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Waring’s problem in gquadratic number fields. Addendum
by
J. 1, E. Oonw (Liondon)

I am grateful o Professor P. T. Bateman for pointing out to me
thit there is some overlap between the results of [2] and those contained
in [1] and [5]. In particular [2; Theorem 8] is a special cage of [B; Theorem
101 ‘ .
However, some of the results of [B] ean be improved. Thus in the
ring of Glaussian integers, it hag beon shown [3], that ¢(3) < 4, i.e. that
every CGraussian integer is the sum. of at most four cubes of Gaussian inte-
gerg. Tt I8 easily seon that ¢(3) 22 3 in this case, but which of the values 3
or 4 is the correct one iy not known.

For foutth powers, we consider, again in the ring of Gaussian integers,

two quantities ¢ (4) and v(4), rospectively the least number of fourth powers

required to represent any member of J, as their sum, or as their sum or
difference. In [47] it is shown that g(4) < 18, and in [5] that g(4) < 14
and v(4) £ 10. We now show that g(4) < 10 and v(4) < 8. We have the
identity

120w -~ 181 = (2o -+ 1)+ (2 —2 + 20 + (2 — 2 — 20)* + {(2 + D)o} +
+ {2 - 9o L+ @+ 1),
andl 8o if » ms — UL (mod 120}, » can be represented as the sum of six

fourth powers. To conclude the proof that g(4) <10, we obgerve thatb
i ved, thon # w5 0 o oL (mod 8) and v = 0, 1, 2, £3 or 4 (mod 8)

andl it is ensily soan that for any such v it is possible to choose a, fy, fe, Ba,
Bas Y1 Yuy ¥ay Yas 15 84y 6y, and &, to satisly

¥ o = 1 (mod 3),
B i} o B it — B3 == 5 (mod 8),
— 1 (mod 1 24},

i

A A A4
Ll Tl Rl el 1

P O 8 08 O == —1 (100 1 —26).

£
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Now choose & congruent to amod 3, o fy mod 2, to y; mod L4127 and
to &, mod 1 — 24, and similarly fox &, &, and &; and then

p— B — & — £ — £} = 11 (mod 120),
which coneludes the proof.
Wo also have the identity
120 (1 48y == (-4 20)F o (04 2 == B2V o {(L Ay @ AP o {{L A B) -] LY

Now it is easily seon that for »eJy, tho congihuences

P ')171' — QJ:,' — jl;f At wm O (mod 1 -~ 24) )
g oon 3 oo G e 831 03 22 0 (modl 8 - 84)

expressed ag the sum or difference of at most eight fourth powers, exactly
as before. Finally, if v =210 (mod 8--8i) then --» 4810 (mod 8 |- §i)
and so —» can De so exproggod. Thus v(d) < 8,
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Sur les polynémes & coefficients entiérs et
de discriminant donné
par

K. Gv8ry (Debrocen)

Désignons par |f]l = max ;] la hanteur d*un polynome (@) = @oa® -
e issm

A+ ag "+ L e e Z[@). Appelons les polyndmes f(z) et f*(x)e Z[x]

Cbquivalents si Von a f*(w) = f{@+a) avee un ae Z. Dang ce cas pour

leur dlseriminant on obtient D(f*) = D(f). Done, ¢'il ¥ a un polyndme
fl@)e Z[x] ayant le discriminant D, alors i1y en a uhe infinité. Dans notre
travail nows démontrons le théoréme sulvant:

Tisontwre, Soit Dz 1 un nombre ficd arbitraire et considérons un
polyndme normé f(w)e Zin] tel qguo 0 < |D(f)| << D. 11 existe des constantes
e (DY, e (1) catewlables ewploilement of dépendant seuleinent de D, iolles
que degf 5o, (D) et [ < 0,(D), ob f* est um polynéme bquivalent & f.

Par consédgquont, il n’existe quan nombre fini de polyndémes normés
Flo)e Z[a), non équivalents deux b deux, de diseriminant 0 < [D{f)i <D
ofi on peut, par un nombre fini dopérations, déterminer un tel systéme
des polywdmes f{w),

Si f(z)e Z[x] est un polyndme normé de degré == 2, alors [D(f)]
s (2nl 0¥t Inversewnent, de notee théordme, il réwulie que = <
e([DON) o 1)< eo(1D()) avee los constantes o, et ¢, préeédentes,
ot f* est un polyndéme équivalent b f.

Jonsidérons ensuite quelques corollaires de notre théortme.

Conrorrains 1. Svient donnds les nombres Dz 1 et N 2 1. Il nleziste
guun nombre fing do polyndmes normds f() e Z|w] tels que 0 < |D(f)l < D
e | ()] =, N ol ces polyndmes powvent Bive déterminds.

Ue corollaive reste viad aussi dans le eas olt nous fixons un aubre
coctficient des polyndmes f(w) au licu de f(0). Cette proposition est une
généralisation des théordmes analogucs de Nagell [87, [107 qui concernent
les polyndmes normés b coofficionts entiers de degré < 4 et les nombres
algébriques entiors de degré = 4. ‘

Désignong pat

A(F) = min |, — ay
1



