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Concerning indecomposable continua
and upper semi-continuous collections
of nondegenerate continua*

by
Nell Elizabeth Stevenson** (Binghamton, N. Y.)

The first theorem of this paper gives a condition sufficient to ensure
that the closure of the union of the terms of a sequence of continua be
an indecomposable continuum. The second gives a set of conditions
sufficient to ensure that the closure of the union of some continua be
filled up by an upper semi-continuous collection of mutually exclusive
nondegenerate continua. These two theorems hold in any mefric space.
A corollary to the second theorem is that every compact, metric, heredi-
tarily indecomposable continuum is filled up by an upper semi-continu-
ous. collection of mutually exclusive nondegenerate continua. The re-
‘mainder of the paper is concerned with the description, in the plane,
of a ecompact indecomposable continuum which is filled up by an upper
semi-continuous collection of mutually exclusive nondegenerate continua
and which contains a decomposable continuum. The terminology and
notation used in this paper is, with a few exceptions, that of R. L.
Moore [2]. '

- TEEOREM 1. Suppose M,, M,, ... is a sequence of continua such that
for each positive integer n, My is a proper subset of Myi 1, My — My is
an irreducible continuum from M, to some point of Mpi— My, and

* Drawn from the author’s dissertation, which was prepared under the super-
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University of Texas at Austin in partial fulfillment of the requirements for the degree
of Doctor of Philosophy; presented to the American Mathematical Society, January
22, 1970. .
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36 ' N. E. Stevenson
w(Mpy Mpy— M) < 1fn (). Then if Myw Myw ... s hereditarily uni-
coherent, it is an indecomposable continuum. )

Prootf. Clearly, Myo M, v ... is a nondegenerate continuum. Sup-
pose it is hereditarily anicoherent. Suppose H and K are two continua
whose union is M; v M, v ... Suppose that, for some n, My is a subset
neither of A nor of K. Let P and @ denote points of My ~ (H—H ~ K)
and M, ~ (K—H ~ K) respectively. There is an &> 0 such that (P, K)
> & and 1(Q, H) > . There is an integer ¢ >7 such that 1/i < e. Then
Mi41— My intersects both H—H ~ Kand K—H ~ K, since (P, M1 — M)
< 1/iand UQ, My — M) < 1/i. For some point X of Mypa— My Mg —M;
is irreducible from X to M;. Bither H or K contains X. Suppose H does.
Then (Mi—M;) n H is a proper subcontinuum of M., —M; contain-
ing X. Since M;~ H is a proper subcontinuum of My~ H, My~ H
containg & point of Miun H—Min H. Since Mg 0 H—-M;,~H is
2 subset of (Mypr—Mq) nHy, (Mypa—Mg)n H intersects My H. Thus
(M —M;) ~ H is a proper subcontinuum of M;.,—M; containing X
and intersecting M;. This involves a contradiction. The supposition
that K contains X leads to a similar contradiction. Thus, for each =,
M, is a subset either of H or of K. Therefore either H or K contains

TaworeM 2. Suppose H is a collection of continua such that

(1) H* is compact,

(2) if a is a convergent sequence, each term of which is an element of H,
the limiting set of a is a nondegenerate proper subset of H*, and

(3) if >0, there is a 6 >0 such that if b’ and B are two elements
of H and Lk, k") <3, then either (k' n'"') < ¢ or u(h”, B < e

Then H* is the union of the elements of am upper semi-continuous
collection of mutually exclusive nondegenerate continua.

Proof. Suppose that g, g, ... and hy, s, ... are two convergent
sequences of elements of H having limiting sets ¢ and h respectively,
and g intersects k. Suppose neither g nor & is a subset of the other. Then
there exist an ¢ >0 and a positive integer » such that, if ¢ > n, there
are two points P; and @; of g; and h; respectively such that 1(Pq, k) > ¢
and 1(Q:, g:) > &. There is a § > 0 such that if A" and &'’ are two elements
(?f H and 1{k', ") < 0, then either u(h',’'') < & or u(h’’, h') < & There
is an integer k> n such that %(g, gx) < 6/2 and wu(h, hgx) < 6/2. Then
u(g n ke, gr) < /2 and w(g Nk, hx) < 8/2, therefore I(gx, hx) < 6. There-

() If M is a point set and P is a point, then by I(P, M) is meant the lower bound
of the distances from P to all the different points of M. If M and NV are two point sets,
thefl by H{M, N) is meant the lower bound of the values [I(P, N)] for all points P of I/,
while by «(#, N) is meant the upper bound of these values for all points P-of I{. It is
to be observed that (3, Ny may be different from u (N, M).
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fore either u(gr, hz) <e or w(he,gr) <e, so either [(Pr, k) <e or
1(Qr, gx) < & Since k > n, this involves a contradiction. Therefore one
of the sets g and h is a subset of the other.

For each point X of H*, let Jx denote the collection to which j be-
longs only if j contains X and is the limiting set of & convergent sequence
of elements of H. Suppose X is a point of H*. Since Jx is a monotonic
collection of closed and compact point sets, there is a sequence jy, Ja, ...
of elements of Jx such that, for each n, ju is a subset of jni1, and every
clement of Jx is a subset of some set of this sequence. For each n, j, is
the limiting set of a convergent sequence of elements of H, so there is
an element hy, of H such that % (jny hn)+%{ha, ju) < 1/n. The sequence
Ry, by .o Hias J% a8 @ sequential limiting set. Thus J% is itself an element
of Jx. Thus J% is J%. Suppose ¥ and Z aré two points of H*, and J%
intersects J%. Then, since each is the limiting set of a convergent sequence
of elements of H, one of J% and J% is a subset of the other. Suppose J¥
is & subset of J%. Then J% contains Y, so it is an element of Jy. Thus
JE is a subset of J%. Thus J% is J%. Similarly, it J% is a subset of J%,
Iy 18 J%.

Let @ denote the collection to which g belongs only if, for some
point X of H¥, g is J%. Then if g, and g, are two elements of @, g, and g,
do not intersect. Bach element of @ is both a nondegenerate continuum
and a proper subset of H*, and G* is H*, so G is a nondegenerate collection.

Suppose gy, ga, - is & sequence of elements of @, for each n, 4, and By
are points of gn, and A;, 4,, ... converges to a point 4 of the element g
of @. Suppose there is an infinite subsequence of By, B,, ... such that no
infinite subsequence of it has a sequential limit point lying in g. Then,
sinee @ is closed and compact, there i3 an increasing SequUeNce 7, Ma; ...
of positive integers such that gn,, gu,, .. converges t0 a set L that is not
a subset of g. Since Ay, An,, ... converges to A, I contains 4. For each
positive integer &, there is a set hx of H such that % (gng hx)+ % (ke gn)
< 1/k. The sequence f, fs, ... has L as a sequential limiting set. Thus
L is an element of .. Since J% is g, I is therefore a subset of ¢g. This is
a contradiction. Thus every infinite subsequence of B;, B,, ... has an
infinite subsequeénce that converges to a point of g. Hence G is an upper
semi-continuous collection.

COROLLARY. Hvery compact, hereditarily indecomposable continuum 18
filled up by an upper semi-continuous collection of mutually exclusive non-
degenerate continua.

Proof. It may be shown that if I is & compact, hereditarily inde-
composable continuum, the collection & of all nondegenerate subcontinua
of M satisfies condition 3 of the hypothesis of Theorem 2. There is a sub-
collection H of @ filling up A such that every element of H has a diameter
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at least 1/3 of and no greater than 2/3 of the diameter of M. The collec-
tion H satisfies the hypothesis of Theorem 2.
DeFINTTION. Let g be the graph of
1

1 . .
; 5 Sinz it 0<ag 2,
(#) =
1 1 . 1 .
§s = if §<m<1,

and let I, and I, be the vertical intervals whose union is J—g. The
coptinuum M will be said to be a @-set if and only if there is a homeo-
morphism % of j onto M such that h(I;) and k(I,) are vertical intervals
of length 1, and no vertical line contains two points of A(g). Loosely
speaking, a @ -set would be a copy of a continunm which could be obtained
in two reversibly continuous steps, the first step consisting of either
leaving § alone, or expanding or contracting § horizontally (while keeping

—g vertical), and the second step consisting of moving I; or I, or some
points of g either straight up or straight down or not at all. If M is
a @-set, the vertical intervals of M corresponding to I, and I, will be
called the ends.of M.

ExaMPLE. Let 4B denote an interval of the X-axis having length 4,
and let ¢ denote a Cantor set lying in AB and containing 4 and B such
that every component of AB— C has length less than 1. For each com-
ponent T of AB--C, let Ry denote the vertical rectangular dise (that is,
a rectangular dise with two of its sides vertieal) of height 1 which has T
as its lower horizontal side, and let Qr denote a @-set lying in Rz whose
ends are the vertical sides of Ry. Let M, denote the closure of the union
of all the point sets Qr for all components 7 of AB— (. Then M, is
a compact continuum which is the union of the elements of an upper
semi-continuous collection Hyp, of mutually exclusive nondegenerate
continua such that b belongs to Hyy, only if either & is an element of the

collection € of all points sets @Qr for all components 7 of AB—C, or h
does not intersect §* but is the limiting set of a convergent sequence of
elements of ¢. With respect to its elements, Hyy, is an are, and the end
elements of Hy, are the vertical intervals of length 1 whose lower end-
points are 4 and B. Every maximal vertical interval of M, has length 1
and is either an element of Hy, or an end of a Q-get element of Hyy,,
and is a component of the union of all maximal vertical intervals of M.
Every element of Hay, is either a maximal vertical interval of M or
a Q-set.

DerrNrrion. The statement that the continuwum M is an A-conginuum
means that M is a compact plane continuum which is the union of the

elements of an upper semi-continuouns collection H, » of mutnally exclusive
continua, such that
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(1) Ha is, with respect to its elements, an are, and ity end elements
are vertical intervals,

(2) each element of Hy is either a maximal vertlca,l interval of M
or a @-set,

(8) each maximal vertical interval of M has length 1 and is either
an element of H » or an end of a @ -set element of Hyy, and is a component
of the union of all maximal vertical intervals of M, and

(4) no vertical line infersects two elements of Hy.

If M is an A-continuum, the end elements of Hys will be called the
ends of M.

THEOREM 3. There exisis in the plane, a compact indecomposable con-
tinuum which contains a decomposable continuum and is filled up by an
upper semi-continuous collection of mutually exclusive nondegenerate continua.

Proof. Consider the example given above, The set M, is an A-con-
tinuum. There exists a finite collection .D; of vertical rectangular domains
(interiors of vertical rectangular discs). having height less than 1-F1/2
and width less than 1/2, that properly covers the union of all maximal
vertical intervals of M, such that the closure of each two elements of D,
are mutually exclusive. For each element d of D,, neither horizontal
side of 4 contains a point of M;. Let d,, ..., dx denote the elements of Dy,
numbered from left to right. For each ¢ from 1 to k—1, let ks denote the
element of Hy, that intersects both d; and d;4.. Let 6, denote a positive
number less than 1/2 such that if 1 <i<j <k U(hs,hy) > 6, and for

dy

b o et i et e it e e

Indication of M;, Dy and E;

each element d of D; and each point P of a horizontal side of the boundary
of d, (P, M,) > 6,. For each i from 1 to k—1, let e; denote the set to
which a point X belongs only if either X is a point of d; v d¢y1 such that -
U(X, ki) < 8,/2, or the vertical line Ax containing X separates di from diry
and }(X, Ax n k) < 6,/2. Let B, denote the collection of all e; for -all
integers 4 from 1 to %k—1.
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For each 4, 1.< 4 < k, there exist vertical rectangular discs #4 and s;4,
of height 1 lying in d; ~ e; and dipq N e; Yespectively and between the
vertical lines containing the ends of k4, such that r; and i1 lie beneath I,
(that is, for every vertical line i intersecting #: v 8iy1, A intersects If,
and A A (5 v 8;4,) lies in the component of A—24 ~ M, that lies beneath
A~ M,). There exists a. sequence f, %, ... of vertical rectangular discs
of height 1 lying in d; and beneath M, such that (1) % is r,, (2) for each n,
each vertical line intersecting #,;1 is to theleft of each vertical line inter-
secting i, and (3) ty, &, ... converges to L, the left end of M. For each ¢
from 1 to k—1, thereis a Q-set U; lying in e;—e; ~ M, such that the
ends of U; are the right side of r; and the left side of s;4,, and there are
two A-continua R; and 8;4; lying in ; and sy respectively and having
a8 ends the vertical sides of #; and the vertical sides of s;,; respectively.
For each ¢ from 2 to k—1, there is a @-set V; lying in di—d; ~ M, such
that the ends of V; are the right side of s; and the left side of r;. For each
7> 1, there is an 4-continuum 7T'; lying in #; whose énds are the vertical
gides of #;. For each ¢, there is a @-set Wy lying in d;—d; ~ M, such that
the ends of W; are the right side of #;1; and the left side of #;. The union

oo k-2
of I, __Ul(Wi U Tiya), jyl (Bsvw Ujo 8pppv Viga), and Bey v Uy v S

is an 4-continuum N, such that M; ~ N, is the left end of both M, and N,.
There is a vertical rectangular domain g containing M; ~ N, and
having height less than 1--1/4 and width less than 1/4, such that g lies
in d;, neither horizontal side of § contains a point of M, u NV,, and M,
and ¥, each contain only one point of the boundary of g. There is a posi-
tive number &, less than 1/4 and less than (M, —M; n g, Ny—N, A g).
There is a finite collection G, of vertical rectangular domains that properly
covers the union of all maximal vertical intervals of M,— M, ~ g, such
that each element of G; has height less than 14,4 and width less
than e,/4, the closures of each two elements of G, are mutually exclusive,
the closure of each element of @ lies in some element of D,, and neither
horizontal side of the closure of an element of &, containg a point of M.
There exists a similar collection G, for the union of all maximal vertical
intervals of Ny—N,~g. The closure of @ does not intersect N, v G,
and Gf does not intersect M,. Let D, denote the collection to which 4
belongs only if d is either g, or an element of @, or an element of G,.
Let H, denote the collection to which % belongs only if & is an
element of either Hyy, or Hy,. There are only finitely many elements of H,
that do not lie in D}. Let H; denote the collection of all such elements
of H,. Bach element of Hj lies either in D¥ or in Bf, There is a positive
number J, such that 6, < &, é, < 1(h, DF—D3) for each element % of H,
thati lies in DY, 6, < 1(h, B*—E?) for each element } of H; that lies in
vEf, 8, < I(R', k") for each two elements ' and A" of Hj, 8, < 1(h, d)
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for each element k of H; and each element d of D, that does not contain
an end of &, and 8 < U(P, M; v N,) for each point P of a horizontal side
of the closure of an element of D,. For each element h of Hj, let e; denote
the set to which X belongs only if either X is a point of an element of D,
containing an end of 2 and 1(X, h) < 6,3, or the vertical line Ax contain-
ing X lies between the two elements of D, containing the ends of & and
(X, 2x ~ h) < &f3. Let E, denote the collection of all the sets ex for
all elements & of H,. Bach element of F, is a subset of either D¥ or Ef.
" Using methods similar to those used above, sequences M, M,, ...
Ny, Nyy ooy Dy, Dy, ...y and Ey, By, ... may be described such that

(1) My, D, and K, are as described above,

(2) for each 4,

(a) N is an A-continuum, N; ~' N1, is an end of both N and Ny,
and if i+1 < j, N¥; and N; are mutually exclusive,

(b) M;is Ny ... Ny, and H; is the collection to which % belongs
only if for some j such that 1 <j < 2", h is an element of Huy,,

(¢c) D; is a finite collection of vertical rectangular domains that
properly covers the sum of all maximal vertical intervals of M;, the
closures of each two elements of D; are mutually exclusive, each element
of D; has height less than 141/2¢ and _width less than 1/2i; and if d is
an element of D; no horizontal side of d intersects M, d does not inter-
sect three of Ny, ..., Nyt and if, for each j from 1 to 2°7'—1, d does not
contain N; ~ Ny, then there is a §* from 1 to 27" such that & ~ By is
a subset of Nj,

(d) B, is a finite collection of conneeted domains that properly
covers the sum of all elements of H; that do not lie in D3, the closures
of each two elements of H; are mutually exclusive, each element 9f E;
contains only one element of H; that does not lie in Dz, g.nd if e is an
element of H; and h, is the element of H; lying in e but not in Df, th.en
(i) & does not intersect the closure of an element d ofx‘ D; unless 4 cox}tams
an end of h,, and (i) if A is a vertical line intersecting e and 1 ~e is th
a subset of D%, then 1 lies between the two elements of D; that 'contzun
an end of h, and A~ e lies in an interval of length less than 1/24, )

(¢) for each mnon-negative integer j < 91ty (Nyig, Neitgin) < 1/
and

(f) D} w B* does not disconnect the plane, Diyy < it is a subset
of DYy E%, Di, lies in Df, and every element of By les in either
Di or Ef.

Let M denote My v M, .... Then M is a compac!z continuum that
does not disconnect the plane and M contains no don_mm., hene.e no sub-
set of M disconnects the plane. Thus [1] M 18 hereditarily unicoherent.
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The sequence M;, M,, ... satisfies the hypothesis of Theorem 1, thus
M is indecomposable. For each 4, M; is decomposable, hence M containg
a decomposable continuum. Let H denote the collection to which % belongs
only if, for some i, k is an element of H;. Every element of H has a di-
ameter at least 1 and not greater than 4. Since H* containg M,, which
has a diameter greater than 4, H* has a diameter greater than 4. Thusif ais
a convergent sequence, each term of which is an element of H, the
limiting set. of « is a nondegenerate proper subset of H*. If &£ > 0, there
is an 4 such that 1/i < &, and there is a 6 > 0 such that § < 1(dy , dy) for
each two elements d, and d, of D;, § < l(e,, ;) for each two elements e,
and e, of B, and § < 1(, d) for each element ¢ of B; and each element d
of D; that does not contain an end of the element of H; lying in e but
not in D¥; § is a positive number such that if 2" and A" are two elements
of H and U}, h") < d, then either u(h', k") <e or u(h”, ') < e. Thus
the collection H satisfies the hypothesis of Theorem 2. Since M ig ﬁ*_,
it follows that M is filled up by an upper semi-continuous collection of
mutually exclusive nondegénerate continua.
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One-dimensional n-leaved continua
by
Gail H. Atneosen (Bellingham, Wash.)

It is well-known ([3], p. 60) that all one-dimensional continua are
embeddable in Buclidean 3-dimensional space. A continuum is a compact
connected separable metric space. Continua which are embeddable in
Fuclidean 2-dimensional space are called planar continua; one-dimensional
planar continua have been extensively studied, see for example [8]. In
+this noté we study certain one-dimensional continua that generalize the
notion of planar continua. All planar continua are embeddable in a geo-
metric 2-simplex. An #-book, B(n) for neZ (Z denoting the positive
integers), is the union of » geometric 2-simplexes such thatb each pair of
2-gimplexes meets precisely on a single geometric 1-simplex B on the
face of each. The 2-gimplexes are called the leaves of B(n) and B is its
back. Planar one-dimensional continua are said to be 1-leaved. A one-
dimensional continuum X is said to be n-leaved (n = 3) if X embeds in
B(n) but does not embed in B(k) for 0 <k < n. Of course, there are
one-dimensional continua that are not n-leaved for any n € Z, for example
the universal curve [1]. '

Ttilizing Sierpiriski’s universal plane curve [6], we construct a uni-
versal n-leaved continuum. It is shown that all one-dimensional sub-
continua of a surface (a compact comnected 2-manifold) are n-leaved
where 0 < % < 3. Borsuk ([2], p. 79) has given an example of a locally
plane and locally connected one-dimensional continnum which is not
embeddable in any surface. This continuum is shown to be 3-leaved.

First, we construct a universal n-leaved continmum (n = 2). Let
D, D,, ... be a sequence of closed disks in B(n) such that D, for all i« Z,
does not intersect a 1-simplex in the face of any of the 2-simplexes in

B(n), D D, is dense in B(n), and the diameters of the disks D; converge
=

to zero. Let §(n)= B(n)— GIntlh (Int = interior in the sense of mani-
izl ]

folds). It follows from results of Whyburn [7 1 that 8(n) intersected. with

a leaf of B(n) is homeomorphic to Sierpingki’s universal plane curve and

that if another sequence of disks Hy, By, ... satisfy the same conditions
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