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2 = D,(bv). Since (¢;, E;) is a basis for ¥ it follows that H is bv-inva-
riant [3] and so & (cs, B) = S(4,47) = §(4,) = F. In this situation
one may have DN (¢s, B) § E. For example let B = ¢, then the condition
that D map L(es’, &) into L(cs’, ¢}) is not satisfied [to see this consider
the natural isomorphism of ¢s’ = bv into ¢ = I, given by To = (v,, w,—
— @y, @y —y,...)] and so by Corollary 4.2 DN (cs, ¢))  ¢,.
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Helson sets and simultaneous
extensions to Fourier transforms

by
COLIN C. GRAHAM* (Evanston, Ti.)

Abstract. A tensor algebra proof of this result is given: if K is an infinite Helson
subset of an LCA group @, then there does not exist a continnous linear map B: C(K}
= A(K)—> A(G) such that BEf(k) = f(k), for all ke E.

1. A compact subset K of a LOA group G is a Helson set [5] if every
fe C(K) may be extended to a Fourier transform Fe A(G). We have this
result:

TrrOREM. Let K be an infinite Helson subset of a LOA group Q. Then
there does mot emist & comtinuous linear map B: C(K)—> A(G) such that
Ef(k) = f(k) for all ke K.

More general results of this form have been proved: see [2], [8], [10],
[11]. The fact that the existence of the map B of the theorem implies
that BEC(K) is complemented in A (@) implies (when @ is the circle group
and A4(@) =~1') that weak sequential convergence and norm econver-
gence in C(K) are equivalent (see [7], p. 431]). In this note we give a simple
proof of the theorem, using tensor algebras. It is not too hard to see that
& technique of Katznelson and McGehee [6] may be used, along with
our proof, to show that if K < R is a convergent sequence, then there
is no continuouns linear map ¥: 4 (K)— A(R).

A Helson subset K of the circle group has the property that every
fe O(K) has an extension to an absolutely convergent Taylor series (this
was due to Wik; (gee [5], p. 145])). The theorem shows immediately that
aresult [9] of Petezyniski for the disc algebra fails for absolutely convergent
Taylor series.

‘We shall write PM (@) for A (@)*, and M (X) for the set of regular
Borel measures on a locally compact space X.

DermnrtioN. If R and S are Banach spaces, R§&S will denote the
closure of R x 8 in the projective norm (see [3], [13]). If B = C(X) and
8 = (0(X), we set V(XXY)=R&S =C(X)HC(Y).

* Partially supported by the National Science Foundation (USA).
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© Lmmma L. If K is a compact subset of a LOA group Gy, § = 1,2, then
A(K)QA(K,) = A(K;xXK,).

LeMMA 2. ([4], 42.6). If R < O(X) and 8 < O(Y) are regular commu-
tative Banach algebras with maximal ideal spaces X, and Y rospectively,
then RQS is a regular commutative Banach algebra with maximal ideal

space XX Y.
LevmA 3. i) If B: A(K)—> A(G) is any continuous linear map, then

BEgH: AR)QAK)—~AGXG) = A4(F)QAQ)

is @ continuous linear map with |BQE| < B[
ii) If K 1s a Helson set and u,ve M (@), then (B Q E)*(uX v)e M (K X K)
and ‘
I BB (uX )z < 112l aziey Wl aacay -
Proof. i) is exactly formula (2) of page 37 in [3]. ii) iz a simple
' computation:
T (BERE) (uxr) = (BN Q(E) (u®) = (B" )@ (H*»)
= (B* 1) X (E*v)e M (K x K),
and
18" il 32z0y < 1B l|llpae < 1" |14l 2 -
Now ii) follows.
(The first equality results from evaluation of both sides on elements
f®g) = _
COROLLARY. If fe V(K X K) = C(K)QC(K), and K is Helson, and B
48 a continuous linear map, then

1B QEf o < I1E1211f 1o

where |||, denotes supremum norm.
Proof. If (z, y)e G X G, let 4 = 6, and » = §, be unit point masses
at # and y respectively and apply ii) of Lemma 3:

EQEf (@, y)| = KEQESf, px»y| = KKf, (BQI)* (ux )|
< llo LB 2V tllng 9z = N[ loo-

Proof of theorem. ¥ Bg< O(X) iz any commutative Banach

algebra with maximal ideal space X, we denote by B the set of functions
feO(X) such that there exists f,e B with sup|f,/lz < co and f, —f uni-
formly on X. We define, for fe B,

If1l5 = int {{sup |fulla: fu~>f wniformly}}.

e ©
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Tt is easy to see that B is & commutative Banach algebra and B is a (po-
ssibly not closed) subalgebra of B.

We reduce to the case, K is metrizable.

Let ge O(K) be any function such that g (K) is infinite, and 0¢ g(K).
Let R be the uniformly closed self-adjoint subalgebra of C(K) generated
by g. Then, for some compact Hausdorft space L, R ~ C(L), and there
Is a continuous map w: K L such that fox(k) = f(k), fe R < O(K),
where f is the Gelfand transform, of f evaluated at m(k)e L. Note that L
is metrizable and that & induces linear maps (X z)"r V(Lx L) > V(K X
X K) and (xzm)": V(Lx L)~ V" (Ex K); note that (zx =) (f)(z, ¥)
= f(n(@), #(¥) so I@x ) (f)le = Iflle. These maps are isometries
(this follows from [12]).

Because L is metrizable there exist ([1], [14]) fae V(L X L) such that
J;:—Hl”E g(L X L) uniformly [fle <3, Ifly <1, and ||ffip~iyz =1,
= ) PR
Since (Lemma ~2) the maximal ideal space of V(K x K) is KX K,
we see that (wxx) f¢ V(K x K). On the other hand

n = BQB(aXm) e A(GXE)

converge uniformly to F, say, by the Corollary to Lemma 3. It is obvious
that (B X B) (X x)¥ f, (ke ko) = F oy, ko), (kiks)e KX K. So

(*) im B, (ky, ks) =f(ky, ko), uniformly for (k,, k)« K X K.
T~>00

Since f¢ V(EX K) = A(Ex K) (Lemma 1), we see that lim 7,

¢A(Gx@). But Katznelson and McGehee [6], (*) and sup|F,] 4@x6)
< oo imply Fe A(GxG). This contradiction shows there do not exist
maps F having the assumed properties.
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Oﬁepa'fop CYHEPHO3HUME B MOJYJISPHBIX
(YHKIHOHANLHEIX TPOCTPAHCTBAX

W. B. IPATHH (Tam6os)

Pesiome. 1ICCIOAYIOTCA YOTOBAA BIOKEHHS HEKOTODHX KIACCOB HBMEDHMELX
¢yrrumit. Har cuefcrsus sTHX yCIOBHI IOTy4eHH DABIHYHHE NpPeII0HKEENA 0 Hei-
CTBAX U OTDAaHAYEHHOCTH OLEPATOPA CYNEPIOBHIHE B IPOCTPAHCTBAX, ABIAIOMEXCHA
mupoxnmy oGo0meRnaMu npocrpadcTs Opamda, YCTAHOBIEHH TARAE HEHOTOPHE
CEOMCTBA TARMX TPOCTPAHCTB.

9Ta CTATBA COMNEPIRAT NONPOGHOE MBIOMKEHWE TACTH DE3YILTATOB,
AHOHCHPOBAHHEX B [9] (MBI He 3aTparuBaeM 37ech BOIPOCOB, KACAIOIMUXCA
HEIIPePEIBHOCTH OLeparopa cynmepmosmmuu), Todmee rOBOPsA, 31eCh H3IA-
rarorea Gomee obmue mpepoKenns, 9eM B [9]. Ilemo B TOM, YTO IO BIHA-
HueM padorsr JI. Ipesmoscroro m B. Opumaa [4] MBI ocatumm orpanm-
"eHEA HA (QYHKIND, TOPOMTAIOILYI0 OIEPATOD CYHEPIosHINA. Bimamme
paboti [4] crasamoch I B TOM, 4T0, B oTiHYME OT [9], mpemmoxenns o6
onepaTrope CYNEpHOSUIMK IOIYIAIOTCA 3XeCh KAH CIEICTBHA HECKONBRUX
o0mux HaKTOB, OTHOCAIUXCA K BIOHEHUI0 HEKOTOPHIX KITACCOB (yHKIMIL,

PaGora cocronr w3 marm naparpados. B § 1 mokasnBanTCA HBE BCIO-
MoraTenbHbIe IeMMBl M3 TEOPHH MEPHL I HaTerpana. B § 2 yeranasiusanTes
HeOOXOMUMEIE W JOCTATOUHEIC YCIOBHA BIOMEHUA HEKOTOPHX KIACCOB
u3MepnMEX GyHEIUE. B § 3 comep:RaTCA MPeNII0KEHHs 0 TefiCTBIN oIepa-
TOpa CYyNepmOSHINM B MOIYIAPHBIX NPOCTPAHCTBAX, NOPOKIEHHEIX TaK
HA3HIBACMEIME UpeNrenyHRumAMKE u readymxnuamu.. Kpome Toro, mpu-
BOJATCA HEKOTOPHE (AKTH 0 BIOKEHHH TAKEX IPOCTPAHCTS. § 4 IOCBALIER
CBOYCTBY OTDaHMYEHHOCTH ollepaTopa cymepmosminu. B § 5 ycramasmm-
BAIOTCA HEOOXOMUMEIE M XOCTATOYHEIE YCIOBHUA OTKPHITOCTH ‘U BAMRHEYTOCTH
wracca Oprmya B MOAyXApHOM F-IPOCTPAHCTBE, IOPOKAEHHOM TreH(yH-
KIaei. i i

9TH TOBONBHO PasHOPOMHEE (AKTHL CBAZAHEL MEMIY OG0 crmocoGom
TONLy9eHUA: NOYTH BCE OHM BHBOAATCA uM3 Jlemmsr 2.2. Tlpumensemsrit
B 3TOl paboTe METOX MCCIeTOBAHMA ONEPATOPA CYEPIIO3HIMY (ITOT METOJT
BIIEPBHIE UCHONL30BAH B [2] 1 [3]) HECKONEBKO OTIMYEH OT METOMOB JAPYTHUX
aBTOpPOB (CM. Ombmmorpadmio B [4]). OTMermM eme, ¥TO 3ECh CYIIECTBEHHO
UCHONb3YETCA ~HEATOMHYHOCTh Mepsl. Jlua ciydas aToMudecHodl Mepst
AHATIOTHYHEIE PE3yIBTATHI AHOHCHpPOBaHHL B [11].
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