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#, and #,. By general interpolation theory (cf. [4] for instance) it fol-
lows from the compactness of the imbedding J: o) < &, and from
Theorem 3 that, for every « < 10, 1], 1° #, is compactly imbedded in 27,,
2°TH, = #,, and 3° Ty 18 compact in the norm |.|,. We can formulate
the following.

THEOREM 4. Let o be a Hilbert space and A e B{s#) of class (Q). Then
there exist Hilbert subspaces A~ for A with compact imbedding into #,
which can be chosen “arbitrarily close” to H#, and so that A|, is compact.

With regard to ordinary invariant subspaces of 4 in 22, we propose
the following.

ProsieM. Let # and A « B(#) be as in Theorem 4. Find some A
as indicated there and o mazimal chain of invariant subspaces (or ai least
one invariant subspace) for the compact Al , none of which is dense in #°.

Added in proof. Some of the results of this paper have been announced in
“Sous-espaces hilbertiens invariants pour un opérateur linéaire”, C. R. Acad. Seci.
Paris, Sér. A-B 272 (1971), pp. 251-253.
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On reflexivity and summability

by
ALBERT BAERNSTEIN II (Syracuse, N. Y.)

Abstract. We construct a reflexive Banach space containing a weak null
sequence such that no subsequence has strongly convergent (C, 1) means.

Let B be a Banach space. We shall say that E has property (BS)
if each bounded sequence in F possesses a subsequence whose (C,1)
means converge strongly.

Banach and Saks [1] proved that L,(0,1) and I, have (BS) for
1< p < oo, while Schreier [7] showed that C[0,1] does not. Kakutani
[3] proved that every uniformly convex space has (BS). Nishiura and
‘Waterman proved that every (BS) space is reflexive, and showed, in
the other direction, that for each bounded sequence in a reflexive space
there is some positive regular summability method T and a subsequence
whose T-means converge strongly. This led Sakai [6] to ask if there exist
reflexive spaces which are not (BS). Klee [4] exhibited certain non-(BS)
spaces, but Waterman, Ito, Barber, and Ratti [8] showed later that
these are also non-reflexive.

The following construction provides an affirmative answer to Sakai’s
question. Denote by y a finite non-empty set of positive integers such
that the cardinality of y is < the smallest element of y. Let I' be the set
of all such y. Write y < »' if the largest element of y is < the smallest
of y'. For y « I' and @ = {w;}2, a sequence of real numbers, define

a(@,9) = D l@l.
Tey
For {y;} a sequence in I" with y; < ypy,(k>1) define

]

(1) o(@, i) = o, m)"

=1
and define
HWH = supa(m, {Yk}):

where the sup is taken over all such sequences {y}.
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Let E be the set of all 2 with norm ||| < oc. It can be shown in the
usual way that F is a Banach space. Let ¢,(n = 1, 2, ...) be the sequence
with (e,); = 1 for ¢ =, (¢,); = 0 for ¢ = n. Then [e,| = 1. We claim
that
(2) {e,} is a boundedly complete shrinking basis for K.

If we assume (2) then, by a theorem of James [2, p. 71], B is reflexive.
Moreover, {e,} is a weak null sequence, since it is a shrinking basis. Let
r be a strictly increasing function from the positive integers into them-
selves. If the strong limit of

n
~1
s =97 Yo
=1

exists, it must be zero. This is impossible, since the choice y = {r(n +1),
r(n+2), ..., #(2n)} shows that |s,,]|> 1/2 for all n. We conclude that
F does not have property (BS).

Prootf of (2). We first show that {e,} is a (Schauder) basis. For

n
7 e B write T"¢ = z— Yw,e;. It {¢,} is not a basis there exists # ¢ ¥ with
=1
|T%2] > 1 for all n. In particular, || > 1, so we can find y, < yy<<...
oo < Yp In I’ with
(1)
Za(w, ye)? > 1.
k=1
Let m be larger than the largest element of Yo Since ||T™x|| > 1, we
can find ypq ., < Voya < oo < Ype) With Vo) < Vpm+1 A

2(2) 11(%) :
D olmmt= ) oz, p)l>1.
E=p(1)+1 k=p(1)+1
Hence
@)
el = X' alm, y)* > 2.
=1
Continuing this procedure, we deduce [l@] = co.

Assume next that o = {z,}{, is a real sequence with

n
sup ”2 ;6;
* Tg=1

An easy argument shows that » « B. Hence
Yo, =,
=1

sinee {¢,} is a basis. Tn particular, the series converges. Thus {e,} is
boundedly complete. . ¢ el

< oo,

icm
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It remaing to be shown that {e,} is a shrinking basis. This means
that : ‘

3 sup Iu(j w,-e,-)1—> 0 (n—> o)

Nef<1

<

for each % « B*. Assume that (3) is false. Then there exists 6 > 0, a strictly
increasing sequence {p(m)}n-, of positive integers with p(1) =1, and
a sequence {#™)} in F such that [z™[<1, u(@™)>6 and 2™ =0
unless p(m) < i< p(m+1). Put @(0) =1, and then define

Qi) =Q(n—1)+p(@(—1)) (v =1,2,...).
Define
Qn)—1
w™ =i__.__l_.._. ™
7 Qn)—Qn—1) <

and let # be the sequence defined by
(P(Qn—1) < i< p(@(m)).

—
2; = wiM

o0
‘Our proof is complete if we can show that 2 < B, for then » = 3 »®™,
. n=1

with convergence in F, and this is incompatible with u(w™) > n~4.
Let {y;} be a sequence ag in (1). For n =1,2,... let

A(n) = {k: smallest element of y, is in [p(Q(n—1)}, »(@ ()T}

and let u(n) be the largest element of A4 (n). Since o(x, y;) = o(w™, p;)
for ked(n), k<< u(n), we have
(4) D 0@, v < [P+ 0 (@) p )™

ked(n)
Now Jw™|<n* To estimate the other term on the right, write
Yum =7 V", where y' =y 0 (0,p(@(n)),y =y”—y. Then o(z,y)
= g(w®, ') < n~%. Moreover, y,m eI, s0 o(®,y”) is the sum of less
than p(Q (n)) terms, each of which has the form oN “HQ(N)—Q (N 1)1,
where 0 <a<1 and N>=n-+1. Since Q(N)—@ (N —1) = p(@(N 1)),
and p is increasing, each term must be less than n~"[p(Q(n))]™", hence
o(%, y") < n7', hence

(@, Vuw)? = [0(@, y') +0(@, ") < 40~

hence the sum in (4) is < 5n~% Thus

.

o(z, {?’k})z =Z 2 o(z, '}’lc)2

=1 ked(n)

has a bound independent of {y,}, and thus < H.
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About the space N 1,, p > 0.

by
L. WAELBROECK (Brussels)

Abstract. We give a few properties of the space of sequences (an) such that
Jlayi? converges for all p > 0. The fact that the algebra of continuous linear trans-
formations of this space has a natural, locally psudo-convex, locally multiplicatively
convex, Fréchet topology is rather unexpected. This space also provides a negative
answer to a question of W. Zelazko.

1., is the space of sequences (), such that Dy = v,(a) is
finite for all positive p, with the Fréchet locally pseudo-convex topology
determined by the pseudo norms #,. The reader may find the following
observations about this space amusing.

The elements of I,, are the sequences whose decreaging rearrange-
ments belong to the space s of rapidly decreasing sequence. If we equip
s with the usual topology determined by the norms supn’|a,|, the identity
mapping s —1,, is continuous. Permutations of N induce on I, an
equicontinuous family of linear transformations. A translation invariant
topology 7, on 1., is weaker than the given one if it induces on s a weaker
topology than its usual one, and if permutations of N induce on [
& J-equicontinuous system of transformations at the origin.

These facts are either trivial, well known, or follow from the obser-
vation that |a,| < en~'2 if (4;) is the decreasing rearrangement of (a,)
and '|a,? < &% .

Let T: 1, —1,, be a continuous linear transformation. Let B, be
the set of sequences (a,)<l., such that vp((an)) < 1. Then 1131, is closed,

abgolutely p-convex, and a neighbourhood of the origin. T'(B,) is then
also a closed, absolutely p-convex neighbourhood of the origin in I.,.
Being a neighbourhood of the origin, it contains eB, for some & >0,
p’ > 0. Further, the closed, absolutely p-convex hull of B, is B, when

-1
p' < p, so that TB, = &B,.
In other words, 7' extends to a continuous linear transformation
of 1,, for all p, 0 < p < 1. We can define 7,(T) by

3, (T) = sap{r, (T) |7, (%) < 1}.


GUEST




