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Function algebras on the interval and circle

by
DAVID M, WELLS (Pittsburgh, Penn.)

Abstract, A funclion algebra whose maximal ideal space is the interval I is

" loeal. A function algebra whose maximal ideal space is the eirele 7' is either loeal

or antisymmetric. A strongly regular function algebra on T must be O(T).

Throughout this paper 4 will denote a function algebra on a compact
Hausdorff space X, with maximal ideal space M 4 and Shilov boundary 8 .
If K is a cloged subset of X, the algebra of restrictions to K of functions
in A will be denoted by A|g, and its uniform closure in C(K) will be
denoted by Ax. The unit interval and unit circle will be denoted by I -
and T respectively. We will need the definitions listed below. For addi-
tional background, see [1] or [3]. '

Say that a function fin 0(X) belongs locally to A if there are open
sets Uy, ..., U, covering X and functions ¢, ..., ¢, in A such that the
restriction of fto U, agrees with g, for each i. 4 is said to be a local algebra
it it containg every function belonging locally to 4. 4 is called approzi-
mately normal if for any two disjoint closed subsets K and L of X and
any * > 0, there is a funetion k in 4 with [A] <7 on K and (h—1] <7
on L.

At pregent, there are no known examples of function algebras other
than CO(I) or O(T) with M, = I or T. In [4] it is shown that any such
algehra must be approximately normal. Our main result concerns functions
Dbelonging locally to such algebras. We will make use of the following
fact from [4]: if 4 is approximately normal on X, fe 0{X) and there are
open sety U,, U, covering X and functions gy, g, in 4 with flo, = gilo,
then fed. .

TrmorEM. If 4 is a funotion algebra whose maximal ideal space s I,
then A is a local algebra.

Let ge O(I) and suppose there is an open covering of I by sets

Uy, ...y Uy, such that gly, = gy, for some gied, ¢ =1,...,n We may
assume each U, is a subinterval of I, U;u Ugyy 5% @ for i =1,...,n—1,
and {U,,..., U,} has no proper subcover. Since 4 is approximately

normal on I, we can find a function f;ed agreeing Wlth g, on U, and
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with g, on U, U ... UT,. Then f, agrees with ¢ on U,V U,. Continuing
inductively, we can find functions f;ed agreeing with f;_, on U, U ...
uU;, and with ¢, on U, V... VT, for i =2,...,n—1. Since f;
agrees with ¢ on U, U ... UU ., fro1 = ¢-

COROLLARY. If A is a function algebra whose mawimal ideal space is
T, then A is either antisymmetric or local.

Suppose geC(T) is locally in A. Let K be an arbitrary maximal set
of antisymmetry for 4. If K =T, then A is antisymmetric. Otherwise
we need to show ge 4, and by a result in [2] it is enough to show glgedy.
Since K = T we can find an arc J containing K. It is shown in [4] that
J must be 4-convex, so A4, is a function algebra whose maximal ideal
space is the interval J. Now gy is locally in A, and A4, is a local algebra.
Hence g|yed;, and in particular, g|gedg.

" A function algebra A on X is said to be analytic if any function in A
vanigshing on a non-empty open set in X must vanish identically on X.
It is known that an analytic function algebra on X must be an integral
domain, and that a function algebra on X which is an integral domain
must be antisymmetric on X. It is easy to see that an analytic function
algebra is local whenever X is connected. We will be able to show that
if My =1, 4 is local as long as.it is an integral domain.

Lemma. Let A be approximately normal on X. Suppose A is am integral
domain. If Z is the zero-set of any function feA, then X —Z° is connected.

If X —Z° is not connected, it is the union of two disjoint non-empty
compact sets K and L. It is easy to show that K and L have non-empty
interiors in X, so that f[x and f|;, are not identically zero. Using approxi-
mate normality, we can obtain functions g and & in A such that g|y
=0 =hix_z, g agrees with f on K and h agrees with f on L. But then
gh = 0, a contradiction since 4 is an integral domain.

TEBOREM. Let A be appromimately normal on T. If A is an integral
domain, then A is local.

Suppose fe 0(T) is locally in A but not in 4. Choose a cover %
={Uy,..., U,} of T and functions ¢,,...,g,c4 such that Flo, = -
Assume each U, is an are, U has no proper subcover and f |U4UUJ¢-A[U¢\JU}
if UynU; #@. Let W, = U, together with the interiors of the zero-sets
of g;~¢;y and ¢;—g;1, ¢ =1,...,7n, where we understand n--1 == 1.
By the above lemma, each W, is an are, so if ¥" = {V, ..., V,,} is a mini-
mal subcover of {W,..., W,}, then ¥ has all the properties attributed
above to %. We may assume m = n and f agrees with g; on 7, so the
interior of the zero-set of g, —g;,, is exactly V;n Vipr Let f; = (g, —~gep)
(9:— gi4a)- IE Z; is the zero-set of f;, then 2} contains (V;n V,_,) U(V,N Vi)
but Z; < V; by the construction of ¥". Hence 2% = V;, but then f,f; ... f,
= 0, a contradiction.
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A function algebra A on X is called strongly regular it any function
in 4 vanishing at a point #¢X can be uniformly approximated in A4 by
functions vanishing in a neighborhood of , the neighborhood depending
on the function. In [5] it is shown that any strongly regular function
algebra is normal, and that a strongly regular function algebra on I must
be C(I). We can prove the corresponding result for T.

TuporeM. If A is a strongly regular function algebra on T, then A = o).

It is enough to show that for any » > 0 and any two disjoint closed
arcs K and L of T', there is a function ged with |g| <r on K, |g—1] <7
on L and |gl bounded by some constant independent of ». The Shilov
boundary of 4 must be T, s0 we may assume the endpoints of K are peak
points for 4, say @ and y. Choose a neighborhood U of {z, y} with T nL = @.
We can find a function fed such that |f] <2, f@) =f(y) =0 and
If—1] <r outside U. Choose functions %, ked such that [h—ff <7,
Ik —fll < and b and % vanish in neighborhoods U and W of » and y res-
pectively. Now hk vanishes on VU W, is close to 1 on L, and [kk| < 5
for sufficiently small values of r. Using normality, we can now obtain
a function ged vanishing on K and agreeing with hk on 7 — K.
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