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Since sy (f, #) = o(logN) for a.e. #, we see that sy(f, #)in(p, ?) = o(1)
for a.e. t,# as N — co. By summation by parts we have

N
D hale, ) 4,(f, )

and thus Theorem 3 completes the proof.

N-1
= D7 gy (9s 0)5;(f, 0) +x(F5 0) Ax (0, 1),

§=0

6. We conclude with two remarks.
Rema.rk 4. If one were only interested in the validity of the exigtence

of hmZ Aoy, 0)85(fr @
an appea,l to the Carleson—Hunt [1, 2] result would suffice. More precisely,

) for a.e. ¥, a.e. » (instead of every ¢), then

if feI* and peBV, or just |a,(p) = O (Z)’ then, since s, (f, #) = o(logn)

for a.e. x, the trigonometric series >4, (¢, £)s,(f,
Hence hm §‘ A, (¢, 1), (f, 2)
T

) is for a.e. » in L2(dt).
exigts for a.e. ?, a.e. .

Remark 5. It is natural to éJsk for what subsequences {7} is it true
that Ex:ozo‘ 4;,(9,0)8(f, v) exists for every ¢ and a.e. . Here ¢ = 3'4,(p, 1)

isin BV and feLlogL. The writer does niot know whether 4; = j or 4, = 2j
are sufficient. However, it is easy to see that one cannot choose {i;} arbi-

trarily. For, if ¢(f) =2 st

,Whlch is in BV, and 4 = 4j+-3, then

sing; /2
2~—f~/— = —oo, and the above limit does not exist for f = 1.
3 ‘
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On weak and Schauder decompositions

by
M. DE WILDE (Lidge)

Abstract. We prove a general result about weak and Schauder decompositions
which extends the well-known equivalence between weak and Schauder bases in
Fréchet spaces.

All the spaces considered in this paper are locally convex topologmal
vector spaces.

Let F be such a space. Consider a vector subspace L of F' and assume.
that there exists a sequence of vector subspaces L; such that, for each

feL, we have  w
f=2Ffu feli
i=1

where the f; are uniquely determined by f and the series converges in
the topology (or the weak topology) of F. We write F,, for F equipped
with its weak topology.

The maps 7; defined from L into L; by =,;f = f; are trivially linear.
Moreover, each 7; is the identity in L nL; and 7, =0 in L nI; for
each § #14. .

The sequence L; is called a decomposition (resp. a weak decomposition)
of I into the L,. It is a Schauder decomposition if the v, are continuous.

In this paper, we shall use the closed graph theorem of [2], which
states that if T is a linear map from an wultrabornological space E into
a space F admitting a net of type € and if the graph of T is sequentially
closed in E X F, then T is continuous.

We refer to [2] for the definition of nets.

TEEOREM. Let B be an ultrabornological space and let F be sequentially
complete and admit a net of type %.

Let T be continuous from B inio F and assume that its range TH admits
a weak decomposition ('resp a decomposition) into sequentially closed sub-
spaces L; of F,

= yT«cg: Tigelsy,
Then, =1
(«) the ©,T are continuous from H into F,

VgeTE.
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" .
(B) the sequence (3 v, T)pay is equicontimuous in £ (H, F),
00 =1

() T = 3 w7, the series being comvergent in Lpe( Ty Iy) [resp, in
=1

Lol By F)].

In the last assertion, %,.(F, F') denotes the space of linear contin-
nous maps from F into ¥, equipped with the topology of uniform con-
vergence over the precompact sets of F.

CororLARY 1. If F 4s bornological anmd sequentially complete and
admits a net of type. €, any weak decomposition of F is a Schauder decompo-
sition.

Since Fis sequentially complete and bornological, it is ultraborno-
logical.

Applying the theorem with B = # and T = I, we obtain that the

k3
7; are continnous. Moreover, the sequence (5 T)men 18 equicontinuous.
t=1

Thus, by the Banach—Steinhaus theorem, it converges to I if ( é’n T f)msN
: . =1

converges to f for any f in a total subset of F. Since the series S"T,L- f are
o o1
weakly convergent, the set ) I, is weakly total, hence total in%F. More-
i=1 oo
over, for any feL;, 7;f = f3,, hence D) ©f converges to f
J=1

COROLLARY 2. Let B be wltrabornological and let I be sequentially
complete ond admit a net of type %. If T admits o weak basis eyt =1,2,...,
such that

oo

9= 4ge,

=1

Vgl

and if T s a continuous linear map from B into F, then the 4,(T-) are
continuous linear forms in I, ‘

It is an immediate consequence of ‘the theorem, because each I, is
here the linear hull of ¢, and hence it is closed.

Proof of the theorem. a) Assume that the topolog'y of iy defined
by the system of semi-norms Q.

‘We denote by I, (F) the space of all bounded sequences (f, ) of I,
equipped with the system of seminorms

O [(fdmew] = $UDG(f,),  geQ.

Sinee F is sequentially complete and admits a net of type %, it
follows from [3] that lo(F) admits a net of type %. .
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For any feH, the series }' 7,Tf is weakly convergent to Tf. There-

=1
fore, the sequence of partial sums is weakly bounded, thus bounded, by
Mackey’s theorem. Hence that sequence belongs to I (F).
Let 7" be the map which, to each fcE, associates the sequence 7'f
. m
= (Y ©Tf)nen. It is a linear map from F into 1 (F).
=1 .
b) The graph of T’ is sequentially closed in B x I, (F).
Assume that £ converges to f in E and that T'f® converges to
(A )men I0 1o (). Lt us prove that, if we write hy = 0, then 7, Tf = hy, — hyy_y
for each m > 0. It follows therefrom that 7'(f) = (hy)mw, hence the
conclugion.
The sequence (A,,),,.y converges or converges weakly to Tf aecording
as the 7; define a decomposition or a weak decomposition in F. Indeed,
let g<@ be fixed. We have

m s m
9(Tf =) < g(TF = TfO) +(TFO — 3 7, T10) ¢ ( 3 T — 1)
7=1 i=1
Since T'f® converges t0 (hy,)mey i Lo (F), We have
m
supq( rfom—hm) -0
m o1

if ¢ —» co. Moreover, since T is continuous, Tf® converges to Tf in F.
Therefore, for = > 0 given, there exists i, such that
m

¢ IO —h) <ef3,

=1

o(Tf—TfY), vm, Vi
Let us take ¢ =4,. If the 7, defines a decomposition of TH, there exists m,

such that
q (Tf(io) —_ 2 .(ij(io)) <ef3, Vmzm,,

j=1
hence
9Tf = hy) < &4
and (h,,)men converges to Tf.
Let us consider now the case of a weak decomposition. Let 7~ be an
arbitrary continuous linear form in F. There exist then ¢ >0 and geQ
such that |7 (¢)| < Cq(g) for each geF. We have

Vm = my,

+7 (Suar—t)

i=1

V(T —hn)| < |7 (TF = ZO)| +| 7 (270 — 37, T )
i=1

m

< [f(Tf“') — > 5Ifo)

7=1

+0g(If —If®)+ Og ( 3 75 If O —h).
j=1
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Tor ¢ > 0 given, by the preceding arguments, the two lagt terms in the
last member are less then £/3 for ¢ large-enough. For such an ¢ fixed, the
first term in the last member is less then /3 for m large enough, because
the 7; define a weak decomposition of T'E. Hence (&,),.x converges
weakly to Tf.

Moreover, hy, — by, < Ly, for each m > 0. Indeed, since 7'f® converges
10 (Mpmew 1D 1o (F), the sequence v, Tf® converges to h,,—h,_, for
each m > 0. Thus, since the L, are sequentially closed, h,, — h,,_,eL,,.

By virtue of the unicity of the decomposition into the IZ,, from

If = Z‘ (b —

hence Tf = (P men-
¢) By the closed graph theorem (see [2], p. 28), the map 7" is contin-
m

b))y, we deduce that h,—h,_, =7, If for each m,

uous from ¥ into I, (F). Thus, the sequence ( 3 TiT)msN is equicontin-
1

=
uous and, hence, each 7,7 i# continuous.
m
Since ( }' 7,7T),n s equicontinuous, the lagt assumption follows
1

=

from the Banach-Steinhaus theorem.
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A new definition of nuclear systems
with applications to bases in nuclear spaces

by
ED DUBINSKY * (Warszawa)

Abstract. The concept of nuclear system was introduced by the author in an
earlier paper in the same journal as a means of constructing examples of nuclear
Fréchet spaces. In this paper the definition is simplified by showing that a nuclear
Fréchet space on which there exists a continuous norm can be represented as a pro-
jective limit of imjective nuclear maps on a Hilbert space. This permits the solution
of two problems given in the first paper and the improvement of some results in that
paper.

These results are applied to the problem of existence of Schauder bages in
nuclear Fréchet spaces. An equivalent condition for existence is given and also
a test for when a given sequence is a basis. Also a theorem on perturbation of a system
with a basis is proved.

A subsequent paper will apply these results to concrete examples of nuclear
Fréchet spaces.

The concept of nueclear system was introduced in [2] as a means
of constructing examples of Fréchet nuclear spaces and studying the
basis problem. In the present paper we give a simplified definition of
nuclear system, somewhat anticipated in [2] (see problem 4° of [2]) and
obtain new results about nuclear systems and the existence of Schauder
bases in Fréchet nuclear spaces.

In Section 1, the new definition is given and it is shown that nuclear
systems still characterize full Fréchet nucledr spaces (see below for defi-
nitions).

In Section 2 the main results of [2] are restated according to the new
definition and new results about nuclear systems are obtained.

In Section 3, we prove new results on the existence of a Schauder
basis in the associated space of a nuclear system. We are able to-derive

* Most of the research described in this paper was done during academic year
1969-70 while the author held a research associateship at MoMaster University,
Hamilton, Ontario. This opportunity was made possible, under extraordinary
circumstances, through the efforts of B. Banaschewski and T. Husain. The author
retaing the deepest gratitude and highest respect for these colleagues, their depart-
ment and MeMaster University, whose actions in a crisis were exemplary.
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