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1. Imtroduction. The classical results of Euler, concerning the arith-
metical nabure of the swns

Zn_ﬂ"”‘ = E2m)  (mo=1,2,...),
. Jp=1

namely £{2m) == v, 7" with rational r,,, have been extended in many
ways. Of special relevance in this respeet are the contributions of C. L.
Siegel, such ag [19] and [20]. In this context one has to mention also the
work of T, Hecke [87; H. Klingen 9], [10]; O. Meyer [141; II. Tang [11],
and K. Barner [1} among others.

In contrast with the suceess of these investigations of the arithmeti-
cal character of numbers of the type £ (2m) and L{n, y) for (—1)° = x(—1)
(£x(8) == Dedekind’s zeta function of the algebraic (usually totally

real) number tield K, L(s, g) = 3 x(n)n~® a Dedekind (or ray-class)
el

T-fanetion to the chavacter y(n)) stands the dearth of results concerning

: o
the arithmetical nature of Z(2m--1) = ¥ o~ @0 or, more generally,
of L{n, g, Tov {~ L) = —y(—1) ne=l

Home topics related to this problem were considered in [4], [5],
and [6] and the present paper i@ a further contribution to it. Some carly
results, concerning particular instances are due fo Ramanujan [177]
M. Mikolds [15], [16] found interesting representations for (2m--1),
while A. Guinand obltained already in [7] fhe principal result of [4].
An essendially oquivalent formula for £(dm 1) had also been proved
by II. 17, Sandham [18]. Important recent contributions to this problem

* Thig paper has boon wiitbn with partial support from the National Selence
Foundation through the grant GD-23170 A2,
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from a very different point of view are due to Lichtenbaum, Joates and
Iwasawa ainong others (most results not yet published; see, however
{31, [3].

Following Section 2 with the notations iy Section 3 which eontaing
the main results of this paper (Theorems I and 2 and their corollaries).
Fxplicit representations are found for Lila, 7 ¢(a), whers x(n) is a primi-
tive, even character to the modulus k& and @ = 2m-{-1 is an odd, natural
integer. These explicit representations depend only on quantities whose
arithmetic nature is known and on the values at v = ¢ of a certain function
H{x, 6, g). The latter has an expansion in & rapidly convergent sevies
and reserbles similar fimetions ehecountered in [4], [5], and [6]1. Jor
fizxed a and y, the vaiues of H (7, a, ) abv = iarc denoted by f; (§ =+ 0, 1, 2),
where § depends on the parities of x and of (a— D20 In onse kel
(mod4) is a fundamental diseriminant and y(n) == (k/n), the Kroneckor
symbol, then y(n} = z(n) is real and ome has Li(s, 2){(3) = {y(s), the
Dedekind zeta function of the quadratic extention [ = ¢}{ Vi) of the
rational field Q. The expressions for &y (2m--1) so obtained may then be
compared with thoge, Lormally different ones, from [6]. Tt 18 also of interest
to relate them to Lichtenbaum’s conjectures concerning &i-(2m -1 1), but
this will not be done here. The proofs follow In Section 4, the nature
of the A’ is discussed in Section b and some numerical result in Seotion 6.

2. Notations. The symbols Z, Q, £{s), {x(8),

customary meaning. f(...)ds stands for lim f (... )ds.

(c) Peroa =30
Leopoldt [12] BY stands for the mth Bernoulli number corresponding to
the character y(n). If y(n) =1 for all neZ, we suppress the subseript
and B™ are the ordinary Bernoulli numbers in the “cven suporseript” no-
tation (except that B* = 1) ag in [12]. All characters that occur are as-
sumed to be primitive, non-principal characters, except Lor specitic mention
to the contrary. x(r) denotes the character conjugate to yx(n). x(n) is
said to be even if y{—1) = 1; otherwise y(—1) = — 1L and y(n) is called
odd. 7(x) stands for the normalized Gaussian saum 3 y(m) ™, Wor
natural #, veal r and character y(n) we sot miod i

op () = Z & ad o.(n, 7) - \ 2d)ydr.

e (Lm
Fuxther notations will be introdiuced as necded.

( ,x) afie. have their

Following

3. Main results. Let x(#) be a primitive, non-principal, even ¢haracter
modulo % and let a be an odd natural integer. Sot

o(8) = {{s)(s+a) L(s, FARACE 7
and, :
(bo(s) =

(42 /l) e (8) 1™ (s) .
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In case x(») is even, @y(s) has double poles ab s = —1, —3,..., —u+2,
and in case g(n) is odd, $y(s) has double poles at & == 0 and-8 = —a+ 1.

‘We therefore introdunee the functions

Dy(s) = pr(8)Dy(8)  and  By(s) = po(s)By(5)

with.

Pr(8) == (841)(s-+-8) ... (s+a—2) and Cope(8) = s(s4+a—1).

@ (s) and De(s) have only simple poles at s = 1, 0, —1,

2y iy —
For ¢ L we define

Pylr) v L " ias,

7] s f i(8) (e /i) s, j = 1,2.
(¢}

In particular,

_ 1 )
J.ﬂj(@) == ‘E;CT fCﬁj(B)ds, J == 1, 2.
c)

Clearly, Fy(7) depends also on @ and on g, but for simplicity, this depen-
dence w;lll not e emphasized by the notation.
Let

w{a) == ;H(l .
() == »»—-5@(1-1-(—

(a——IJ."’) a--3(— )(M'l)li! - 1} ,

)(a~1)/2‘)
and define
H e H (7, a4 %)

e (Lo g (= 1)) (@) Py {m) 4w (@) B (1) + (1 — g — 1)} Fal7),

(==1) By (v) = 2T (7)
H(ty ay ) = | 28, (7)
21y (7)

if g i8 even and o = 1L{mod4),
il y 18 even and o = 3(mod4),
if ¥ is odd.

Wc: shall bo inberostod in the valnes H (dy thy 1) ==y (.j =0, 1, 2}, where 8
dapends on the purities of y and of (¢ —13/2. Specifically, Iet
Bo == (@ 1) (%) By = 21 (1),

— 2415 (3), Ba = 2H,(8).

og
Theso functions generalize the sams Y m~*(¢™™ —1)~! and similar ones

that oceur in [4] and [B]. el
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With these notations, the following statements hold:
THEOREM 1. If y(n) is even and ¢ = 1(mod4), then

(1) 2*”W%a—1ﬂﬂ—1““agﬂdly'NMLU,mLOquw)

= (4n2 [k ¢ () {2 (a;]) Ha! (a+1)1Y VLY, 3) BYT B

a—1
{a=1)/ (1) !(—m‘)—w— — m) o+ 1 dm)
1y ~ i _Bzm Bzm Bm 1o 2om B 1~ .'_;.m} —f
(—1) {2m)! (a4 1 —2m)!}* X % d B

m=1

CoROLLARY 1.1. Under the conditions of Theorem 1,

=" L(a, )¢ (a)

()Ll 5 () ) B ‘
= " V a ..__._.__..__._._.':._.V ,‘._ g e o V (a)
{x) L(1, 1) +8) t{x) L1, x) (@) 732“'5(%)]-‘(-]-1 %)
with algebraic V;(a) (§ = 1, 2, 3).
CororTARY 1.2, If under the condatw'n,a of Theovem 1, y(n) is a real
characier, then y{n) = x(n) and

72 L@, 1) (a) = By (@) +Ry(a)/L(L, 7)-- (v Bofr () L1, 2)) Ryla
with rational R;(a) (§j = 1,2, 3).

CorROLLARY 1.3. If x(n) = (k/n), kb = 1(mod 4) and () i the Dedekind
zeta fumction of the quadratic field K == Q(VE), then ©(x) = k%, L(l, %)
= 2hk~""logs (h = class number of K, e = fundamental unit of K ) and
B2 2R Tog s 4- Ry (6) Sy 2h10g &

(2) 7 g (a) = By (a)+Ry(a)

with rational B;(a) (§ =1,2, 3).

Remark. Formula (2) should De eompared on the ono hand with
Corollary 1.1 of [6] according to which, for every totally real field K of
degree n,

n (@) = Ri(a) + Ry(a) 8 (1) n et g

with 8'(1) a gquantity avalogous to g,, rational B(a)y By(a), and R the

regulator of A; and on the other hand with Lichtenbaum’s conjoecture

which (in the pmticula.r case of a quadratic ficld) predicts o simple

arithmetic interpretation for the quantity =°~*{,(e), rather than
mCIL (66)
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TrsoruMm 2. If y(n) is even and ¢ = 3(mod4), then

- 1)
@ e C G n, e i@

e fO—1
_____ (r)_rr)m?(a 3)/2 | (Z) (_“’;)““")t{(“+-]-}!}—21:(1, x)B:—j-lBu—bl_

{u--1)f2
.. 1 o = - 1
- (22 DR () (~<mm(m~—1”(£ia“'“””)!x
e =
X{ ,m (1; . m) !}»—2_BimlemBg-l—l—sza+l—ﬂm___ﬁl_

ConoLravy 2.1. Under the conditions of Theorem.2,

T La, g)¢(a)

(DL, 1) “() bk

“r&”“éﬂ“w+<)mnmwm” SIS

()

with algebraic vwia) (7 = 1,2, 8).
COROLLARY 2.2. If, under the conditions of Theorem 2, x{n) is a real
character, then y(n) = y(n) and

w MLy g) (@) = 1y (@) re(@) | DL, 2)+ frrg(a) w2z (y)
with rational v;(a) (G =~ 1, 2, 3).

COROIVARY 2.3. If y(n) = (k/n), & = 1{mod4) end {x(s) is the Dedekind
zeta funciion of the q_rua,dmtw field K = Q(Vlk), then, with the notations of
Corollary 1.3,

T (@) == vy (@) -y

Remark. Tf x(n) iv an odd character modulo &k a similar statement
holds, wpecifically,

L1, x)

a) 2 2T log 6 - By () n=2%/ 2R log s

@ -k (9’“

a! h

1
) H‘;J’;(,l, rC(a) |-
{et-1) 1% '
1:(%) N’ (err I)(a, Bm,) " _—
apye T BB (9, DY L (61— 2
() S A2 (6 L 2m) (B 2) La -1 —2m, )

(1)

N (%E) (_ r) \ (2m)(a—2m—1)
k i

1(am 1) (g — 2m)! ?cm"]'[BTmC(““2"”)5(2%"1‘1). ,

= (= 1),
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The simplest insfance of this formula corresponds to b = 4 =8, y(n)

-3 ,
= (——_) =0, 41, with ,g(-——) = #(mod3), and reads
H He

16 5/ 17275 oy . o1/9..—3

— L4, P FRIB) L TR (8, ) = 3VrT08,.

By reptricting the character to be real (4) can be simplificd somewhat,

L(1, ) may be replaced by —=nk™*Pr (r = 3 x(m)m an integer), ete.
V<<t ii

However, contrary to the ease of even y(n), cach term here contains

quantities, of unkpown. arithmetic nature, so that the usefulness of (4)

is doubtful and we do not pursue the matter further,

4. Proofs. The method of proof is well known (soe, e.g., 4] or [57)s
therefore, it will be sufficient fo sketeh the argument only bricfly.

On account of the functional equations of the I, £, and L-funetions
(the latber used very conveniently in the specific form given in [127]) and
of the classical equation =(y)z(y) = x(—1)k (a neat now proof of this
relation is dtwe to B. €. Berndt, seo [2]) we have

Dy(1-—-s—a) = (=1 VD (s), Byl —3—a) = —P,(s).

First consider the case of even z(n). Then for —e—a < o (== Res) s L a,'
- 0 <e <1, Dy(s) has only the simple poles ¢ = —a, 1—a, ceey =1,0,1
and 1t follows with oy = 142 and oy = L—a—o, that

' 1 1 :
Pyfr) = - f By (8) (i) ds = —— f D, (1 — 5~ a) (7 /i) ds
2nd 20 .
{a9) {o1)
{a—1)/2 1 ) &k @1
= (=1 [ 0y (5) (i)™ ds.
27 ‘
(m)
The last integral is evaluated by moving the line of integration back to Ty,
and taking into account the sum of the residues of the poles of the infe-
grand with —a < o<1, which we denote be 8, (7, a):

O R0 = (U [ - (s )
{53)
1 T f = LjE\
5 J () s, )
(o) ‘
= (=) (o iyt 1/w)— 8 (7, a)}.

The sum of the residues is computed routinely. If & == 1(mod4) themn (5)
becomes

= (=1 iy

Fy(v) = (i By (—1f7) = — 8, (x, a).
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We now seli © =48 (¢ > 0), divide both sides by t—1 and let -1, and
the result Is equation (1). '

Flo) -+ (e iy Py (1) = 84(z, @),

For 7 == 4 this yiclds equation (3).

The Corollaries follow almost trivially from the respective theorems,
by recalling that Leopoldt’s generalized Bernoulli numbers By (sec [12])
are algebraie and belong to the eyelotomic field generated over the ratio-
nalg by the values of the character y(n).

Next consider the case of y(#) an odd character. Then, for —a—=

w0 Lo (0<Ce<tl), Dy(s) has only the simple poles ab 8 = —gq,
b—a,..., —~1,0,1, and, proceeding as before, we obtain suceessively
1 : 1
o) = ——r Jd) s = f o(l—s-- )T+t
() =g | Dals)(ofil s = o | @yl — s a)(xfiy e ds
{oa} (o) .
= ~——~:~1'——- J([) (8)(rja)*F* s
(o) :
1 ~ .
-—{—-'2—7:‘:-;— ("J) (152(5‘)('5/'2,)‘”‘“"1(18-—Sg(_r, a,)}
2

= = {(Tfi) B (~ 1)~ Sy(5, ),
or
By 5+ (0fif ™y L) = Salx, a),

where Sy(r, a) is the sum of the residues of the integrand in the strip
—G—e=k 0514 s The content of the Remark now follows by setting
T s h,

5. The values 3;. In the theorems and corollaries occur the quantities
By (§ = 0,1, 2). The arithmetical nature of the 8s is not clear, but some
things are known, The g;’s may be represented by series similar to Lambert
serios, tho role of the exponential ¢® (which is the inverse Mellin transform
of ()} being played essentially by a funetion g(x), which is the inverse
Mellin transtorm of 1%(s), and by the derivatives of g(w). '
The funetion

@(8) v L(8)L(8+ ) Li(s, Y L(s+a, 7)

ig representod for o > 1 by the Dirichlet series

26) = S with 1, = 3 u(Do_ylnldiouln 1),

dn
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and, in case x(n) is a real character,
ay = ) 1@ (njd) o 4(d).
din

In any case

601 < X 00 d)0_ald) < Go{mmix oo (/) r_olid) -

i aln

0 (1)

for any &> 0 and n-rco.
With p,(s) as defined in Section 3 we can write, for any e > 1,

= Za.n e fpl(s)l“"’(s) (dntnr ki)~ ds .
#=1 2mi @ .

Here the inferchange of summation and integration can bhe justified
without difficulty for ¢> 1, by wusing Stirling’s formula for I'(s) and
previcus estimate |a,| = O(n").

In order to study this suwn, let g(w) be the inverse Mellin tranyform
of I'*(s), i.e.

g@) = 91_ fl’z(s)m'”ds, I*(s} == f g{w)a®du.
4T & b
Set h(z) = 2~ *g(2'*) and observe that if ¢ = 2m--1, then

p () =§v“f2h(m’(w) = ()" = J;n ()™ (8)ds.

50
Consequently,
By = 2Py (3) = (—1)mamt F ayp (L6t [1?).

s 1

Similarly, if wo seb f(2) == (a— L)) —4¢'(#), then

Bo=(a—=1)F(3)

51
_‘Zaﬂ. . ff T’l(s -

HES

- Mﬂ’l (i)
— A4t /k) P ds

'__,___ moni N Py ® T2
= (—1j"2 2%1 1652 1),

n=1
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Finally, let

(@) = a'""g (@), v(x) = o (x), and w(w) = v (x);

then
o= 2R, (4} =2 2@,;41(47:“%/70).
£
From
f gleyp™de = (m!y¥  for  meZt
0
and

Lo fm1y
EJz(_ﬁ.a__) —ﬂfe

valid for any 6 < 4 < ¢ and ﬁuffmlently large m, it follows that, for #-+co,

g{u) decreages LBHLII"“!.,LHV like ¢~ Tt follows that p(16=* 2/k is com-
parable to (—4)™ (2m (n k) ) g 2einih) O F16mdn?/kY) is eomparable to
am( — L™ (2 (n k) ‘“)me““("f’”” and  w(dnin/k) to 4-le MMMy
analogous terms of the sums in [4] are comparable to #'~%e~*™ and
% ™, respoctively. This finishes the proof of an earlier statement
that H(r) has an expansion in a rapidly convergent series and that it
generalizes the fanctions 28 (v} and (a—1).F (v) — 24 (z) of [4], or B (7
and H,(7) of [B], respectivaly. .

[=¢]
i e \ 1 3
J ¢t ;_ [1( 7 ) < (m))! < ua%md’w:

i

6. A wumerical example. Theorem 2 (see also Corollary 2.8) yields

. ;[.
for == 3, & = 1(inod4) (hence, y(n) = (»-i) is even) that
i

— Bk L (B R hloge — =08, [hlogs.

13577 X%

(6) 70 (B) =
On the other hand, from [67] it follows thatb

w0 (B) w o~k Bt TS (1) hloge.

It iy Somoewhat surprising that the same algebraic term, B k°/135 appears
in both formulae, but with o ditferent eocfficient.

Hocasily follows that = °8,/loge and = 7§ (L)/loge cannot both
be algobraie, ws this would tmply that the middle term on the right of
(6) ix algobraic, which is false. Similarly, = %8, and =~°8"(1) cannot both
be algehiaic; indeed, it wo climinate n~ %, (3), we obtain a relation of
the form .

OB 4 T8 (L) = a~—38loge

with ¢ and # algebraic, while loge is not algebraic.

4 — Acla Arlthmietlen XXIV.E
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Sur la représentation de zéro par ume somme
de carrés dans un corps algébrique

par
TryevE NAGELL (Uppsala)

§ L. Soient donnés le corps algébrique K de degré n et le nombre
naturel m = 3. Dans plusieurs mémoires j'ai ébudié la résolubilité des
équations diophantiennes du type

(1) Bt . =0

en nombres &, 4, ..., %, (le cas x =», =... =5, =0 étant exclu)
appartenant au corps K; voir Nagell [3], [4] et [5]. Il faut évidemment
que le corps X szoib totalement imaginaire, c’est-&-dire que tous les corps
conjugués solent imaginaires, et que n soit pair = 2v. Dans la suite nous
congidérons senloment les corps algébriques totalement imaginaires.

St ay, @, ..., &, satisfont & (1) nous dirons que [#, @5, ...y By] €56
une solution de cette équation. Cette solution est appelée réductible, 8’il
v a dans (1) une somme partielle des carrés z; qui s’annule. Dans le cas
contfraire la solution sera appelée dirréductible.

Sans restreindre 4 Ia généralité mous pouvons supposer que #;, # 0.
S0it [y, #sy ..., #,] e solution de (1) dans K. Désignons par K* le
corps engendré par les m—1 nombres @,/wy, #/0, ..., Lpfo, - Ce cOrps
est un sous-corps de K. Si K* est identigue & K nous dirons que la solution
Wb effective dans K. 8i K* est un sous-corps véritable de K il doit étre to-
talement imaginaire. La solution est alors effective dans K*.

Pour reconnaitre si Péquation (1) est résoluble oun non dans le corps
fiotalement imaginaire & nous wvons le critdre suivant (voir Nagell [4]):

Pour que P’équation (1) soit résoluble dans K il faut et il snffit que
la congruence ' :

(2) et ..+, = 0(mod8)
§0it résoluble daps K, de facon que (2, %y, ..., By, 2) =1.

_ Cependant, il faut noter que la démonstration de ce erifére n’est
pas constructive et qu’il s’agit seulement d’un théoréme d’existence.



