q, o P i
P gl M(q,a)
g (ag)e=1

£ NPt

Proof. We note that when r+g Lemina 6.1 romaing valid und benee
so does Lemma 6.2, Thus we can deduce Lomma 8.1 in a vimilar mm’an(s’t‘
to Lemma 6.3.

Tuyma 8.2, Suppose that g <X P, vig, (4, ¢) ~ 1 and N« X< N
Then

vr, ojo) 40w xdig, wie() < X

Proof. By Definition 5.1, (8.1), (5.2), (5.1) and Lemnma 4.5,

U Is X I
D otapip) = 7 etahig)|[ S~ Hl w(n

X Pume I
(?"’Q)-l .

1 O(XgP™).
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The 1emma now follows from (8.3), (8.4), (4.3) and Lemma 4.7.
Let

(8.6) VE, @, 4, 0) = Mg, 0)gs(N, 0 —ag).

LemMa 8.3. Suppose that a < g < P,rlg, (a,q) =1 and ze M(g, a).
Then

V(N,2)—V(N,e,q,a)+V; (¥, 2, ¢, a) KNP,
Proof. Let
1 m prime
pomy =| 1 (7T
0 (m not prime),
and ¥ = x—a/q. Then, by (8.5), (4.1}, (4.2), {8.5), (3.7
expression we wish to estimate i8 just

y and (5.6), the

(9 Ag, a)ym"™*
@(g)logm logm

2 (b(m)e(a.m/q) — ) e{ym)

MmN

~e(g) (V(N, aig)— L 5 g, @ )ls,s(N))—

Jat )
( (q)
w(g)
»(q)

Hence, by the previous lemma, Definition 5.2 and (5.4),

_szyf e (yu) (V{u a/q)— 18u+l(g,va)lsﬂ(u))_du‘._

VN, w)f“V*(Ni T, q, a’)+V;(N: x, g, a)
o ' .
L NgP~?+ ]y}( [ qu-=du+Nﬂf2) < NP
. N :

LemmA 8.4, Suppose that rig. Then
(8.6) () = plgr adlalr ) (%)
and .
(8.7) [T{x)|* =7.

Proof. Suppose that v is any character modulo ¢ a.nd y is induced
by the primitive character y, modulo k. Then kig and it i ghown in Chap-
ter 23 of [2] that

2(y) = la/EVwa(g/k) T(wa)
and in Chapter 9 of [2] that
e(p)[2 = k.

"The lemma follows at once.
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LrzmmA 8.6, Suppose thot (a, q) =

Mgy a) = plgfrin(g/r) g (@) (x)ele)
Prooi. By (8.4); Definition 8.2 and Lemma 8.4,

L, g P and »|q. Then

I

1

gy a) = u(gmp(g/m) pla) () ele)

which proves flie lemina.
Limma 8.6

4
"

V(N,m)ﬂ-—(if*(N,m,q,a)wVﬁ(N,'m,q,a)] *d < NP,

P aml M(q,a”
g {e,q)=sl

Proof. Suppose that m<‘q<: Poa,q) == 1,7¢ znn(l we Mg, a).

. By (8.7) and Lemma 5.2,

(8.8) VXN, 5,4, a) << Nop(g)
and by (8.5) and Lemmas 5.2, 8.5 and 8.4,
(8.9) VAN, 0,4, a) <€ Nrip(g)™.

Hence, by Lomma 8.3, _
VN, 7) <& Nr'ifp(g)™!
Therefore, by Lemma 8.3, (8.8) and (8.9),

VN, 2~ (V(N, 2, q,8)~Viin,z, g, @)t <€ N2P-lplh (q)‘“".

Thus, by Definition 5.2 and (5.4), the expromon wo wish to ostimato is

€Y NP Hp(q) PN plg) e NP N i)

gel Fes. Pl
¥lg

DuriNITIoN 8.3, If a < ¢

 NSpoL

Py (4, q) = 1,7|q and ne M(y, a) lot
W(N, o) = Vi(N, e, q, “’)EMBV;(Ns @y @ @) V(N e, g, a),

Otherwise, leb W (N, ) == 0,
LrMma 8.7,

Loy 09' o u |
[ rw,ap- 33 VN, @, g, ) = W(N, 0) do << NP logl V.
" =l ] :

(@ (f) ma

Proof. The lemma can be deduced from Lommas 5. 7, 5.3, 0.4, 8.1

and 8.6 in the sama way that Lemma 6.4 is deduced from Lemumas 5. 7,

5.3, 5.4 and 6.3,

icm
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9. The investigation of W (¥, ). Let

1--x .
(9.1) DN, k)= [ W(¥,z)e(—ha)da.
 Lewya 9.1.
M RN, m)—J (N, m)S(m)—D(N, m)}* < NP log"¥.

MGIN
Proof. Let
R(N,h)—~J(N,B)8(W)—D(N,h)
D(N, R

(0 < 1 < 2N),

PN, h) = {otherwise).

Then, by (9.1) and Lemma 5.6, the F (&', h) are the Fourier coefficients
of

o«
a=1

vV (N,2,q, a)’—

l\ﬂn

W(N,z).

[
-

[+

(a,a)=1

T

' Hence, by Bessel's inequazlity, /

SR, m)—J (N, m)S(m)— DN, m)s < 3 IF(¥, B
M2 - h
= 1% (=] a
<f V@ a3 N VN, e, g0

® =1 a=1
(@ q)=1

W(N, #)|dz

The result now follows from Lem‘ma 8.7.

Let
92 L, a= [ VNN,2,4,0 Vi, 2, ac~n)de (g,
Mg, a) : :
(03) L, g, a)= [ Vi(N,o,q,a) e(—na)dz  (r]a)},
Mgaa)
(9.4) mem=%%m¢m—mm )
and
(9.5) Aglny g, 0) = Mg, a)?e(—anfg)  (rlg).

LemMa 9.2, Suppose that a < ¢ < P,rlg and {(a, ¢} ==1. Then

/g
= [ 0¥, D)9 (X, ) o( =y} dyda (s ¢, )

—nig

(9.6) I(n;q,0
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and ,
sl

(9.7) Io(n, g, 0) = [ gal¥, 9)%e(—ny)tyde(n, g, a).
g

Proof. (9.6) follows from (9.4), (9.2), (5.7), (8.8) and Definition 5.2,

(9.7) follows similarly from. (9.5) and (9.3).
LemMMA 9.3, Suppose that ¢ < P, rlg and & == q/r. Then

"

©8) D) Aulng g, a) < P () —m)p(@) k)
(rfrshi
and
- (9.9) z Au(ny 4, a) = o) w0 1 ()0 () (@) *

(a r[)wl

Proof. By (9.4) and Lemma 8.5,

010) 3 Ayin, g,

el * (hwal
(6, 7) = (¢ky ) =1
Cleaxly, x, (F) = 0 unless (k, #) == 1. Hence wo ingy suppose that (%, r) mx |,
Put @ = a7+ apk with 1< oy = k, (0, &) = 1, 1 55 dg 5 7 and {ag, ) = 1.
Then :
g » k
Z (—anjq) = 2 Kl e —agnfr) Z e{ —ayn/k).
“{a, T (a‘;?;fél«-l (ﬂ?;:;i*l

(9.8) now follows from (9.10), {4.3) and (8.7
By {9.5) and Lemma 8.5, '

g 7
2 Ag(n, g, 0) = v(0) p (k) g (6 p(q) _'1 o(—-an/q)
. (a?(:)il-l (rsflgf-=!--1
sinee x(a)? = 1 when (a, q) = 1. Hence, by (4.8), wo have (9.9),

LEMMA 0.4.
N u(b) el —m) (k)™ € njp(n).

ke Py
Proof. By Lemma 4.7,

Dkl —n)lp(e) ™ = 3 u(

k<Pir N

= 33w ulemie (k) gl fm)
T ( le:ﬁ)ﬂy;n

(ic/ Toy 0)) e (R (R (R, m)) !

icm

a) = 1)@ u) L Be@™ D pi(a)e(—anlg).
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= M N u(lem) () (km) " p (k)

min k<< P{rm
(&, mfm)=1
= X umPem)™ > u(k)i k)
mln k<< Plrm
(hym)
<€ Y p(mPpm) = njp(n).
min .
Lenmma 9.5,
a

Y > ILn,q,0) €Nlog” ¥r'fp(r) ng(n) ™!

gP g=l
rlg (@)=l

Proof. By (5.6) and Schwarz inequality,

41

sig 2 32 1/2 . )
[ AN, gV, y)e(~mpydy} < [ 192(N, »)*dy [mp(N,ynZdy
~jg : —1/2 —1/2
<(. Z log‘“m)2<l\7’210g“‘
: rm N .
Hence
s :
[ 02, gl ¥, y)e( —my)dy <€ Nlog™
—xlo

Therefore, by (9.6), (9.8), Lemma 9.4 and noting that yx;(k) = 0 unless

(k,ry =1, we have

3 L,n, 0, 0) < Flog ™ Frp()™ 3 a0 gl — )i (k)

P a=1 kL Pfr
rig (qg)=1 (%, ) =1

< Nlog 2 Nritp(r) " npln) ™,

whence the result.

Let ‘
(9.11) Jp(N,m) = > (logmslogmy)™ (mymy)* .
LBy, My SN
iy W=

Levma 9.6. Suppose that g < P. Then

xlq

— g

| gpl, el —my)dy = Ty, 2)+ OV ).
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Procf. By Lenmma 5.2 and (5.1), : :
Thus
1z -l a
| 0p( ¥y yreCny)dy | i #a (N Y6 ny)dy 014) 3 N Iin, g, 0)=J5(¥, mG(N, n) € XP'p(r) 5,
" H 12 g<FP  awl
f y Yy < giw - NqllP? rie ot
sl Yo where
Honee L == 2 B u(k/(k, fn)z}’cqp(k @k f(k, n))~*
“lu iy EEFh
(9.12) f Ny el-—mdy = [ gu(N, p)e( - mndy |+ O(Ng/P).
- wly 12 ’

= 3N (k) (k) kg () p ()
min  k<Plrm 7
(=1 {k,7)=1

By (5.6) and (9.11),

(N, )t = NN ooy | | o
Gl ¥ o )5 w2 gUN i) e (B ). : ‘
| " | = 3 ulmypmpmy S p(hpds)
This with {9.12) proves the lomma, _ (ﬂ;f,nrl)ﬂ;] , ‘ f‘ﬁﬁ{ﬁ’?
Liet
: Hence, by Lemma 4.8, (8.1) and (5.2),
. : 1o
(9.13) G(N, m) = S D Ayln, gy 0, : : ,
ffml’ ) L; _ ' Z, £ d(n) (loglog N) Zl/k < d(n) (loglog N)*(logN)*®  (n < 2N)
) 4 ) ) kP
LiMma 9.7, Suppose that n=l 2N, Then and, by (8.2),
N ‘ : rlp(r) < loglog N
V 2_[ Iyn, q,a) [(r) < loglog
Cgeb G . Tharefore the result follows from (9.14).
vlo (o)
Levma 9.8. Suppose that n << 2N, Then
s Sy (N m)G (N, n) - O{NL rd(n) (loglog Ny (log N)Y). _
o : ‘ N ' DN, n)~Jz (N, n)G(N,n)
Proof. Buppoese that ¢ = P and »|g. Then, by (9.7) and Lemma $.6, ; :
— i/ -1 " 2 -
. . ‘ & NP~ 'vd(n) (loglog N)* (log N)2 + Nr~'#(loglog N Y*log * V.
2; Loy 4y )=y (N, ) % Aa(hs ¢ @) | Proof. By (9.1), Definition 8.3, (9.2) and (9.8),
==L oty ) = L ‘ . :
- _\ Auln, g, )| NP g, | DN, ) = D 3 (Lin, g, 0)—2L(n, g, a)}.
(. {n y . q'?‘}'a ("TZSL1

Hemee, by (9.9), (9,13}, (8.7) and Lemma 4.7,

- Lemma 9.8 now follows from Lemmas 9.5, 9.7 and 4.8, {8.2) and (5.2).
o

OV _ 10. Proof of Theorem 2 in the case P = P,.
= Z: Lalns 4 @)= dy (N, )N, m) : LemMa 10.1. Suppose that n < 2N and n is even. Then
LW
it ()1 ' ,
. | IG(N, n)| < 8(n)-+ O (P *vd(n)(loglog ¥).
€ 3 1o lw)Pula gt ol (o) *NP g | _
e Proof. By (9.13) and (9.9),
SNP ) L D wl skl wPhe (k) ok (ks m)] GO, ) = 3ol wlah mtah ) o —1e(@)

hzu( Ly =r
(k7)1 _ o
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Henee, by Lemma 4.7,

2
G, m) () (rf(r, n)) '\ w(h (lr [(Fy m)) '
o{r (p(/rn) Vo, w(k Tc/;’c {Vt,)
(et 1
Therefore, by (8.7), ‘
‘ . fef(le, n )
10.1 G(N, ) < AU .
(10-1) G ) qs(? 7, ’n ;_?_,J ok lr/(fn 'J?)
: e
Clearly
1 u{k)u ( /(K %}) AN 1 ullm) (k)
&y e (kg (k[(k, n) it gy (i) ()
s ] mli B
(e, r) sl mag e (Ir.r) «]

(aa2) = L (R nda) e L

m\fn
g I’/r
{m,r) ]

and, by Lemma 4.8, whon & 3 1,

Z w(l)g ()t < Z {loglog (& +3)* &
thait

Therefore, by Lewmma 4.8,

2 wolley e (e
p(k) (lc

ks Py
(Faf) =1
< Y jf.ﬁ@i{ E“‘ (k)
P ) 7 p(k)?
maPfr (R} el

(M) =1

+ 0P~

Z S plm) Z qu((?:ﬂ))‘“

Ty P {rmm
(Fc.m') s |

Y- (loglog (X --3))%

Yrm (loglog N )2)}

N { Z ﬁ;v((Tr:)E 11 (L ” (p_l__ 1) )} + U(l’ 'rd(fn.) (loglog NY)

A prne
maslfe ) 1
(20, e |

g{(!ﬂ! pi”) ]] jnp iy }—% O(P 'rd(n) (Qoglog N)').

4
A P

Hence, by (10.1) and Lemma 4.8,

{155

—1y

~2)
} f ()(I’ rd(m){loglog N

icm
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and it i3 ensily seen that the first term on the right is

m IRYS plp—2)
(1+('—"1) )(l);[ p_l)(ﬂ pml)!;l (p___l)g

ptn B3 =3

=(1+(-1)W)(ij—'}t2~)(w ﬁ)g(l_'ﬁ)

)
i =3
\é (
p“;

ran

which, by (4.7), is equal to §(n) when % is even.
This completes the proof of Lemma 10.1.
LevMvMa 10.2. Suppose that n < 2N and n is even. Theu
|D(W, n)] < (&, m)S(n)+
-{-O(NP Lrd(n) (loglog NY* (log N )M -+ O (N7 ~'# (loglog N )* log‘zN}

Proof. By (9.11), J4(N,n) €N. The lemma is an immediate con-
sequence of this and Lemmas 0.8 and 10.1.

TaMma 10.3. There is o positive number Gy such that
J(N, m)—dg(N, m) > Crgr (N, m).
Proof. By (4.2A), when mym, > 1, _
1 — (my )~ > 1 —exp(— Crar™ *logm i)
> 1—exp({—Cipr "log2) > Oy

The lemma follows from this, (9.11) and (5.14).
The next lemma is an immediate corollary of the precedmg twa.

Lamyaa 10.4. Suppose that m < 2N and m is evén. Then
T, m)Sm) = D, m] > Coar™ P (N m) 8 )+
+ O[NP~ rd(m) (loglog N)*(log N+ O(Nr— (loglog NY'log~*N).
LevMA 10.5. For all but at most N{log N)PP~Y* numbers m with
m < 2N, .
R(N,m)—d (¥, m)S(m)— DN, m) < N (log N)¥BP~,
Proof. Immediate from Lemma 9.1, |

LmMua 10.6. For all but at most N(log NP~ even numbers m with
IN<m< X,

IJ(—N, m)S(m)—{-D(J_\T, m}| > N(lOgN)"E_P—”“_
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Proof, It i -well-known fthat
E d{m) <+ Nlog N.
YN e N

Henee for all but at most NP ®log N numbers m with N = m - ¥,
d{m) <€ P¥, Therefore, hy (8.2), (8.1) and (3.2), for all but af most
NP g N nambers m with 3N < m = N,

(10.2) NP 'rd(m) Qoglog N Jog M) o0 NP (loglog Ny (log M)
| = Ny Hlog™t N,
Thus, by Leminw 10.4 and (10.2), for
numbers m with 4N < m < N,
[J{N, m) 8 (m)+ D(N, m)|
e (r[“-'“l‘ ”Hri(,N

all bt al moste ¥ YWlog N oven

, mIN(m) -+ O(Nr % (loglog N log * N).
The lemma now follows from Lemma 5.5, (4.2B), (4.8), (8.1) and (4.2),
Binee RN, m) s non-negative we have

R(N,m) = |[R(N, m) EE (TN m)S{m) A DN, m)|—

=\ R{Ny m) T (N, m)S{m)— TN, m)|.
Henee, by (8.1), (5.2) and Temmas 10.6 and 10.8,

{10.3) RN, m) > N{og) 2p-i

for all but at most 28 (log N)™ P! aven numbers m with 3N < m = N,
By Definitions 5.4 and 3.2,

R(N,m) = R{m) (4N < m= N).

When X == ¥, Theotem 2 follows easily from this, (10.3), Definition 3.3,
{8.1), (5.2) and (5.1).

This completes the proot of Theorem 2 for all wutficiently large A.".'
The theorern ag stated follows at once,

L1. Proof of Theorem 1. By Definitions 3.1,.3.2 and 3.3,

N = )

HN) < ¥
ML N
Riany=i1

<z¥4 Q) 3 |

z”@mwz’f 11
Rigm) 2m oxp(- (og zm) 2y

2V 3 mEtY) (Y oy).

heszlog N

et v -

icm
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’

Hence, by Theorem 2,

B(N} <1+

n=2tog N

2t exp {— Oy (log2" )2 <& Neoxp(— 0, (log N},

and Theorem 1 follows easily.

12. Postscript. Tt is possible to dispense with Siegel's theorem (Lemmnia
4¢.3) and substitute in Lemma 4.5 the weaker inequalities f<1—
~Cr M og™'r (see Chapter 14 of Davenport [2]) and r> (logN)"
Then it ig only necessary to make the trivial modification to Lemma 10.3:
—d (N, m) > Gma""”f’iog‘lw*logNJ(N, m)

TN, m) (3N <m< N)

and the proof goes through as before.

The advantage of such an approach i3 that explicit values can then
be given to C,, 0, ... and the implied constants of the < and O symbols.
In the method actually used, because of the appeal fo Siegel’s theorem,
we only prove the existence of O, C;, ete.
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Sur les systémes complets de restes modulo les idéaux d’un
- corps de nombres

par

D. Barsky (Paris)

Monsieur Schinzel a posé la question suivante: soient T un corps
de nombres, 4 son annéan des entiers, existe-t-il une suite d’entiers de K
gy Uy ... belle que ag, a1, ... Gy forment un systéme complet . de
restes modulo # pour tout idéal entier m de 4 de norme N (m)? (of. [4]).

Nous allons montrer que la réponse est négative si K =4 Q.

Notations: K désigne un corps de nombres, 4 est son anneau des
entiers; on. désigne par m un idéal entier de 4 de norme m. On désigne
par o, (%) exposant de la plus grande puissance de m qui divise lidéal
(z) engendré par ¢ (z est un élément de A), v,,(n) est Pexposart de la
plus haute puissance de m qui divise I'entier naturel  (si m est premier
¥ (®) €8t la valuation m-adique de #, si m est un nombre premier o,,(n)
est la valuation m-adique de n). Si a el b sont des entiers naturels
[/b] désigne la partie entiére de a/b, c’est-a-dire que [a/b] est un
entier tel que: [a/b]< a/b < [afb]+1. N désigne ’engemble des entiers
naturels.

DerFrNiTioN. On dira qu'une suite d’entiers a, a4,... d’un corps
de nombres K = @ posséde la propriété P pour les idéaux m’ st m' de
méme noxrme m si @y, a4y, ..., 4,5, forment un systéme complet: de restes
modulo m""m’”* pour tout conple d’entiers positits ou nuls r et s tels que
748 = A,

Il ext clair que si une suite @y, ay, ... possdde la propriété P, elle est
injective, ' _ :

ProposITion 1. Soit ag, aq, ... une suite d'entiers d'un corps de
nombres I 5 Q possédant lo propriété P powr deur idéauz premiers
distincts m' et m'' de méme norme m. Alors, élant downdes devz appli-
cotions non décroissantes w et ¢ de N dans N, telles que w1t —=w soit une
application strictement croissanie de N dans N et que u(0) = #(0) = 0, on
peut définir une injection g de N dams N telle que si Pon pose b; = ay
on ait: o
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