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An application of a functional equation
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n
1. lntroduction. Let P=(p1,...,p,,), P = 2

Q
I

n

= (151 @)y >0, Z G=1and E = (ry,..cm), 730 g?
be three finite dlscrete probablllty distributions. Then we define a gen-
eralized directed-divergence function of type 8 (8 # 1) and a generalized
directed-divergence of type f (f # 1) as follows:
DEFINITION 1. A real valued function f defined on I X I X I, where

I =10,1], is called a generalized directed-divergence function of type B
(#1) if f is a solution of the functional equation,

0 f(@,y,z)+(1_w)(1_y)ﬂ—1(1_ )_ﬂf(l x’ 10?/ 1®_Uz)

=f(’u,’v,’l,())—l—(l—’M,)(l—-@)ﬂ_l(l—W)l_ﬁf(lfu1 139 ’_l.j’lU)

for z, y, 2, u, v, we [0, 1), ¥+ u, y+v,2+we I, satisfying further

(2) f(0’070) =f(17171)
and
(3) f(lily‘%) =f(07 01%) =1.

DErFINITION 2. If f is a generalized directed-divergence function of
type B (# 1) as defined above, then the generalized directed-divergence
of type g (#1) is defined by the relation

D1 oo Pp
4 {q ... “2}? p-1pr-sp(Pi i T"
Ty oo Ty o

where P;=p,+...+p, @=¢+..+¢, B=r+..+r for
t=1,2,...,n with P, =Q, = R, = 1. '
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The object of this paper is to solve the functional equation (1) and
to find I and to discuss some connection of these quantities with the
existing measures of information. This has been done in subsequent
sections to follow. The case g = 1 will be discussed by us elsewhere.

2. This section deals with the solution of the functional equation (1)
under the boundary conditions (2) and (3) and then to utilize this solution
in finding the expression of I?.

THEOREM 1. If f is a solution of the functional equation (1) salisfying
the additional conditions (2) and (3), then f has the form
(6) fl@,y,2) =2’ 2P+ (1 —a)(1—9y)f (1 —2)"-1)(2 " —1)!
for all z,y,ze 1 and conversely.

Remark. In (5) we use the convention 0° = 0 (¢ # 0) but nowhere
in the proof of the theorem 0° = 0 is used. Only to put the solution of (1)
in the form (5), this notation is used.

Proof. Taking =0, y =0, 2 =0 in (1) gives f(0,0,0) = 0 and
hence from (2), we get

(6) f(11171)=f(010,0)=0~

Now replacing %,v,w in (1) by 1—2, 1—y and 1-—=2 respectively
and applying (6), we have

(M) fl@,y,2) =fl—=2,1—y,1—2) for @,y,2¢(0,1).

v W
{ =1—2zin (1), (1) takes the form

(8) f—¢&,1—n,1-0)+&/0" f(p,q,7)
= f(®¢; qn, ?’C)-I-(1—p£)(1—qn)"‘1(1—r4“)1“’xf(

Withp=$,q= =1—-2, n~=1—y and

1—-¢§ 1—9 1—&')
l—pE’ l—qn’ 1—7rL

for all p, q,reI and &, 7, (e (0,1] such that pé # 1, qgp # 1 and r{ # 1.
Putting £ =1, =1, { =%, r =0 in (8) and using (3), we get

@ f(p,g,0) =[(1—p)Q—gf"—-112"'-1)"" for p,ge[0,1).

Taking é =1,7 =%,{ =1 and ¢ = 0 in (8) and using (9) for p =0
and ¢ = 3, we have

10) f@,0,7 =[1—p)1—n)'"-1](2""-1)"' for p,re(0,1).

Again, taking ¢ = 4,7 =1,( =1 and p = 0 in (8) and utilizing (9)
we get

(11) f(0,q,7) = [(A—g)’ " —r)'""—1](2"'—1)"* for ¢,7¢[0,1).
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With p =1, ¢ =1 and r = 0, (8) becomes
(12) fQ—=&1—n, 10+ & 1P f(1,1,0) =f(&,7,0)+

+(1—§)(1_77)ﬁ_1f(17 1,1-¢) for &,7e(0,1), (0, 1].

Taking { =1 in (12), in view of (9), we obtain that
(13) f(1,1,0) = (1 —-2"H1,

Putting p =0, ¢ =0 and r =1 in (8), we get
(14)  f—& 1=y, 1—0)+ & 0P£(0,0,1) = f(0, 0, )+

+(1_C)l.’pf(1_511_77’1) for &,7ne(0,1], {e(0,1).

Setting § =1, » =1 in (14) and making use of (10), we have
(15) £(0,0,1) = (1 -2,
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For { = } in (12) and using (3), (9) and (13) respectively, (12) gives
(16) fl—¢&,1—9, ) =2 e/ 21— 61—t =120 1) !

for &, 7ne(0,1).

Now { = % in (14), with the help of (3), (15) and (16), gives
A7) fA—§1-9,1) =[A-HQ -9t =11 -1

for &,ne(0,1).

Hence, (10), (14), (15) and (17) give us
(18) fl—&,1—n,1—=0) = [&f 0P

+A=HA =)A= =1)2" 1 —1)7 for &,9,Le(0,1).

With p =1, ¢ =0, r = 0, (8) can be written as
(19) fA—¢&,1—n,1=0)+ &1 07Pf(1,0,0) = f(£,0,0)+

+1-8f2,1—9%,1-¢) for £e(0,1),7,L,e(0,1].

Taking n =1, { =1 in (19) and using (9), we get
(20) f(1,0,0) = (1—20-Y)71,

With p =1, ¢ =0, r =1, (8) becomes
(21)  fQ—¢&,1—9,1=0) &1 EPF(1,0,1) = f(&,0,0)+

+1-81—-)"ff1,1—9,1) for &,,e(0,1) and 5e(0,1].

Taking # =1 in (21) and using (10) we have
(22) £(1,0,1) = (120177,

7 — Annales Polonici Mathematici XXVI
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With p =0, ¢ =1, r =1, (8) becomes
(23)  f(L—&,1—n, 1=0)+ & 07PF(0,1,1) = f(0, 9, O)+
+(A—n)f A =-0""f1—¢&,1,1) for £e(0,1], 7, e (0,1).
For £ =1 in (23) and utilizing (11), we get
(24) f(0,1,1) = (1 -2,
Taking p =0, ¢ =1 and r =1 in (8) we have
(25) fA—& 1=, 1 =0+ &1 077f(0,1,0) = f(0, 7, 0)+
+(L—=n)f(L—&,1,1—¢) for &,Ce¢(0,1],7e(0,1).
Putting £ =1, { =1 in (25) and using (9) with p = 0, we get

26) f(0,1,0) = (1 -2~
Now (23) by the help of (18), (11) and (24) gives
(27) fA—&,1,1) = £1—2"1H"1  for £¢(0,1).

On using (26), (9) and (18), (25) gives
(28) fA-¢,1,1-0) =[A-HA -0 —1)(2" ' -1)~!
| for £, Le(0,1).
Equation (19) with the help of (9), (18) and (20) gives
(29) f@,1-7,1-0) =[1—9"'@-0""-1732"'—1)""

for 7, le(0,1).
Now (12), (13), (9) and (18) imply

(30) f1,1,1-0) = [@= =112 =) for e (0, 1).
In (21), on using (18), (10) and (22), we obtain

(31)  f@,1-9,1) =[A—n"-1]2 -1 for 5¢(0,1).
With { =1 in (19) and utilizing (20) and (9), (19) gives

(32) f(l,1—9,0) = @1 —2"YH"1 for 5e(0,1].
Also (19) with n = 1 on utilizing (20) and (10) gives -
(33) f(1,0,1—2) =(1—2°"9"1  for £e(0,1].

Taking n = 1 in (14) with (15) and (10) gives

(34) f(1—&,0,1) = (L =211  for £¢(0,1],
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while £ = 1 in (14) with (15) and ‘(11) gives
(35) f0,1—2,1) =@X—-2°"1"" " for ne(0,1].
Also (25) for £ =1 on using (26) and (11) gives
(36) f(0,1,1—¢) =(1—29)"" for £e(0,1],
while (25) for { = 1' on utilizing (26) and (9) gives
(37) fl—&,1,0) = (1—2°")"1  for £e(0,1].

Combining (18), (6), (7), (9), (10), (11), (13), (15), (17), (20), (22).
(24) and (26) to (37), we conclude that f is given by (5) for all @, y, z¢ I,
It is easy to verify the converse part by straightforward substitution.

THEOREM 2. The generalized directed-divergence of type f (# 1) is
gien by

Py - P .
(38) Lla - g (S pegi P —1) (27—
[r.l . Tn :

Proof. Substituting the expression for f from (5) in (4) we have

P «-- Pa
Ilg - g | =@ =17 Y ipigd i+ P QTR —P,QI 'R
i=2
Ty ees Ty :

— @7 -1)7 Y pg i+ PRI — PLQL R
1=2

(S

which is (38).

3. Applications 1o information theory. This section deals with the

connection of I? defined in this paper with the existing measures of
information.

The expression (38) for g — 1 gives

Pr .- Pn n
(39) Llg - g | = D piloglaifr),
izl

Ty ven Ty
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which is called the generalized directed-divergence of type unity. Here the
convention 0 log0 = 0 is followed. Also whenever ¢; or r; is zero then
the corresponding p; is also zero and log(g;/r;) is to be taken as (loggq; —logr;)
Also (39) for P = @ gives the well-known directed-divergence [2],

Py -er Pa i}
(40) L Py oee 2] = Y pilog(pfry).
e 1 i=1

Generalized case of finite discrete probability dlstrlbutlons P = (py,
-y Pn)y P> 0, sz\l Q@ =1(q1y- 1) ¢>0, .Z;% <1 and R
=

= (TyyeeeyTh)y T; > 0 Z r; <1, two measures of gen;ra,lized directed-
=1

divergences are defined in [1] as follows:

(41) L(PIQIE) = D piog(@ilrd] ) 2

(42) L(P|IQIR) = (a—1) ‘logz[sz L °/Z p| fora#1.
i=1
The motivation for considering (41) and (42) and some axiomatic
characterizations are discussed in [1].

Clearly I given by (38), and I, given by (42) are connected by the
relation

D1 +ov Pn
(43) g .o gu | = (2071 1) [20-VEIOD 1]
Ty eee Ty

n

n n
for Y p;, = ) q; = D r; = 1. Therefore the results of this paper also

i=1 i=1 i=1
give alternative characterization of (42) for complete probability distri-
butions.

It is interesting to note that for P = @, (38) reduces to

P1 -+ Pn
44) I[Py mn | =27 (ZW 1), B#1,
Ty eee Tp

which is called a directed-divergence of type f and is recently discussed
by us in [3]. This quantity (44) has a connection with Rényi’s information
gain of order § [4]. In our paper [3], a new definition of the directed-
divergence function of type B is given and characterized by means of
a functional equation.
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