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It 1 >4 our I—1 numbers l’lﬁl“”(()) may be approximated better than
almost all (I —1)-tuples in R~ Tt is not difficult to show, by the methods
of these papers, that one can never approximate much better in the above
cage, Lo, with a somewhat larger exponent on the logigyl the lust ine-
quality could only he satisfied finibely often for amy choice of ¢, and
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On the difference of consecutive terms of sequences
defined by divisibility properties, II
by
E. 8zZEMEREDI (Budapest)

In a paper of the same title P. Erdos proved the following theorem:
Let &, < b; < ... be an infinite sequence of integers satisfying

Vil

e b, (B, by) = 1.

Denote by a,, a,,... the sequence of integers not divisible by any b.
Then there is an abgolute constant ¢, independent of our sequence b, < b,
<C... 80 that for all sufficiently large z the interval (2, @ +24%) contains
a'a. '

P. Erdds conjectured that perhaps a; +1— % = 0(a;)" holds for every
¢> 0. We are unable to prove this at present, but we are going to prove
the following sharpening of the result of P. Erdos.

TEEOREM. Lot B = {b, < b, < ...} be an increasing sequence of positive
niegers such that

. -
(1) Z—-( ja'e)
' i=1 b
and
(i) (i b)) =1 if i . |
Then for every &> 0, if # is large enough, the interval (, & -t
containg @ number a which is divisible by no b;.

Proof. We can agsume b, > 1. Let us define & and « 80 that

(1) 8, = min{ﬁ(l — —;—), sz}
and ) jxl j

(2)

of:
Q‘IH

&

< &8 < /8.
=

We shall assume that @ iy greater than a suitable function of &, & and o.
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Denote by P the set of all primes p ¢ B. Put
| Hig) = {pte (@, o-1-a71): pe PA2aM, a®+),
Hig) = {ye H(z), bty for j < o}
and then for pePn{2eM? p+)
Hw,p) = {yeH@): ply},
i (@, p) = I (w, p) " H ().

Let "
B(z) = {he B, by = pt = @'+, 207 <L p < by,
Bl = {yelm,a+a™™); 3 byly}
',fﬁ]l'( )
and

Liw) = {ye (@ w+e); Dbee (be, 0719, b 1},
by

T = H (@) — L () — B(w).
If yeT (%) and byeB, then b1y, Indeed
T(@) ={yed(@); Voty, Y bty ¥ bty

by<hy<at3 By gt et 2 8
2l Patg <ty

= {yeH{@); byly = b= o' by 5% g, 207 g <Dy}
S {y =phele, o+atit); 20 < p < & p ¢ B, bily = bz, bylH)

= {ye H(x) ;v’Bb@-, bt o}
Therefore, it suffices to show T(x) == @. Since

(8) ' Z %> 4

pe@uif?, glf2+4)
it follows by (2) that .
1 £
@ 2 wEE
pePr (b2, o214

Using the sieve of Erathostenes for all pePn (20, %) we obtain

1/2--8
® V@)= H ) ][(1—~w) _2.,\(%__ ~1)c1~—4“

Yor different p’s in question the sets H(w, p) are disjoint. Since
Aa> U HepnHo= U  H@p)

peP a2zt g1+ peP (32, g4+
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we get from (4) and (5)

(6) 15 ()| >

pePa(2zl, z112+9)

|H (, p)|

<, izve, & gHae Lzte,
=W & —— &) n > — m
20y (@ ) (@) >

On the other hand, we obtain from (2)

{7) |5 ()] < 22t 2 _1_< 2w g
by _
. BB P8 B ‘
Since (b;, b;) =1 for ¢ % j we have by the definition of B (z)
(8)  |B(=) N (0, 20)] = D 1< DEvT

be[al?, @l 2+51AB

1<igmalst BB
b=yt 2t <p<b; il

1<i<glf?
Hence

(9) B@i< Y{ Y 1)<

1< a'
beB(a) ye(z, o1 plf2H8) beBgJ}

Finally, the estimates (6), (7) and (9) give

1T ()] 2 |H (@) — | L(z)| — | B(a) > 0

which. completes the proof of the theorem. '
I express my thanks to the referee for the helpful criticism.
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